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About this mini-course

Objectives & method:

1. Provide an overview of the main concepts & results pertaining to tensors
& their decompositions in signal processing & machine learning.

2. Emphasis on intuitions rather than formal proofs (but still keep some).

3. Rely on application examples from these domains to motivate & llustrate
the introduced tools.

Disclaimer:

m This is a very broad subject with a vast literature, spanning several com-
munities (SP, ML, chemometrics, numerical analysis, physics, ...).

® This mini-course is my personal take on it—hence partial and biased.



Prerequisites & handout

Prerequisites:
m linear algebra
® basic probability & statistics

B basic optimization

Supporting material: An electronic handout is provided on my webpage:
https://www.irit.fr/~Henrique.Goulart/talks/
It contains:
® g summary of important identities and properties
® some proposed exercices

® many bibliographical pointers



Agenda

About this mini-course
1. Why care about tensors?
2. A jungle of tensor models
3. A mosaic of uniqueness results
4. Rank-1 approximation, tensor spectrum and power iteration
5. Low-rank approximation, in several flavors

6. Tensor PCA & asymptotic MLE performance



Why care about tensors?




A first definition m

Tensors are (for now) simply multi-way arrays (a.k.a. hypermatrices)
X e RNlX.“XNda (X)zl’bd = Liy.igy
where d is the order of X.

For d = 3, we write X = (X) We often say that X has d modes.
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Tensor models m

Numerous applications involve data (or functions thereof) or other objects that
can be modelled by tensors having a low-dimensional (low-rank) structure.

V4 /4
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Tensor models ﬂ

Numerous applications involve data (or functions thereof) or other objects that
can be modelled by tensors having a low-dimensional (low-rank) structure.

V4 /4

AN Y] s + ...+ X s

Such tensor models are useful for many purposes falling into two categories:

1. Information extraction

2. Complexity reduction

Let’s see a few examples.



Example #1: estimating Gaussian mixtures m

Take a pth-dim spherical Gaussian mixture model (GMM):

R

Goal: Given observations x1, ..., &, € R", estimate {(m,, p,.,02)} _ .

Classical approach: expectation-minimization (EM) algorithm'—sensitive
w.r.t. initialization, may converge very slowly.?

1: Dempster & al., 1977, 2: Park & Ozeki, 2009



Example #1: estimating Gaussian mixtures m

Take a pth-dim spherical Gaussian mixture model (GMM):

R

Goal: Given observations x1, ..., &, € R", estimate {(m,, p,.,02)} _ .

Classical approach: expectation-minimization (EM) algorithm'—sensitive
w.r.t. initialization, may converge very slowly.?

Let’s try instead the method of moments:

R
E{X}=)> mu,,
r=1 Z 7T7” 2

R
E {XXT} = ZTFT (urul + O',,%I) Zmu,rur + 021
r=1 r=1

Q:Given E{X }, E {X X T}, can we identify the GMM parameters?

1: Dempster & al., 1977, 2: Park & Ozeki, 2009



First try: second-order moments m

~

Letting f1, := /7, b, and M := (fi; ... [ip), we can write:

{XXT} Zp,rﬁljta% — MM" + 521



First try: second-order moments m

~

Letting f1, := /7, b, and M := (fi; ... [ip), we can write:

{XXT} Z i il 4+ 5% = MMT + 521

Let’s focus on estimating the means p,..
If R < N, then 6% = Ay (IE {XXT}) , estimated by A\min (ﬁ Z%Zl :cma:;>
Hence, we can approximately compute

E{XXT} -5 T=MM"

Can we then recover { ..} le by matrix decomposition?



First try: second-order moments m

~

Letting f1, := /7, b, and M := (fi; ... [ip), we can write:

{XXT} Z i il 4+ 5% = MMT + 521

Let’s focus on estimating the means p,..
If R < N, then 52 = Amn (IE {XXT}) estimated by Amin (ﬁ M wmm;).
Hence, we can approximately compute

E{XXT} -5 T=MM"

Can we then recover { ..} le by matrix decomposition? No:
MM' = (MS)(MS™ )", VS eGLi(R).

“too much freedom = not identifiable”



Going to higher orders m

N+2

3 ) distinct equations of the form:

The third-order moments give (

R
E{X; X; X} =) mE{[(1,)i + (Uil [(1,); + (U)5] (1)1 + (U )]}

r=1

where U,. ~ N (0, o21).
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The third-order moments give (

R
E{X; X; X} =) mE{[(1,)i + (Uil [(1,); + (U)5] (1)1 + (U )]}

r=1

where U,. ~ N (0, 0%I). Direct computation gives

R
B (X0 X5 Xp} = D0 me | (11, )i ()5 (0 )k + (12, )i 2850+

r=1

(11,);020 + (18, k02035



Going to higher orders ﬂ

The third-order moments give (N ;’ 2) distinct equations of the form:

R
E{X; X; X} =) mE{[(1,)i + (Uil [(1,); + (U)5] (1)1 + (U )]}

r=1

where U,. ~ N (0, 0%I). Direct computation gives

R
B (X0 X5 Xp} = D0 me | (11, )i ()5 (0 )k + (12, )i 2850+

r=1

(11,);020 + (18, k02035

By introducing an appropriate symmetrization operator Sym, we get

R R
E{X; X; X3} = > m(pe.)i (1,); (1) + 3Sym <5jk ZWW?(MT)@)

r=1
L |

L= (C)z




A first tensor decomposition M

Let’s introduce some convenient (& natural) notation:
Def: elementary or rank-1 tensor

(m17'f'v2)w3) S RNl X RNQ X RN?’ —> 1 ®w2 ®m3 c RN1XN2XN3

(1 @ T2 @ x3)ik = (1) (T2); (T3)k



A first tensor decomposition M

Let’s introduce some convenient (& natural) notation:
Def: elementary or rank-1 tensor

(3317.’.B2,(B3) - RNl X RNQ X RN3 — €T ® To ® T3 c RN1XN2XN3

(1 ® 2 ® 333)7;jk = (x1)i (35‘2)3' (3)k

This allows expressing all (".?) equations as:
R
E{X®@X®X}=) mu &p,®pn,+S(c
r=1

Moreover, ¢ can be estimated from data.



A first tensor decomposition M

Let’s introduce some convenient (& natural) notation:

Def: elementary or rank-1 tensor

(m17'f'v2)w3) & RNl X RNQ X RN?’ —> 1 ®m2 ®w3 e RN1XN2XN3

(1 @ T2 ® T3)ik = (1) (22); (23)k

This allows expressing all (".?) equations as:
R
E{X®@X®X}=) mu &p,®pn,+S(c
r=1

Moreover, ¢ can be estimated from data.

Hence, our problem ~ decomposition of the third-order moment tensor:*?
R

E{X®X®X}-S(c)=) mp Qpudu,

r=1

Good news: (essentially) unique decomposition under mild constraints!

1: Hsu & Kakade, 2013, 2: Anandkumar & al., 2014



Example #2: ECG signal separation m

O

R
z1(n) = Z (wy)1 8r(n) K sensors (leads)

\

W
JL '\’H/\"\/\/‘ rr(n) = ZR: (w, )¢ 5r(n) R sources

N observations (samples)




Example #2: ECG signal separation m

R
/W r1(n) = Z (wy)1 5(n) K sensors (leads)
* N observations (samples)
o
F ZR: R sources

The data can be expressed as a matrix decomposition (linear mixture model):

(@1 ... xx)=(s1 ... sr)(wi ... wg)
X € I?R;NXK S c I&SNXR WT E\IIQRXK
= SP P'W', VP e GLi(R).
~
S W'

This model is clearly non-identifiable without further constraints.



¢

“Tensorization” by additional diversity

Idea: “Hankelize” the observed signals to add one temporal “diversity”.}

2 (0)

T — X, =

1: De Lathauwer, 2011



¢

“Tensorization” by additional diversity

Idea: “Hankelize” the observed signals to add one temporal “diversity”.}

I (O)
R

= Z (W, )x I_:Ir

r=1

T — X, =

(N — 1) sr— H

Stacking the Xy, as slices of X € RM*MxK with M = ¥+ we get:

X = — Z H @ w, = Z
X 1 r=1 r=1 H r

Def: matrix-vector tensor product (H® w);jr = (H);x (w, )

1: De Lathauwer, 2011



A decomposition in low-rank blocks M

Without further assumptions, the model is still non-identifiable.

But we can add a reasonable one:

“Parsimony” assumption: sources are given by

L,
sr(n) = Zag,r zp,. = rankH, <L, <M,
=1

where oy ., 20 € C.



A decomposition in low-rank blocks M

Without further assumptions, the model is still non-identifiable.

But we can add a reasonable one:

“Parsimony” assumption: sources are given by

L,
sr(n) = Zag,r zp,. = rankH, <L, <M,
¢=1
where oy ., 20 € C.

Hence, our source separation problem becomes that of decomposing X into
blocks of the form (low-rank matrix) @ vector:

R
X:ZHT@)’UJT, Vr, rankH, < L,.
r=1

As before, it turns out that {(H,., w,,)}f:1 are (essentially) unique under mild
constraints.!

1: De Lathauwer, 2011



Example #3: Multilinear PCA M

We're given M x M face images of N, people:

X ¢ RVXMNp, with N = M?.

Dimensionality reduction and feature extraction can be achieved by PCA (via
truncated SVD of X, after centering):

R R
X =~ URERVT = Z O'T(UR);T-(VR):I;., ZUq;p ~ Z O-T(UR)’L"I"(VR>Z)7°7
r=1

=1
where '
m Ui € RY*E contains the R first left singular vectors
m Vi € RY*¥ contains the R first right singular vectors

m 3 = Diag(oy,...,0R) contains the R first singular values



Example #3: Multilinear PCA M

We're given M x M face images of N, people:

X ¢ RVXMNp, with N = M?.

Dimensionality reduction and feature extraction can be achieved by PCA (via
truncated SVD of X, after centering):

R R
X =~ URERVT = Z O'T(UR);T-(VR):I;., ZUq;p ~ Z O-T(UR)’L"I"(VR>Z)7°7
r=1

=1
where '

m Ui € RY*E contains the R first left singular vectors

m Vi € RY*¥ contains the R first right singular vectors

m 3 = Diag(oy,...,0R) contains the R first singular values

Hence, (¥gV%)., € R contains the coordinates of the pth person’s image
w.r.t. the subspace basis Ug.



Eigenfaces

This is the so-called eigenfaces® approach to dimension reduction and feature

extraction.
'

A few eigenfaces (cols of Ug) from the ORL database (source: Wikipedia).

1: Sirovich & Kirby, 1987



Extension to multiple diversities @

Consider next V-dim face images of V, people under /V; illumination conditions.

PCA of X € RNV *#iVs is still possible, but two diversities “get entangled.”
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Consider next V-dim face images of NV, people under /V; illumination conditions.

PCA of X € RNV *#iVs is still possible, but two diversities “get entangled.”

Idea: Disentagle them via a tensor structured basis
- T
X~US(UYRUP) .

CL11B a12B
Def: Kronecker product AX B = a1B  a2:B



Extension to multiple diversities @

Consider next V-dim face images of NV, people under /V; illumination conditions.

PCA of X € RNV *#iVs is still possible, but two diversities “get entangled.”

Idea: Disentagle them via a tensor structured basis
- T
X~US(UYxUP)

CL11B 0,12B
Def: Kronecker product AX B = a1B  a2:B

RNV X Np X N;

In tensor notation: the data X € is modeled as

1 2 3
X~ (UUP,0Y) - S:= 3" 3" ) 50, (U)r, @ (UP),, @ (UY),,

1= 1’7“2 17"3 1




Multilinear PCA @

We can see (U, U® UY) . S asa contraction of S with U, U®, U®:

Topi 2 Srvrarg (U)ney (UP) 0, (UD), .

r17Trars



Multilinear PCA @

We can see (U, U® UY) . S asa contraction of S with U, U®, U®:

Topi 2 Srvrarg (U)ney (UP) 0, (UD), .

r17Trars

Hence, the partial contraction (U, -, -) - S € RV *#2xEs gjyen by

[(U,-,) - S]nr2r3 = Z Srirars (U)nry

yields a tensor having R, R3 images which represent Ry “people patterns” x R3
“illumination patterns.”



Multilinear PCA @

We can see (U, U® UY) . S asa contraction of S with U, U®, U®:

Topi 2 Srvrarg (U)ney (UP) 0, (UD), .

r17Trars

Hence, the partial contraction (U, -, -) - S € RV *#2xEs gjyen by
[(U,-,) - S]nr2r3 = Z Srirars (U)nry
1

yields a tensor having R, R3 images which represent Ry “people patterns” x R3
“illumination patterns.”

Further contraction with the pth row of U®) and the ith row of U® gives the
approximate image of person p under illumination condition ::

( pi S‘ (S‘ 87“17”27“3 ) (U(p))pTQ (U(i))’irs'

r2T3

| |
image pattern (1o, r3)




TensorFaces m

This idea forms the basis of the TensorFaces approach!.

people| illuminations— It allows in particular a “strategic” dim. reduction
w.r.t. some chosen diversities (e.g., illumination
only, via a small R3).

Original PCA TensorFaces
11 Eigenfaces 11 TensorFaces
RMSE: 14.62 33.47

-

Dimension reduction:! PCA vs TensorFaces

. "l with (Ry, Ro, R3) = (176,11,1). (Original
A Jew “eigenmodes. size: 7943 x 11 x 16.)

1: Vasilescu & Terzopoulos, 2002



Example #4: Deep learning (of course!) m

Numerous deep learning models are parameterized by tensors.

Typical example: CNNs parameterized by convolution kernels.

VGG-16 CNN Architecture

FC-6 FC-7 FC-8
| - |

- - s :
1x1x4096 1x1x1000

14 % 14 x 512
28 x 28 x 512
7x7x512
@ convolution4ReLU
I(_f] max pooling
—11 fully connected+RelLU

A typical CNN architecture (source: learnopencv.com).

Kernel of conv2D layer with H x W filters, I input channels and O output chan-
nels:

K c RHxWxIxO



2D convolution in CNNs M

conv2D maps X € RM*XN*Iinto Y € RM*XNXO gccording to

H-1W-1 1

Ymno — y: y: y: (K)hwio Lm+h,n+w,i-

h:O w=0 =1

Per output channel o:

(K) i, 150

)/

Complexity: O(MNOHWI).

Most expensive stage of inference: performing the required convolutions.



Decomposing convolution kernels @

Idea: decompose K into separable terms using R(H + W + I + O) params,’

H-1
Ymno — E dor E Ahr E bwr 5 Cir CE’m—l—h w—+n,-
r=1

Complexity: O M NR(H + W + I + O))

BxI - O xR
X M x N x R i X
X ..D @
[ X _/
M x N x I : ' M x N X R

1: Lebedev & al., 2015



Summary : two main motivations (1/2) @

Tensor models generally serve two main purposes:

1. Information extraction causes

A A
data component 1 component R

V4 V4

& s + ...+ X

~ |

e

R
(X)ijk ~ E (ar),; (br)j ()i
r=1
data = observations or functions thereof, £ “small”, “simple” components

Ex: exploratory data analysis,' source separation, latent variable model estima-
tion, ...

1: Hong & al., 2020



Summary : two main motivations (2/2) @

2. Complexity reduction
® Dimensionality reduction with tensor structured basis

X ~~ (U(1)7u(2)7u(3)) . S

m Operator ~ operator with “low-rank structure”

operator input

R
K X ~ Z X X
r=1

Ex: nonlinear system modelling,'*? deep learning, multivariate density

approximation,” ...

1: Favier & al,, 2012, 2: Goulart & Burt, 2022, 3: Dolgov & al., 2020
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Let’s start with some useful notation & definitions.



Multilinear transformation M

Def: Given S € RE1xfl2xXBs gnq U € RN xfa W
V € RV2xf2 gnd W € RV3*£3 the multilinear
transformation
(U,V,W) S € RN xN2xN Ul s \Y
is definedas  [(U,V,W) S|, = 3 " s rprs (Wnyrs (V)ngrs (W)ingrs -



Multilinear transformation M

Def: Given S € RE1xfl2xXBs gnq U € RN xfa W
V € RV2xf2 gnd W € RV3*£3 the multilinear
transformation
(U,V,W)-S € RN *NaxNs Ulils \Y
is definedas  [(U,V,W) S|, = 3 " s rprs (Wnyrs (V)ngrs (W)ingrs -

Notational conventions:

(i) replacing any matrix by a dot - means no transformation in that mode
[(U7 " ) ) S]n1r2r3 — Z Srirars (U)nlﬁ
1

(ii) the transpose is omitted when transformation by vectors are performed

(u7 v, w) S = Z Srirars (u)"“l (U)TQ (w)TS‘

r17r2Tr3



Multilinear transformation: properties @

(i) Expansion in terms of a tensor basis:

Ri Ra R
(U,V,W) S‘ S: S: Srirars Wy & Vpy @ W,
L=179=1

(ii) Action on rank-1 tensors:
(U,VUW) - a®b®c= (Ua)® (Vb) ® (Wc)
Hence, by linearity,

R
(U,V,W) (Z a, ® b, ® cr> =) (Ua,) ® (Vb,) ® (W, )

r=1 r=1

(iii) Composition:

(U,V,W) - [(X,Y,Z) - S] = (UX,VY,WZ) - S
(U’ . ) : [(.,V’ ) . S] — (.,V’ ) . [(U’ . ) . S]



Scalar product and Euclidean norm @

Def: Scalar product

(X,Y) = Z Lijk Yijk

ijk

(a®@b®c,Y)=(a,b,c)
(bR c,u®v®w)

Y
In particular:
(@, u) (b,v) (¢, w)

Def: The Frobenius norm of W is defined as ||W||¢ := /(W,W) = \/Zwk wizjk,

1: Cichocki & al., 2016



Natural (& useful) isomorphisms @

Idea: “view” tensors through the lens of certain isomorphisms with matrix and
vector spaces. Useful for both analysis & computation.

(Two finite-dim vector spaces are isomorphic (~) iff they have the same dim.)



Natural (& useful) isomorphisms @

Idea: “view” tensors through the lens of certain isomorphisms with matrix and
vector spaces. Useful for both analysis & computation.

(Two finite-dim vector spaces are isomorphic (~) iff they have the same dim.)

In particular, the isomorphism

RNl XNQXN3 ~ RNl XN3N2.

leads to the notion of a mode-1 unfolding

X — X(l) i= (X1 Xo ... XN3) < RNVt X N3 N2
XN3$~*‘“: / frontal slices
X1

Concretely, ;1 is the element (7, n(j, k)) of X(1), with n(j, k) := (k — 1) N2 + j.

Analogous definitions can be given to X9y € RY2*NsN1 and X3y € RNs* N2,



Natural (& useful) isomorphisms (cont’d) @

Ex: If X =a ® b ® ¢, then:

X(l) — a(c&b)T, X(Q) — b(c&a)T, X(g) — c(b&a)T.



Natural (& useful) isomorphisms (cont’d) @

Ex: If X =a ® b ® ¢, then:
T T T
X(l):a(cﬁb) , X(Q):b(CIXla) , X(g):c(b&a) .
Ex: If X = (U,V,W) - §, then:

X1y =US1) (WRV)'| X =VSy (WKU', Xz =WS3 (VRU).



Natural (& useful) isomorphisms (cont’d) @

Ex: If X =a ® b ® ¢, then:
T T T
X(l):a(cﬁb) , X(g):b(c&a) , X(g):c(b&a) .
Ex: If X = (U,V,W) - §, then:

X1y =US1) (WRV)'| X =VSy (WKU', Xz =WS3 (VRU).

Rmk: In practice, X = (U, V, W) - S is computed by a sequence of matrix-matrix
products and unfoldings/foldings.



Natural (& useful) isomorphisms (cont’d) @

Ex: If X =a ® b ® ¢, then:
T T T
X(l):a(cﬁb) , X(g):b(c&a) , X(g):c(b&a) .
Ex: If X = (U,V,W) - §, then:

X1y =US1) (WRV)'| X =VSy (WKU', Xz =WS3 (VRU).

Rmk: In practice, X = (U, V, W) - S is computed by a sequence of matrix-matrix
products and unfoldings/foldings.

Another commonly used isomorphism is the vectorization operation
RN XN2XNs 5 Xy 2 = vee X € RN3V2N1

such that X, is “sent” to x,,(; j x) Withn(i, j, k) := NoN1 (k—1)+ N (j — 1) + .

Ex: By vectorization,
vec(a®b®c)=cXbXa,

vec [(U,V,W) -S| = (WK VKXU)vecS.



..and now let’s finally discuss low-rank tensor models.



What is the rank of a tensor? @

For a matrixX € RNlXNQ, rank X = dim colspan X = dim {Xv NS RN2}

= dim rowspan X = dim {Xva v E RNl}

R
= min{R : X = Zarbl}

r=1



What is the rank of a tensor? m

For a matrixX & RNlXN2, rank X = dim colspan X = dim {Xv C v E RNQ}

= dimrowspan X = dim {Xva NS ]RNl}

R
= min{R : X = Zarbl}

r=1
This suggests (at least) two definitions for the rank of X € RN1xN2xNs,

1. Dimension(s) of subspaces spanned by the fibers of each mode:




What is the rank of a tensor? m

For a matrixX & RNlXN2, rank X = dim colspan X = dim {Xv C v E RNQ}

= dimrowspan X = dim {Xva NS ]RNl}

R
= min{R : X = Zarbl}

r=1
This suggests (at least) two definitions for the rank of X € RN1xN2xNs,

1. Dimension(s) of subspaces spanned by the fibers of each mode:

2. Minimal number of rank-1 tensors needed to produce X:

i\ g g
X — (i)_ + ...+ (i>—




1. The multilinear rank @

Recall that: fibers of X = columns of each X;).



1. The multilinear rank @

Recall that: fibers of X = columns of each X;).

The first notion of rank can be formalized as

rank; X : = dimspan{(-,v,’w)-x v e RY2 w ERNB}

= dimspan {X()(w X v)} = rankXy)
ranky X := dimspan {(u,-,w) - X : u € R™ w ¢ R}

= dim span {Xo)(w K u)} = rankX(y)

ranks X := dimspan {(u,v, ) X : u € R™ v € R"?}

= dim span {X(3)(v K u)} = rankXs,



1. The multilinear rank @

Recall that: fibers of X = columns of each X;).

The first notion of rank can be formalized as

rank; X : = dimspan{(-,v,w)-x v e RY2 w ERNB}

= dimspan {X(;)(w X v)} = rankX()

ranky X := dimspan {(u,-,w) - X : u € R™ w ¢ R}

= dim span {Xo)(w K u)} = rankX(y)

ranks X := dimspan {(u,v, ) X : u € R™ v € R"?}

= dim span {X(3)(v K u)} = rankXs,

Def:! Multilinear rank: mrank X := (rank; X, rank, X, ranks X).

1: Hitchcock, 1928



Properties of mrank @

(i) Unlike the matrix case, mrank components are generally distinct.

Ex: With X1 X



Properties of mrank @

(i) Unlike the matrix case, mrank components are generally distinct.

Ex: With X1 Xz

(ii) The mrank is a tensor property:

Prop: mrank X is invariant w.r.t. a change of basis

(U,V,W)-X,  U€GL(M;), V€ GL(,), W € GL(IV3).

Proof: For any nonsingular U € R"*1 (and similarly for the other modes),

rank; (U, -,-) - X] = rank|UX(y)] = rank Xy = rank; X. -



Properties of mrank @

(i) Unlike the matrix case, mrank components are generally distinct.

Ex: With X1 Xz

(ii) The mrank is a tensor property:
Prop: mrank X is invariant w.r.t. a change of basis

(U,V,W)-X,  U€GL(M;), V€ GL(,), W € GL(IV3).

Proof: For any nonsingular U € R"*1 (and similarly for the other modes),

rank; (U, -,-) - X] = rank|UX(y)] = rank Xy = rank; X. -

(iii) mrank X < (min { N7, No N3}, min { N5, N1 N3}, min {N3, N1 N5})



The Tucker model M

The Tucker model® has the form

RN 50 X = (U,V,W)-S, S RMxxts

with:
mUc RNlXRl, R < NV

mVc RN2XR2, Ry < Ns

\% mWc RVsxBs Ro < N,

W

1: Tucker, 1966



The Tucker model M

The Tucker model® has the form

RN 50 X = (U,V,W)-S, S RMxxts

with:
mUc RNlXRl, R < NV

mVc RN2XR2, Ry < Ns

\% mWc RVsxBs Ro < N,

W

U S

Recall that .
X)) =US8(y) (WX V)

X(2) = VS (WKU)'
X3 = WS (VR U)'

1: Tucker, 1966



The Tucker model M

The Tucker model® has the form

RN 50 X = (U,V,W)-S, S RMxxts

with:
mU e RNlXRl, Ri < Ny

mVc RN2XR2, Ry < Ns

\% mWc RVsxBs Ro < N,

W

U S

Recall that .
X)) =US8(y) (WX V)

X(2) = VS (WKU)'
X3 = WS (VR U)'
Clearly, mrank X < (R;, Ro, R3) component-wise.

Hence, useful for a low-mrank representation of a tensor (multilinear PCA).

1: Tucker, 1966
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The Tucker model is a subspace representation of a tensor w.r.t. the tensor basis?

{u,, v, Qw,, : 7 € [R;],1 <i <3},

since
Ry Rs Rs
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Orthogonal Tucker model @

The Tucker model is a subspace representation of a tensor w.r.t. the tensor basis?

{u,, v, Qw,, : 7 € [R;],1 <i <3},

since
Ry Rs Rs

X=(U,V,W). S = S: S: S: Srirgrs Upry @ Vpy & Uy .

7“1:1 7"2:1 7“3:1

Thus, it’s natural (and w.l.o.g.) to impose U'U = I, and similarly for Vand W.

Indeed, if X = (A, B, C) - S’, then we can find (semi-)orthogonal U, V and W s.t.

(A,B,C)-S" = (URy,VRy,WR;)-S" = (U,V,W)-[(R1,R2,R3) - S'] = (U,V,W)-S:

In particular, semi-orthogonality of the factors U, V, W implies

S=(U",vi,wh. X

1: Hackbusch, 2012



High-order singular value decomp. (HOSVD) M

But even under this constraint, we have a continuum of possible (U, V, W), since
V(Q1,Q2,Q3) € O(R1) x O(Rz) x O(R3),

X=(U,V,W)-S = (UQy,VQ2, WQ;) - [(QI, Q;,0;) - S] = (U, V,W).S".

A standard choice (useful for low-mrank approximation, as we will see) is:



High-order singular value decomp. (HOSVD) M

But even under this constraint, we have a continuum of possible (U, V, W), since

V(Ql, QQ, Qg) & @(Rl) X @(Rg) X @(Rg),

X =(U,V,W)-S = (UQ;,VQ;,WQs) - [(QI, Q;,Q3) - S] = (U, V,W').§".
A standard choice (useful for low-mrank approximation, as we will see) is:

Def: The HOSVD of X € RN1*NsxNs g gjven by!

X=(U,V,W):S,
core tensor
where
m U € O(V,) contains the left singular vectors of X(1)
m V € O(NV,) contains the left singular vectors of X(2)

® W € O(/V3) contains the left singular vectors of X s,

1: De Lathauwer & al., 2000a



HOSVD : computation & properties M

Computation: Given X, one computes (possibly in parallel) the SVD of each un-

folding:
X1y =U3;Qf,
X =VE20Q.,
X3 = W30,

and then S = (UT, VI, W") . X,
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Computation: Given X, one computes (possibly in parallel) the SVD of each un-
folding:
X1y =U3;Qf,

X(2) =V, Q3,
X(3) = W33 Q3,

and then S = (UT, VI, W") . X,

Core slice norms: Since X(;) = US(;) (WK V)", we see that

Sy=%1Q] WRV) = ||(S1)) .|| = (1) = I(S)e:r
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HOSVD : computation & properties M

Computation: Given X, one computes (possibly in parallel) the SVD of each un-
folding:
X1y =U3;Qf,

X(2) =V, Q3,
X(3) = W33 Q3,

and then S = (UT, VI, W") . X,

Core slice norms: Since X(;) = US(;) (WK V)", we see that

Sy=%1Q] WRV) = ||(S1)) .|| = (1) = I(S)e:r

and thus  [[(S)e e > [(S)erralle- Similarly, [(S)elle > (S)esn.lls and

1S):celle 2 1(S) el

Uniqueness: The HOSVD is unique (up to the signs of the columns of U,V, W)
provided that no X(;) has repeated singular values.



2. The tensor rank M

The second notion of rank is defined as:

Def: Rank of X:

R
rank X := min{REN : X=) a,®b®c¢,, a, € RV b, e R ¢, € R

r=1

i\ g g
X — (Ei>— + ...+ (i)—

The above set is non-empty: a trivial upper bound is R < Ny N, N3, since

X — Z (X)n1n2n3 e'nl ® enz ® e7713’

ni,n2,n3 I |

nonzero (= 1) only at (ny, na, n3)

1: Hitchcock, 1927



The tensor rank is a tensor property M

Prop: rank X is invariant w.r.t. a change of basis.

Proof: If X = Zle a, ® b, ® c, has rank R, then

) (Ua,) ® (Vb,) ® (We,)

r=1

rank [(U,V, W) - X] = rank < R.

It follows that, for U € GL(/NV1),V € GL(N3), W € GL(/N3):

rank X = rank { (U™, V"', W) . [(U,V,W) - X]}
rank((U,V,W) - X)
rank X.

IA A

More properties will be seen in a moment.



The polyadic decomposition @

A polyadic decomposition® (PD) of X of rank R has the form

R
X = [A,B,C] ::Zaré@br@cr.

r=1

1: Hitchcock, 1927



The polyadic decomposition @

A polyadic decomposition® (PD) of X of rank R has the form

R
X = [A,B,C] ::ZaT@)br@cr.

r=1

It can be see as a special case of Tucker: by defining

RXRxXR
DGR S 9 (D)T17“27"3 :57“17"2"“37

we get
R R R R
(A,B,C)-D = S: S: S: (D)ryrgrs Gry @ by @ €y = Zar ® b, ® c,
ri=1ro=1rz=1 r=1
C
A 5 B

1: Hitchcock, 1927



The canonical PD (CPD) M

Def: If
R

X=[ABCl,=) a,®b®c

r=1

is minimal (rank X = R), then it is called the CPD of X.

It is also often called a PARAFAC (for parallel factors) decomposition.

g g

~ (Ei)— + ... 4+ (i)—

X




The canonical PD (CPD) M

Def: If
R

X=[ABCl,=) a,®b®c

r=1

is minimal (rank X = R), then it is called the CPD of X.

It is also often called a PARAFAC (for parallel factors) decomposition.

g g

X N X o + ...+ X

Uniqueness: The CPD has quite strong uniqueness properties, discussed ahead.

This key feature has been a major driving force for its study, beginning in the
Psychometrics litterature.}?:3

1: Cattell, 1944, 2: Carroll & Chang, 1970, 3: Harshman, 1970



Slices & unfoldings of a CPD M

R R
Take X =[A,B,C]| = Z ar @b, ®c, & Tk = Z Qir by Clr
r=1

r=1 —

Slices: Frontal slices of X can be expressed as

R
RV N2 5 Xy = (X)up = ) crar b, = AD;(C)BT,

r=1

with D;(C) := Diag(ck1, . . ., ckr). Similarly, for horizontal and vertical slices:

(X)i.. =B,Di(A)C",  (X).;. =ADy(B)C'.



Slices & unfoldings of a CPD M

R
Take X =[A,B,C]| = Zar b, ®c, & TijK= Z Qir by Clr

r=1 r=1

Slices: Frontal slices of X can be expressed as

RV N2 5 Xy = (X)up = ) crar b, = AD;(C)BT,
r=1

with D;(C) := Diag(ck1, . . ., ckr). Similarly, for horizontal and vertical slices:
(X)i.. =B,Di(A)C",  (X).;. =ADy(B)C'.
Unfoldings: By linearity of unfolding,

R
X(l):Z(aT@@b ® c;) (1)—Zar (e, ®b) =A(COB)T,

r=1 —

Def: Khatri-Rao product (columnwise X): COB := (01 Xb; ... cgiX bR).



Unfoldings & vectorization of a CPD @

Unfoldings: By the same reasoning,

X2 =B(C®A)", X3z =CBoA).



Unfoldings & vectorization of a CPD M

Unfoldings: By the same reasoning,

X2 =B(C®A)", X3z =CBoA).

Vectorization: Again by linearity,

R R
VECX:ZVEC(CLT@I)T@CT) :Zcr®brﬁar: (COB®O®A)L.

r=1 r=1



Computation of a CPD M

In special cases, a CPD can be computed by non-iterative algebraic methods
which rely on standard numerical linear algebra routines.

However, no general algorithm of that kind exists.
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which rely on standard numerical linear algebra routines.

However, no general algorithm of that kind exists.

Typically, the problem is instead addressed by fitting the CPD model to the data
according to some criterion or loss function.

Most usual approach: given a rank R, solve

in | X — [A,B,C] ;|7
min [ X — [A, B, C] |z

Nonconvex problem, since the model is multilinear in A, B, C.



Computation of a CPD M

In special cases, a CPD can be computed by non-iterative algebraic methods
which rely on standard numerical linear algebra routines.

However, no general algorithm of that kind exists.

Typically, the problem is instead addressed by fitting the CPD model to the data
according to some criterion or loss function.

Most usual approach: given a rank R, solve

in | X — [A,B,C] ;|7
min [ X — [A, B, C] |z

Nonconvex problem, since the model is multilinear in A, B, C.

Clearly, this seems well-suited for approximation as well, which is the most com-
mon objective in applications.

However, low-rank approximation comes with its own pitfalls, as we’ll see.
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Assume X = [A*,B*, C*] ;. How can we address mins g ¢ | X — [A, B, C]]RH??



Alternating least squares (ALS) M

Assume X = [A*,B*, C*] ;. How can we address mins g ¢ | X — [A, B, C]]RH??

The simplest and best known algorithm is a BCD scheme called alternating least
squares (ALS).1+2
Idea: While the original problem is (jointly) nonconvex, it is block-convex:

2
min ||X — [A, B, C];||z = min || X, —A(COB)T|| (i)

AB.C AB.C F
2

}I\I)lé,n 2) (C®A) i (ii)
2

min || X C(BOA) . (i)

1: Harshman, 1970, 2: Carroll & Chang, 1970



Alternating least squares (ALS) M

Assume X = [A*,B*, C*] ;. How can we address mins g ¢ | X — [A, B, C]]RH??

The simplest and best known algorithm is a BCD scheme called alternating least
squares (ALS).1+2

Idea: While the original problem is (jointly) nonconvex, it is block-convex:

o _ 2 - L] . T .
min [ X — [A, B, C][r = min | Xq) —A(COB)| ()
2
_ L] _ T LN ]

. B T
_:{&I,IB},% X3 —C(BOA) (iii)

Hence, conditioned upon the current estimates B and C, the solution for A can
be explicitly derived from (i) as (assuming rank C ® B = R):

A X(l) [(C © B)T]T — X(l) (C © B)[(C © B)T(C © B)]_l
=Xu) (CoB)[(€'C) @ (B'B)]

1: Harshman, 1970, 2: Carroll & Chang, 1970



ALS: properties and variants M

In its “vanilla” form, ALS is prone to facing ill-conditioning issues, slow conver-
gence or failure to converge in reasonable time.

Nevertheless, ALS & its variants are wildly popular, as they are simple and often
exhibit a good performance.



ALS: properties and variants M

In its “vanilla” form, ALS is prone to facing ill-conditioning issues, slow conver-
gence or failure to converge in reasonable time.

Nevertheless, ALS & its variants are wildly popular, as they are simple and often
exhibit a good performance.

Some common variants are:
® “enhanced line search” (ELS) methods for accelerating convergence!

® adding a proximal term (w.r.t. current estimate A;) to each subproblem to
circumvent ill-conditioning & guarantee well-posed updates:

2
min |X() ~ACOB)T|_+7|A Aol

(stricly convex problem, with 271 added to the Hessian)

1: Rajih & al,, 2008



ALS: convergence @

By construction, the objective value is nonincreasing along ALS iterations.

But what about convergence of iterates?
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By construction, the objective value is nonincreasing along ALS iterations.

But what about convergence of iterates?

Local convergence: (Uschmajew, 2012) showed
® Jocal convergence under non-degeneracy condition of local min

® |ocal linear convergence around global minimizers of

. 2 2 2 2
min X — [A. B, €] . + 7 (IIAlI7 + B + ICIF)



ALS: convergence @

By construction, the objective value is nonincreasing along ALS iterations.

But what about convergence of iterates?

Local convergence: (Uschmajew, 2012) showed
® Jocal convergence under non-degeneracy condition of local min

® |ocal linear convergence around global minimizers of

: 2 2 2 2
min X — [A, B, Cl 4|17 + (1Al + [BJF + ]
Global convergence:

B Implied by the general framework of (Xu & al., 2013) when
Amin ((C ®B)'(Co B)) > ¢, forsomec >0

at every iteration, and idem for (C® A)"(C®A) and (BOA)'(B® A)

® (Yang, 2023) proposed a variant which converges if we instead bound the

smallest positive eigenvalues A\ of those matrices uniformly



Algebraic sol'n by simultaneous diagonalization @

A common method for the initialization of ALS (or any other iterative algorithm)
is by simulatenous diagonalization (or “Jennrich’s algorithm,” a misnomer).!?

It can be used for d = 3 whenever, say, rank X = R < min { Ny, N>} w.l.o.g.

As we’ll see, mrank X < R entry-wise, thus one can project X onto R**#xNs,
Hence, wl.o.g. we assume X € REXEXNs,

1: Sanchez & Kowalski, 1990, 2: Leurgans & al., 1993



Algebraic sol'n by simultaneous diagonalization @

A common method for the initialization of ALS (or any other iterative algorithm)
is by simulatenous diagonalization (or “Jennrich’s algorithm,” a misnomer).!?

It can be used for d = 3 whenever, say, rank X = R < min { Ny, N>} w.l.o.g.

As we’ll see, mrank X < R entry-wise, thus one can project X onto R**#xNs,
Hence, wl.o.g. we assume X € REXEXNs,

Hypothesis: X = [A,B,C|, with rankA = rankB = R and C doesn’t have
collinear columns.

Idea: By computing contractions Y; = (-,-,01) - Xand Yy = (-,-,05) - X, we get

Y, =" (cl8;)a.b. = ADiag(cl6;.....c.0,)BT = AD,BT

r=1

Suppose D5 is nonsingular (generically true for random 6-). Then,
Y=Y, Y,'! =AD,D;'A"!
so that the eigenvectors of Y are cols of A (with distinct eigenvalues)!

1: Sanchez & Kowalski, 1990, 2: Leurgans & al., 1993



Drawbacks, properties & extensions @

Once A is recovered, one can compute B and C from
1 T
(A7 X)) =COB,

by rank-1 approximation of each column.

1: Beltran & al., 2019, 2: Bhaskara & al., 2014



Drawbacks, properties & extensions @

Once A is recovered, one can compute B and C from
1 T
(A7 X)) =COB,

by rank-1 approximation of each column.

Drawbacks: Possible numerical instability® and lack of robustness to noise.

1: Beltran & al., 2019, 2: Bhaskara & al., 2014



Drawbacks, properties & extensions @

Once A is recovered, one can compute B and C from
1 T
(A7 X)) =COB,

by rank-1 approximation of each column.

Drawbacks: Possible numerical instability® and lack of robustness to noise.

Analysis: Error bounds were given by Bhaskara & al. (2014) under a “smoothed
model,” under additive noise with bounded entries (depending on the condition-
ing of A, B and the coherence of C).

1: Beltran & al., 2019, 2: Bhaskara & al., 2014



Drawbacks, properties & extensions @

Once A is recovered, one can compute B and C from
1 T
(A7 X)) =COB,

by rank-1 approximation of each column.

Drawbacks: Possible numerical instability® and lack of robustness to noise.

Analysis: Error bounds were given by Bhaskara & al. (2014) under a “smoothed
model,” under additive noise with bounded entries (depending on the condition-
ing of A, B and the coherence of C).

Extensions: Higher-order tensors can be decomposed by partially ignoring the
tensor structure. For instance, if d = 2m + 1 with m > 1, then one takes

R R
Za(l) Q- -@a? — Z (VK- Ka™) @@ VX. . - Ka®)gal?.
r=1 r=1

Note that now R can exceed the dimensions /N, of all factors.

1: Beltran & al., 2019, 2: Bhaskara & al., 2014



Properties of the tensor rank, part II @

(i) Lower bound by mrank:

Prop: rank X is lower bounded by each component of mrank X.
Proof: Let rank X = R and write the CPD X = Z7~R=1 a, ® b, ® c,. Then,
rank; X = rank X(;) = rank A(C ® B)' <R,

and similarly for the other modes. m
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rank; X = rank X(;) = rank A(C ® B)' <R,

and similarly for the other modes. m
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Properties of the tensor rank, part II @

(i) Lower bound by mrank:

Prop: rank X is lower bounded by each component of mrank X.

Proof: Let rank X = R and write the CPD X = Zle a, ® b, ® c,. Then,
rank; X = rank X(;) = rank A(C ® B)' <R,

and similarly for the other modes. m

Rmk: This implies that rank X > rank X;. for all £ (similarly for horizontal and
vertical slices).

(ii) Rank invariance under embedding in larger space:
Prop: If X = (A, B, C)-Sand A, B, C have full column rank, then rank X = rank S.

Proof: See exercices.

RmK: Often used (in an approximate fashion) when computing the CPD of alow-
mrank tensor: one can work in R *R2>Hs jnstead of in RV X V2 X N3



Tensor rank: examples @

Example: If
D=e1®e1®e +---+erP@er®eg,

then rank D = R, since rank D > rank; D = rankI(IoI)" = R.
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Example: If
D=e1®e1®e +---+erP@er®eg,

then rank D = R, since rank D > rank; D = rankI(IoI)" = R.
Example: Let A, B, C have full column rank, and define
X=[AB,C] = Zle a, ® b, R c,.
We have
X=3" (Ae,)® (Be,)®(Ce,) = (A,B,C) D,

thus rank X = R.



Tensor rank: examples @

Example: If
D=e1®e1®e +---+erP@er®eg,

then rank D = R, since rank D > rank; D = rankI(IoI)" = R.

[]
Example: Let A, B, C have full column rank, and define
X=[AB,C] = Zle a, ® b, R c,.
We have
X=Y,,(Ae,)® (Be,)® (Ce,) = (A,B,C)-D,
th kX = R.
us ran »

Example:
rank (a; bR c+a; ®b®c) =rank(a; +a2) b®c <1,

while
rank (a @ b; R c; +a @ by ® c3) < 2. B



Properties of the tensor rank, part III @

(iii) Upper bound by product of mrank components:
Prop: If mrank X = (R, R5, R3), then rank X < min { R; R5, R1 R3, RoR3}.
Proof: From an mrank-(R;, Ro, R3) Tucker representation of X, we get

X = E Srirorg Ury @ Vpy © Wiy = § Upy & Vpy & (E :5?“17“27“37177"3) ;
rs

ry1,r2,T3 r1,7r2

which shows that rank X < R; R5. The other bounds are shown similarly.



Properties of the tensor rank, part III
(iii) Upper bound by product of mrank components:
Prop: If mrank X = (Ry, Ro, R3), then rank X < min { R; Ro, R1 R3, Ro R3}.
Proof: From an mrank-(R;, Ro, R3) Tucker representation of X, we get

X — § ST1’I"2’I"3 u’l"l ® v?"g ® w’l“g — § u’l"l ® v’l“g ® < E 37“17“27“3w7"3> Y
r3

T1,72,T3 1,72

which shows that rank X < R; R5. The other bounds are shown similarly.

H
A more intuitive way of seeing this: assume w.l.0.g. that mrank X = (N7, Ny, N3)
and “synthetize” X as tube at (1, Ny)

X — an,’I’LQ,nB $n1n2n36n1 & e’sz ® ens

= an,n2 €n; ¥ €pn, & <§ :xnlnzns ens) :
ns

\

TV
“tube” at (n1,n2)



Properties of the tensor rank, part III cont’d @

(iv) rank X depends on the underlying field
Example: Take

1/, .
Tiip = cos(i+j+ k) == (el(z+y+k) X 6—1(z+g+k>>

2
| R l ————
:_e”elﬂelk_|__elz€1]€1k.
2 2

Hence, rank X = 2 over C.




Properties of the tensor rank, part III cont’d @

(iv) rank X depends on the underlying field
Example: Take

1/, .
Zig = cos(i+j +k) = 3 (el(z+y+k) X 6—1(z+y+k>>
| I 1l ————

Hence, rank X = 2 over C.

By using again Euler’s identity e = a, + ib; with ay := cos £ and by := sin¥,

Lijk — Q;A5AF — az-bjbk — bz-ajbk — bz-bjak

1 0|0 -1 . o
= (H,H,H)-(O _1‘_1 0) , withH := (@ b)

~

i rank=3 d 5k
= — (a; + b;)bjbi + (a; — b;)ajar + b;(a; — b;)(ar — by,).

Hence, rank X = 3 over R! =



Properties of the tensor rank, part III cont’d 48/ 110

(v) rank X can exceed all tensor dimensions

Example: Let

0 1 0

Is this minimal?

1 010 1
X = 0 —e1Re1®e;+teaR®ey Re +e; ®ex es.



Properties of the tensor rank, part III cont’d 48/ 110

(v) rank X can exceed all tensor dimensions

Example: Let

0O 170 O

Is this minimal?

First, note that rank X > rank; X = 2. Suppose that rank X = 2. Then, we can
write X = [A, B, C] with A, B, C € R?*? and

1 010 1
X = —e1Re1®e;+teaR®ey Re +e; ®ex es.

0 1

N T __
X, =1=AD;(C)B’, x2_<0 )

) — AD,(C)B'.



Properties of the tensor rank, part III cont’d 48/ 110

(v) rank X can exceed all tensor dimensions

Example: Let

1 010 1
X = 0 110 o | Tea®eaReteaee te®@eden.

Is this minimal?

First, note that rank X > rank; X = 2. Suppose that rank X = 2. Then, we can
write X = [A, B, C] with A, B, C € R?*? and

0 1

N T __
X, =1=AD;(C)B’, X2_<0 )

) — AD,(C)B'.
As X, is nonsingular, it follows that

X, X, = Xy = XoB (D (€))'A™ = A Dy(€)(Dy (€))L A,

=D

implying X is diagonalizable—a contradiction!

Conclusion: rank X = 3. This is actually the maximal rank on R?*2*2,

]



Maximal rank M

Q: What is the maximal rank of a tensor from R *N2xNs?

Many results have been derived for more or less particular cases, e.g.:
® maximal rank over R?*2%2 or C2%2%2 js! 3
® maximal rank over R3*3%3 or C3*3%3 js1,2 5
® maximal rank over RY+*N2XNs g3 at most Ny + | N3/2] Ny

See the references given in the handout for more results.

This question is not of much concern for the applications that we consider here:
both uniqueness and compressibility require a much smaller rank.

1: Kruskal, 1989, 2: Bremner & Hu, 2013, 3: Sumi & al.,, 2010



Generic and typical ranks M

Recap for matrices:

Let X € RY1*N2 pe such that z;; £V N(0,1). Q: What is rank X?
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Recap for matrices:
Let X € RY1*N2 pe such that z;; £ N(0,1). Q: What is rank X?
Answer: P(rankX = min { Ny, No}) = 1, P(rankX < min {N1, No}) =0

The set of rank-defective matrices has null Lebesgue measure = any absolutely
continuous distribution (w.r.t. Lebesgue) will assign zero mass to it.

What about tensors?



Generic and typical ranks M

Recap for matrices:
Let X € RY1*N2 pe such that z;; £ N(0,1). Q: What is rank X?
Answer: P(rankX = min { Ny, No}) = 1, P(rankX < min {N1, No}) =0

The set of rank-defective matrices has null Lebesgue measure = any absolutely
continuous distribution (w.r.t. Lebesgue) will assign zero mass to it.

What about tensors?

, L . . iid
Example': Let’s do a similar experiment: X € R2*2%2 with z;;, ~ AN (0, 1).
Then?:

m over R, P(rank X = 2) P(rankX =3)=1- %

s
40
1

m over C, P(rank X = 2)

What is going on?

1: Sidiropoulos & al,, 2017, 2: Bergqvist, 2013



Generic and typical ranks, cont’d M

Write X = [A, B, C] the CPD of X. Since rank X; = rankX; = 2 a.s,,if rank X = 2
over R, then all (real-valued) matrices in

X; =AD;(C)B', X, =AD,(C)B'

must be nonsingular.
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Write X = [A, B, C] the CPD of X. Since rank X; = rankX; = 2 a.s,,if rank X = 2
over R, then all (real-valued) matrices in

X; =AD;(C)B', X, =AD,(C)B'
must be nonsingular. Next, we compute (does this look familiar?):
X;X;' =AD;(C) (D;(C))"'A"' =ADA .

But real-valued matrices can have complex-valued eigenvalues with positive
probability, in which case we would have a contradiction.

By contrast, this works with probability one if A, B, C € C?%? hence rank X = 2
a.s. over C. u



Generic and typical ranks, cont’d M

Write X = [A, B, C] the CPD of X. Since rank X; = rankX; = 2 a.s,,if rank X = 2
over R, then all (real-valued) matrices in

X; =AD;(C)B', X, =AD,(C)B'
must be nonsingular. Next, we compute (does this look familiar?):
X;X;' =AD;(C) (D;(C))"'A"' =ADA .

But real-valued matrices can have complex-valued eigenvalues with positive
probability, in which case we would have a contradiction.

By contrast, this works with probability one if A, B, C € C?%? hence rank X = 2
a.s. over C. u

In general: For tensors in RVt X *Na,

®m there is a unique! generic rank over C, smaller than the maximal rank
m there are multiple typical ranks in R (the smallest one is generic! over C).

1: Blekherman & Teitler, 2015



How large is the generic rank? @

For an Ny x --- x N4 tensor over C, the generic rank is, according to the Abo-
Ottaviani—Peterson conj ecture!»?

d .
grank(Ny, ..., Ng) = Hdi:1 N, |
L+2 e (Ne — 1)

with some exceptions.

As we will discuss ahead, CPD uniqueness generically holds up to grank —1 (but
not beyond).

1: Abo & al.,, 2009, 2: Vannieuwenhoven, 2015



The block-term decomposition (BTD) model M

What happens if two or more terms of a PD share a vector? For example:

X=a1b;®c+ar@db,Rxe+...
=(a1®b1+a; b)) Rc+...

—(AB"Y®c+...

“Full” identifiability breaks down, since A and B are not identifiable from AB'.

But can at least AB' and ¢ be identifiable?



The block-term decomposition (BTD) model M

What happens if two or more terms of a PD share a vector? For example:

X=a1b;®c+ar@db,Rxe+...
:(a1®b1+a2®b2)®c—|—...

—(AB"Y®c+...

“Full” identifiability breaks down, since A and B are not identifiable from AB'.

But can at least AB' and ¢ be identifiable?

g w,
029

Yes, under a low-rank constraint.
This is the point of the BTD model:?

R H.,
X = ZHT ®c,., rankH, < L,

r=1

Various uniqueness results also exist, some of which we will discuss ahead.

1: De Lathauwer, 2008



BTD as a sum of low-mrank tensors @

Q:If X=H®c with rankH = L, then mrank X =7
Write

Xy =(c1H H ... cy,H) = (1}, X H) Diag(c X 1y,)
to see that rank; X = L (similarly for rank,). Also,
X(3) = cvec(H)' = ranksX =1.

Hence, mrank X = (L, L, 1) & we can see the BTD as a sum of low-mrank blocks.



BTD as a sum of low-mrank tensors @

Q:If X=H®c with rankH = L, then mrank X =7
Write

Xy =(c1H H ... cy,H) = (1}, X H) Diag(c X 1y,)
to see that rank; X = L (similarly for rank,). Also,
X(3) = cvec(H)' = ranksX =1.

Hence, mrank X = (L, L, 1) & we can see the BTD as a sum of low-mrank blocks.

More generally, it can be defined that way:*

C

R

X = Z(Ara B,, Cr) - S,

r=1 A

Some uniqueness results also exist for this more
general model.!

1: De Lathauwer, 2008



BTD computation @

Just like the CPD, if X is given by a BTD

R
X=) [ArB) ] @c,

r=1

with A% € RV1xLr Bx ¢ RV2%Lr and ¢* € R¥3, then its computation can be

carried out via

R 2

X—Z(ATBI)@@CT

r=1

min

)
{A,B.,c. } |

F

with same dimensions.



BTD computation @

Just like the CPD, if X is given by a BTD

R
X=) [ArB) ] @c,

r=1

with A% € RV1xLr Bx ¢ RV2%Lr and ¢* € R¥3, then its computation can be

carried out via

R 2

X—Z(ATBI)@@CT

r=1

min

)
{A,B.,c. } |

F

with same dimensions.

In particular, an ALS algorithm can also be easily derived from the form of X4),
X(Q) and X(g).

Again, this approach allows approximate computation but comes with some dif-
ficulties, as discussed ahead.






Inherent (or trivial) ambiguities M

Typically, uniqueness of parameters of a tensor model can be only shown up to
two inherent (or trivial) ambiguities:

(i) permutation, since the indexing of terms in a sum is (usually) arbitrary;

(ii) scaling, due to the multilinear nature of the model.
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two inherent (or trivial) ambiguities:

(i) permutation, since the indexing of terms in a sum is (usually) arbitrary;

(ii) scaling, due to the multilinear nature of the model.

Example: Take X = [A, B, C] of size R. For any permutation 7 € G, and any
nonzero scalars «,., 5, we have

R

R
X = Z a- @b, ®c, = Z(O‘ramﬂ) %Y (67“b7rr) & ((arﬁr)_lcmﬂ)-

r=1 r=1



Inherent (or trivial) ambiguities M

Typically, uniqueness of parameters of a tensor model can be only shown up to
two inherent (or trivial) ambiguities:

(i) permutation, since the indexing of terms in a sum is (usually) arbitrary;

(ii) scaling, due to the multilinear nature of the model.

Example: Take X = [A, B, C] of size R. For any permutation 7 € G, and any
nonzero scalars «,., 5, we have

R

R
X = Z a, & br X Cp = Z(aramﬂ) Y (67“b7rr) & ((arﬁr)_lcmﬂ)-

r=1 r=1

Partial remedy: “extract” norms A\, and sort the terms according to them:

R
X=) A\a®b®c,, |a|=]|bll=lc =1 M>X>-->Ag>0.
r=1

However, sign (or rotation, in C) ambiguities remain.



Essential uniqueness m

Def: The parameters of a tensor decomposition are essentially unique if they are
unique up to trivial (permutation and scaling) ambiguities.



Essential uniqueness @

Def: The parameters of a tensor decomposition are essentially unique if they are
unique up to trivial (permutation and scaling) ambiguities.

Example: Essential uniqueness of a rank- R CPD X = [A, B, C] is equivalent to:
V(~,]~3,é) e RIXE  RIXE  REXE
X = [[A,E,é]] ~ A:AHAl, ﬁ:BHAQ, é:CHAg,

where IT € RE*# js a permutation matrix and A; € R*¥# are diagonal scaling

matrices satisfying
AiAs A3 =1 []



Essential uniqueness @

Def: The parameters of a tensor decomposition are essentially unique if they are
unique up to trivial (permutation and scaling) ambiguities.

Example: Essential uniqueness of a rank- R CPD X = [A, B, C] is equivalent to:

\V/(~,]§,é) ERIXRXRJXRXRKXR,
X = [[A,E,é]] ~ A:AHAl, ﬁ: BIIA, é:CHAg,

where IT € RE*# js a permutation matrix and A; € R*¥# are diagonal scaling

matrices satisfying
AiAs A3 =1 []

Example: Essential uniqueness of a R-block BTD
R R
X=3 (AB) ©e =) Hoe
r=1 r=1
means uniqueness up to permutation of blocks and to rescaling of (H,., ¢;):

(H,,c,) — (aH,,a ¢,), a>0. u



A first intuition M

Recall: lack of uniqueness = “too much freedom”

~ A~

AB' = APP!B= (AP)(BP ") =AB', VP e GLj.
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Recall: lack of uniqueness = “too much freedom”

~ A~

AB' = APP!B= (AP)(BP ") =AB', VP e GLj.
Now, take a PD of size R, say X = [A, B, C], and write
X1y =A(CoOB)".

If we try the same trick as above, namely
. T
X(1) = APP~'(COB) = A ((COBPT)

then for which P can we write

(COBP T=COB ?



A first intuition M

Recall: lack of uniqueness = “too much freedom”

~ A~

AB' = APP!B= (AP)(BP ") =AB', VP e GLj.
Now, take a PD of size R, say X = [A, B, C], and write
X1y =A(CoOB)".

If we try the same trick as above, namely

- T
X(1) = APP~'(COB) = A ((COBPT)

then for which P can we write
(COBP T=COB ?

Rigidity: In general, P~" can only permute and rescale the columns of C ® B, as
these are vectorized rank-1 matrices, which do not form a linear space.

(Hence, P only permutes and rescales the columns of A as well.)



Warmup: a CPD with full rank factors M

Let’s prove (essential) uniqueness of the CPD when A, B, C all have full column
rank. Write

R
X=[A,B,C]=(A,B,C)-D, where D=) e =[LLI].
r=1
Claim: The CPD of X is unique iff the CPD of D is unique.

(Uniqueness of D = [I,I,I] means that every CPD of D has the form D =
[[HAla HA27 HA3]])



Warmup: a CPD with full rank factors M

Let’s prove (essential) uniqueness of the CPD when A, B, C all have full column
rank. Write

R
X=[A,B,C]=(A,B,C)-D, where D=) e =[LLI].

r=1

Claim: The CPD of X is unique iff the CPD of D is unique.

(Uniqueness of D = [I,I,I] means that every CPD of D has the form D =
[[HAla HAQ; HA3]])

Proof: =) Writing a CPD D = [U, V, W] of rank R, we have
X=[AB,C]=(A,B,C)-D=(A,B,C)-[(U,V,W) . D] = [AU,BV,CW].
By uniqueness of the CPD of X, we must have
AU = AITA;, BV =BIIA;, CW = CIIAj;

with A1 AsA3 = 1. Theresult then follows from all factors admiting left inverses.

<) See exercices. -



Warmup: uniqueness of [I, I, I] M

Proposition: The CPD D = I, I,I] is unique.
Proof sketch: Take D = [U,V, W]|. From
I(IoD'=UuWoV)!

we see that rank U = R. By symmetry of roles, rank U = rank V = rank W = R.



Warmup: uniqueness of [I, I, I] M

Proposition: The CPD D = I, I,I] is unique.
Proof sketch: Take D = [U,V, W]|. From
I(IoD'=UuWoV)!

we see that rank U = R. By symmetry of roles, rank U = rank V = rank W = R.
Now, write the jth slice of D

e;je; = UDiag(v;)W',

where v; is the jth row of V. As U, W have rank R, v, can only have one nonzero
entry. Suppose v; = cjey,, with ¢; # 0. It follows that

T . T
eje; = Cjuywy ,

and we are forced to take both u,, and w,, proportional to e;. Furthermore, the
¢; are all distinct (since rank V = R). Hence,

U=TIA,, V=TIIA,, U-=TIA;,
with A1A2A3 —=Tand II = (egl co BgR).




Uniqueness under relaxed assumptions M

Previous result: uniqueness of CPD is already stronger than that of AB'.
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Previous result: uniqueness of CPD is already stronger than that of AB'.

In particular, it imples:

Corollary: If A,B,C are sampled from absolutely continuous distributions
(w.rt. Lebesgue) and min {7, J, K} > R, then [A, B, C] is essentially unique.



Uniqueness under relaxed assumptions M

Previous result: uniqueness of CPD is already stronger than that of AB'.

In particular, it imples:

Corollary: If A,B,C are sampled from absolutely continuous distributions
(w.rt. Lebesgue) and min {7, J, K} > R, then [A, B, C] is essentially unique.

But it turns out that uniqueness holds much more generally!



The Kruskal rank @

Def: The Kruskal rank of A is the largest number k4 such that every subset of kx
columns of A is linearly independent (= spark A — 1 in compressive sensing).

In particular, k4 = 0 iff A has a null col.

Intuition: measures the “degree” of (in)dependence of the cols of A € R/ *%,

In particular,
ka < rankA, withequalityif rankA = R.

Plays a central role in Kruskal’s celebrated uniqueness result! & extensions.

(This is Joseph Kruskal, not to be confused with his brothers Willam Kruskal,
statistician & author of the Kruskal-Wallis test, and Martin Kruskal, physicist.)

1: Kruskal, 1977



Kruskal rank: examples M

In all examples below, {a;} forms a linearly independent family.

Example: A= (a1 a2 a;+as).
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ka = 2 =rank A < R. []

Example: A= (a1 a> —2a1).



Kruskal rank: examples @

In all examples below, {a;} forms a linearly independent family.

Example: A= (a1 a2 a;+as).

ka = 2 =rank A < R. []

Example: A= (a1 a> —2a1).

ka = 1 < rankA = 2 < R, since A holds a pair of collinear columns. []

Example: A = (a1 +ay as+a3 az+a; ai+2as+ ag).



Kruskal rank: examples @

In all examples below, {a;} forms a linearly independent family.

Example: A= (a1 a2 a;+as).

ka = 2 =rank A < R. []

Example: A= (a1 a> —2a1).

ka = 1 < rankA = 2 < R, since A holds a pair of collinear columns. []

Example: A = (a1 +ay as+a3 az+a; ai+2as+ ag).
ka =2 < rankA =3 < R. []

Example: A= (a; a2 a3 0).

The zero column implies k5 = 0. ]



Some necessary conditions @

Claim: Uniqueness of X = [A, B, C| cannot hold if min {ka, kg, ke } < 2.

Remark: This condition can be relaxed for higher orders.
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Claim: Uniqueness of X = [A, B, C| cannot hold if min {ka, kg, ke } < 2.

Remark: This condition can be relaxed for higher orders.

Claim: If rank X < R, then no rank-R PD of X can be unique.
Proof: Any term a, ® b, ® ¢, of an (R — 1)-rank PD can always be split into

(a, —w)®b, ®ec, +wRb.Rc,., YweR. -



Some necessary conditions @

Claim: Uniqueness of X = [A, B, C| cannot hold if min {ka, kg, ke } < 2.

Remark: This condition can be relaxed for higher orders.

Claim: If rank X < R, then no rank-R PD of X can be unique.
Proof: Any term a, ® b, ® ¢, of an (R — 1)-rank PD can always be split into

(a, —w)®b, ®ec, +wRb.Rc,., YweR. -

Claim: If min {rank B ® A,rank C ® B,rankC ® A} < R, thenrank X < R.

Proof: If, say, rank B ® A < R, then take any nonzero v € kerB ® A and choose
some z such that C + zv" has a null column to write a rank-(R — 1) PD:

X@ =C(BOA)
=C(BOA) + [(B ® A)fuzT}T
= (C+z2v )(BOA)".



Uniqueness under relaxed assumptions (cont’d) M

Thm (Sidiropoulos & al., 2017): Let A € R/ X% B € R/*% € € R"**% and
X = [A,B, C]. If
rankC =R and kp+ kg > R+ 2,

then A, B, C are essentially unique.



Uniqueness under relaxed assumptions (cont’d) M

Thm (Sidiropoulos & al., 2017): Let A € R/ X% B € R/*% € € R"**% and
X = [A, B, C]. If
rankC =R and kp+ kg > R+ 2,

then A, B, C are essentially unique.

The proofrelies on a special case of Kruskal’s permutation lemma: the main tool
used for Kruskal’s 1977 proof of the most general known result.

Lemma (Sidiropoulos & al., 2017): Let C, C € RE*E pe two nonsingular ma-
trices. If

Vo € R¥ such that H’UT(:

=1 we have HUTCH =1,
0 0

then C = CIIA;, where IT, A5 are as before.



Uniqueness under relaxed assumptions (cont’d) M

Thm (Sidiropoulos & al., 2017): Let A € R/ X% B € R/*% € € R"**% and
X = [A, B, C]. If
rankC =R and kp+ kg > R+ 2,

then A, B, C are essentially unique.

The proofrelies on a special case of Kruskal’s permutation lemma: the main tool
used for Kruskal’s 1977 proof of the most general known result.

Lemma (Sidiropoulos & al., 2017): Let C, C € RE*E pe two nonsingular ma-
trices. If

Vo € R¥ such that H’UT(:

=1 we have HUTCH =1,
0 0

then C = CIIA;, where IT, A5 are as before.

Proof: By the above condition & the fact that rank C~!C = R,
clc=1 = clc=A;'1I"




Uniqueness under relaxed assumptions (cont’d) M

Proof (of the Thm): We will shortly see that ka + kg > R + 2 implies kgoa =
R = rank(B ® A). Hence, combined with

~ o~ ~

CBOA)' =CBoA)

we get rank(B ® A) = rankC = R.



Uniqueness under relaxed assumptions (cont’d) M

Proof (of the Thm): We will shortly see that ka + kg > R + 2 implies kgoa =
R = rank(B ® A). Hence, combined with

CBOA)' =CBoA)

~

we get rank(B ® A) = rank C = R. Next, take a linear combination of slices

R
(,,v)-X=> (v),X, = ADiag (v' C)B" = ADiag (v' C)B'.

r=1

But, rank A Diag(v'C)B" = rank A Diag(v'C)B" < rank Diag(v'C) = HUTCHO.

Suppose now HvTéHO — 1. Then rank A Diag(v'C)B" < 1 and we want to show
HvTCHO — 1 (to use the Lemma).



Uniqueness under relaxed assumptions (cont’d) M

Proof (of the Thm): We will shortly see that ka + kg > R + 2 implies kgoa =
R = rank(B ® A). Hence, combined with

CBOA)' =CBoA)

~

we get rank(B ® A) = rank C = R. Next, take a linear combination of slices
R ~ ~
(,»v) X =) (v),X, = ADiag (v'C)B" = ADiag (v'C)B.
r=1

But, rank A Diag(v'C)B" = rank A Diag(v'C)B" < rank Diag(v'C) = HUTCHO.

Suppose now HvTéHO — 1. Then rank A Diag(v'C)B" < 1 and we want to show
HvTCHO — 1 (to use the Lemma).

Let A € RT* hold the subset of R := ||v"C||  cols a; of A such that (v"C); # 0,
similarly for B € R/*# C ¢ REXE,
Then,

A Diag(v'C)B' = ADiag(v'C)B'.



Uniqueness under relaxed assumptions (cont’d) @

By the Sylvester inequality (see handout),

rank A Diag(v'C)B' > rank A + rank B — R > min {ka, R} + min { kg, R} — R.



Uniqueness under relaxed assumptions (cont’d) @

By the Sylvester inequality (see handout),
rank A Diag(v'C)B' > rank A + rank B — R > min {ka, R} + min { kg, R} — R.
Hence, since rank A Diag(v'C)B" = rank A Diag(v'C)B' < 1 by assumption,

min {ka, R} + min {kg, R} — R < 1.



Uniqueness under relaxed assumptions (cont’d) @

By the Sylvester inequality (see handout),
rank A Diag(v'C)B' > rank A + rank B — R > min {ka, R} + min { kg, R} — R.
Hence, since rank A Diag(v'C)B" = rank A Diag(v'C)B' < 1 by assumption,

min {ka, R} + min {kg, R} — R < 1.
Three cases arise:

(i) If R < min {ka, kg}, then R < 1, hence R = 1 since v'C cannot vanish.

(ii) The case min{ka,kg} < R < max{ka, kg} is impossible, as it implies
min {ka, kg} < 1 (violating ka + kg > R + 2).

(iii) Finally, max {ka, kg} < Ris equally impossible, since kp + kg > R + 2 by
assumption, yielding

R+1<ka+kg—1<R<R.

Conclusion: R = H’UTCHO — 1 as per the Lemma, and therefore C = CITAs.
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Uniqueness under relaxed assumptions (cont’'d)

Now, from

~

CBOA)' =CBOA) =CIIA3;(BOA)T,

we pre-multiply by C™* to get
(BOA) = (BOAIIA;' = (BIIA;) ® (AIIA,),

where A{ Ay = A;l, as claimed.
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Now, from

~

CBOA)' =CBOA) =CIIA3;(BOA)T,
we pre-multiply by C™* to get
(BOA) = (BOAIIA;' = (BIIA;) ® (AIIA,),
where A{ Ay = A;l, as claimed.

Remark: The extension to tall C € R¥ *# is easy: ifrank C = R, then it contains
a nonsingular R X R submatrix. Uniqueness and full rank of A ® B then yields
uniqueness of the whole C:

CBoA) =CBoA)T =C[(BOATA;!]
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Uniqueness under relaxed assumptions (cont’'d)

Now, from

~

CBOA)' =CBOA) =CIIA3;(BOA)T,

we pre-multiply by C™* to get
(BOA) = (BOAIIA;' = (BIIA;) ® (AIIA,),

where A{ Ay = A;l, as claimed.

Remark: The extension to tall C € R¥ *# is easy: ifrank C = R, then it contains
a nonsingular R X R submatrix. Uniqueness and full rank of A ® B then yields
uniqueness of the whole C:

CBOA)T=CBOAT =C[BOATIA;']
Example: If R = 3 and

A= (a1 ay a3),B= (b1 by bi+b),C=(a c c3),

where distinct vectors are independent, then rankC = 3 = R and kp + kg =
5 = R+ 2, hence [A, B, C] is unique. A



Kruskal’s uniqueness theorem M

Jiang & Sidiropoulos (2004) gave another, more accessible proof of Kruskal’s
permutation lemma in 2004. A simplified statement is:

Lemma (Stegeman & Sidiropoulos, 2007): Let C,C € RE* % and k¢ > 2. If

Yo € RE,

e], <[l"e]l,
0 0

then C = CIIA;, where IT, A; are as before.
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Then, A, B, C are essentially unique (and rank X = R).




Kruskal’s uniqueness theorem M

Jiang & Sidiropoulos (2004) gave another, more accessible proof of Kruskal’s
permutation lemma in 2004. A simplified statement is:

Lemma (Stegeman & Sidiropoulos, 2007): Let C,C € RE* % and k¢ > 2. If

Yo € RE,

e], <["¢
0

O Y
then C = CIIA;, where IT, A; are as before.

This is the main tool used in the proof of Kruskal’s famous uniqueness result:

Thm (Kruskal, 1977): Let X = [A, B, C] of size R > 1, such that

Then, A, B, C are essentially unique (and rank X = R).

Generically, ks = min{/, R}, kg = min{J, R} and k¢ = min {K, R}, so that
uniqueness holds whenever R < £ (min {I, R} + min {J, R} + min {K, R} — 2).



Is Kruskal’s condition also necessary? M

For R = 2, the condition kp + kg + k¢ > 2R + 2 = 6 is also necessary, since
otherwise min {ka, kg, ke } < 2.



Is Kruskal’s condition also necessary? M

For R = 2, the condition kp + kg + k¢ > 2R + 2 = 6 is also necessary, since
otherwise min {ka, kg, ke } < 2.

ten Berge and Sidiropoulos (2002) examined necessity for higher R:
m Still necessary for R = 3 (proof by enumeration of cases).
m Necessary also for R = 4 if ranks = k-ranks. Otherwise, no (see exercises).

® Not necessary in general for R > 5. Finding necessary and sufficient con-
ditions is complicated:

“It also has been shown that, in cases of small k-rank, the partic-
ular pattern of zeros, after pretransformation to have identity
submatrices in A, B, C, may have a decisive impact on unique-
ness. This implies that attempts to derive necessary and suf-
ficient conditions for uniqueness are doomed unless they take
that very pattern into account.”



Extension to higher orders @

Kruskal’s theorem was extended by Sidiropoulos & Bro (2000) by reduction to
the third-order case (d = 3) via the following additivity lemma:

Lemma (Sidiropoulos & Bro, 2000): Let A € R/*% B € R/*E, If kakg # O,
then
R > kA@B > min{R,kA+ kg — 1}

(Otherwise, kapg = 0.)



Extension to higher orders @

Kruskal’s theorem was extended by Sidiropoulos & Bro (2000) by reduction to
the third-order case (d = 3) via the following additivity lemma:

Lemma (Sidiropoulos & Bro, 2000): Let A € R/*% B € R/*E, If kakg # O,
then
R > kA@B > min{R,kA+ kg — 1}

(Otherwise, kapg = 0.)

For instance, ford = 4and X = [A,B, G, H| :

R
Tijke = Z(a’r)i (br); (9,)k (hy)e, with ka > kg > k¢ > kn,

r=1

define Y € R!*/XM with M = KL via the bijection (k, £) <> m:

Yijm(k,e) = Tijkls m(k,0) = (k—1)L +¢



Extension to higher orders (cont’d) @

This implies
R
Yism = 3 _(ar); (br)j (¢;)m, with €=GOH.

r=1



Extension to higher orders (cont’d) @

This implies
R

Yijm = Y _(ar)i (by)j (C)m, with C=GOH.

r=1

If this decomposition is unique, so is that of X. By Kruskal’s thm, this holds when
ka + kg + k¢ = ka + kB + keon > 2R + 2.

We have two cases:

(i) If kg + kg — 1 < R, then by the lemma k¢ > kg + kg — 1. In that case, if
ka + kB + kg + ku > 2R + 3,

then Kruskal’s bound is met.



Extension to higher orders (cont’d) @

This implies
R

Yijm = Y _(ar)i (by)j (C)m, with C=GOH.

r=1

If this decomposition is unique, so is that of X. By Kruskal’s thm, this holds when
ka + kg + k¢ = ka + kB + keon > 2R + 2.
We have two cases:
(i) If kg + kg — 1 < R, then by the lemma k¢ > kg + kg — 1. In that case, if
ka + kB + kg + ku > 2R + 3,
then Kruskal’s bound is met.

(ii) Ifkg+kg—1 > R,then kc = R. Combined with ka +kg > kg+kg > R+1,
we get
ka + kg + ke > 2R + 2.



Extension to higher orders (cont’d) @

This argument can be generalized, yielding:

Thm (Sidiropoulos & Bro, 2000): If

d
> kaw = 2R+d -1,
1=1

then the decomposition X = [A™M), ... AD] _ is essentially unique.



Extension to higher orders (cont’d) @

This argument can be generalized, yielding:

Thm (Sidiropoulos & Bro, 2000): If

d
> kaw = 2R+d -1,
1=1

then the decomposition X = [A™M), ... AD] _ is essentially unique.

Remarks:

® Uniqueness now does not need min; kx:) > 1. Example: R = 2,d = 4,
kacy = ko) = kay = R=2and kyq) = 1.

® The condition becomes less restrictive as d grows (since it “distributes”
the term 2R — 1 among d factors).



Generic uniqueness @

Generic factors: If the columns of each A(Y) € RY:*XE are independently drawn
from an abs. continuous distribution, then P(k,y = min {V;, R}) = 1.

In this case, the sufficient condition reduces to

d
Zmin{Ni,R} >2R+d—1.

1=1

In particular, if d grows by one, the LHS grows by at least two (since NV; > 2).

Hence, the bound is eventually satisfied as d grows.



Generic uniqueness @

Generic factors: If the columns of each A(Y) € RY:*XE are independently drawn
from an abs. continuous distribution, then P(k,y = min {V;, R}) = 1.

In this case, the sufficient condition reduces to

d
Zmin{Ni,R} >2R+d—1.
i=1
In particular, if d grows by one, the LHS grows by at least two (since NV; > 2).

Hence, the bound is eventually satisfied as d grows.
Generic tensor of subgeneric rank: A generic tensor with rank bounded as

d
LN,
R < grank(Ny,...,Nyg) — 1= qu,:1 —1
1‘|'Zi:1(Ni — 1)

admits a unique CPD almost surely if | __le N; < 15000 (w/ some exceptions).?

(Compare the above bounds on R.)

1: Chiantini & al., 2014



Uniqueness of the block-term decomposition @

Model: N1 X Ly Nz X Ly,

R R



Uniqueness of the block-term decomposition @

Model: N1 X Ly Nz X Ly,

R R \\ ¢”
X = Z H, ®c, = Z (ATBI) ® ¢, rankH, < L,
r=1

r=1
Factors: A= (A; ... Ap),B=(B; ... Bp)andC=(c; ... cg)

Thm (De Lathauwer, 2008): If k¢ > 1 and A, B are full column rank, then the
above BTD essentially unique.

Remark: This requires (and holds generically when) ) | L, < min{N;, Na}.



Uniqueness of the block-term decomposition @

Model.: Ny ><‘ L, Ny ?( L,
R R\\‘
X = Z H, ®c, = Z (ATBI) ® ¢, rankH, < L,
r=1 r=1
Factors: A= (A; ... Ap),B=(B; ... Bp)andC=(c; ... cg)

Thm (De Lathauwer, 2008): If k¢ > 1 and A, B are full column rank, then the
above BTD essentially unique.

Remark: This requires (and holds generically when) ) | L, < min{N;, Na}.

Thm (De Lathauwer, 2011): If C has full column rank and every nontrivial com-
bination of H,. yields a matrix of higher rank:

rank >, _, wyH,, > max,rankH,,, wy # 0,

then the BTD is unique. The latter condition is necessary.

Example: H1 X c1 + HQ X Cco = (H1 + U)HQ) X c1 + H2 &) (CQ — UJCl). []
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Up to now: focus on the properties of various (exact) tensor decompositions.
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Up to now: focus on the properties of various (exact) tensor decompositions.

Hereafter: how to compute such decompositions?

Warmup: Recovering the vectors that make up a rank-1 tensor

X=a®b®c c¢ RN xN2xNg

That’s easy: compute the dominant left singular vectors of

X(l) — a(c X b)T, X(g) — b(C X a,)T, X(g) — C(b X a,)T



Low-rank decomposition @

Up to now: focus on the properties of various (exact) tensor decompositions.

Hereafter: how to compute such decompositions?

Warmup: Recovering the vectors that make up a rank-1 tensor

X=a®bxc e RVI>*No2xNs
That’s easy: compute the dominant left singular vectors of

X(l) — a(c X b)T, X(z) — b(C X a,)T, X(g) — C(b X a,)T
Now let’s make things more interesting: recover a, b, c from
X=abxc+ W,

where W is a noise term (RV1 XN2XNs_yalyed realization of a random tensor).

What about using the same solution?



Low-rank approximation (LRA) @

Computing the dominant singular vectors of X now amounts to looking for a
rank-one approximation of it.

It is a natural way of estimating the low-rank signal a ® b ® ¢ “planted” in X
(though not optimal, as we’ll see).

More generally, low-rank models are virtually always computed by means of
low-rank approximation (LRA) algorithms.



Low-rank approximation (LRA) @

Computing the dominant singular vectors of X now amounts to looking for a
rank-one approximation of it.

It is a natural way of estimating the low-rank signal a ® b ® ¢ “planted” in X
(though not optimal, as we’ll see).

More generally, low-rank models are virtually always computed by means of
low-rank approximation (LRA) algorithms.

Several natural questions arise:
® In which sense should one approximate X?
® How should one formulate the approximation problem?
® Which algorithms can be deployed, and how do they perform?
®m What is the best possible performance among all possible algorithms?

® Under which conditions can LRA recover the sought signal/information?



A rank-1 model with Gaussian noise @

Take the rank-1-Gaussian model (symmetric, for simplicity) of size N x - - - X N:
X=Xa® 4+ W, a®=a®a®a,

where ||a|| = 1, A € Ris an SNR parameter and W is Gaussian & symmetric:

pW) = -y exp (5 W)



A rank-1 model with Gaussian noise @

Take the rank-1-Gaussian model (symmetric, for simplicity) of size N x - - - X N:
X=Xa® 4+ W, a®=a®a®a,

where ||a|| = 1, A € Ris an SNR parameter and W is Gaussian & symmetric:

1 N
W) = —— [|W
pW) = - exp (=5 IWIE)
N 23112
Consequently, p(X|A,a) ~ exp 5 [X=Xa HF and:

Maximum likelihood estimator (MLE):

(N, @) = argminHX—,uu@SHi
s |luf[=1



Best rank-1 approx. & spectral tensor norm @

Well-known equivalence: X — pu®? Hi
| |
|X]| := max injk UUUE| & min (Tij — pujuug)’
lufl=1 | <= Hs [lufl=1 <=
J ij




Best rank-1 approx. & spectral tensor norm @

Well-known equivalence: X — pu®? Hi
| |
|X]| := max injk UUUE| & min (Tij — pujuug)’
lufl=1 | <= Hs [lufl=1 <=
J ij
Proof: = (u,u,u) - X =1
1 | |

Fpyu) = [[X = pu® [ = IXE =200 (X u®) + 47 [[u®|¢
= IXI[f + g (1 = 2 (w, w, ) - X)
Setting gF(,u, u) =0 gives u= (u,u,u)- X leading to:

min —((u,u,u)-X)* < max ‘(u,u,u) : X}
lwl=1 lu|=1 n



Best rank-1 approx. & spectral tensor norm @

Well-known equivalence: X — pu®? Hi
| |
|X]| := max injk UUUE| & min (Tij — pujuug)’
lufl=1 | <= Hs [lufl=1 <=
J ij
Proof: = (u,u,u) - X =1
1 | |

Pln) = X = S = X1 = 20 (%) 7
= |IX[lf + o (1 = 2 (u, u,u) - X)
Setting gF (,u) =0 gives u = (u,u,u) - X, leading to:
min —((u,u,u)-X)* < max ‘(u,u,u) : X}
lu][=1 lul=1 n
(—u,—u,—u) - X = —(u,u,u) - X

max |[(uw,uw.uw) - X| < max (u,u. u)- X
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For convenience, denote X - a® := (a,a,a) - Xand X - a’ := (a, a, ) - X.

MLE problem Lagrangian
1 H 2
max X - u’ Lipu)==X-u’>— = (JJul* -1
max () = (- 1)
. . . 0 2
Critical points satisfy: —L(p,u) =X-u* — pu =0, |ul| =1

ou
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Spectral norm & tensor eigenpairs -

For convenience, denote X - a® := (a,a,a) - Xand X - a® := (a, a, ) - X.

MLE problem Lagrangian
1 H 2
max X - u’ Lip,u) ==X -u’—= (JJul|* -1
max () = (- 1)
. . . 0 5
Critical points satisfy: a—L(,u, u)=X-u"—pu =0, |ul| =1
u
Def: Tensor /5-eigenvalue equations! : X u?=pu, |ul| =1

In particular, the MLE a (any global maximizer) verifies X- o [bmax Q.

But how many critical points should one expect to exist?

1: Lim, 2005
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Spectral norm & tensor eigenpairs -

For convenience, denote X - a® := (a,a,a) - Xand X - a® := (a, a, ) - X.

MLE problem Lagrangian
1 H 2
max X - u’ Lip,u) ==X -u’—= (JJul|* -1
max () = (- 1)
. . . 0 5
Critical points satisfy: a—L(,u, u)=X-u"—pu =0, |ul| =1
u
Def: Tensor /5-eigenvalue equations! : X u?=pu, |ul| =1

In particular, the MLE a (any global maximizer) verifies X - o [bmax Q.

But how many critical points should one expect to exist?

Thm (Cartwright & Sturmfels, 2013): A symmetric tensor of dims N has up
to ((d—1)" —1)/(d—2) distinct eigenvalues (the bound is generically attained).

1: Lim, 2005



Algorithm: tensor power iteration M

The tensor eigenvalue eqns naturally suggest a fixed point iteration:

@ (X-a'/p, o with =Xt

This is known as tensor power iteration.’?

1: De Lathauwer & al., 2000b, 2: Kofidis & Regaila, 2002, 3: Robeva, 2016,
4: Kolda, 2001



Algorithm: tensor power iteration @

The tensor eigenvalue eqns naturally suggest a fixed point iteration:

@ (X-a'/p, o with =Xt

This is known as tensor power iteration.’?

It succeeds (with proper initialization) in finding all rank-1 terms of an orthog-
onal decomposition (odeco®*) X = > X .0®9 where (v;, v;) =

Thm (Anandkumar & al., 2014): Let X = Zle A v®?be an odeco of X. Then,
with random initialization, power iteration converges to one v, a.s.

Furthermore, {v,.} are the only robust eigenvectors of X: those having a neigh-
borhood where power iteration converges to them.

But what about the non-orthogonal case?

1: De Lathauwer & al., 2000b, 2: Kofidis & Regaila, 2002, 3: Robeva, 2016,
4: Kolda, 2001



Shifted tensor power iteration M

Most symmetric tensors are not odeco (generically, they aren’t).

Still, power iteration is useful for rank-1 approximation (ex: tensor PCA).

However, the basic iteration (previous slide) is not generally convergent.!

1: Kolda & Mayo, 2011



Shifted tensor power iteration M

Most symmetric tensors are not odeco (generically, they aren’t).

Still, power iteration is useful for rank-1 approximation (ex: tensor PCA).

However, the basic iteration (previous slide) is not generally convergent.!

Kolda & Mayo (2011) have thus proposed a shifted power iteration:

i X-a yoa)/a,  with g:Hx-rad—lma

They established the following sufficient condition for convergence:

a] > (d = 1) max [X- "2,

This allows computing all stable eigenpairs (u, u): those at which V2, L(u,u)
is definite when projected onto u*. (By contrast, only the dominant eigenpair
can be computed in the matrix case.)

1: Kolda & Mayo, 2011



Low-rank approximation, in several flavors




Low-rank tensor approximation M

We turn now to low-rank approximation of a tensor.

In the matrix case, a central result is:

Thm (Eckart-Young, 1936): The solution to

min HX — X
rank X< R

F

corresponds to truncating the SVD of X at rank R.



Low-rank tensor approximation M

We turn now to low-rank approximation of a tensor.

In the matrix case, a central result is:

Thm (Eckart-Young, 1936): The solution to

min HX — X
rank X< R

F

corresponds to truncating the SVD of X at rank R.




Low-rank tensor approximation M

We turn now to low-rank approximation of a tensor.

In the matrix case, a central result is:

Thm (Eckart-Young, 1936): The solution to

min HX — X
rank X< R

F

corresponds to truncating the SVD of X at rank R.

0 D 10 15 20 25 30
1

No such a general result exists for tensors, for the usual notions of rank.

Moreover, for rank > 1, all the discussion on results & algorithms is conditioned
upon the definition of rank which is relevant to a certain end.
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Low-mrank approximation -

Goal: Approximate X € RN XN2xNs py X such that mrank X < (Ri, Ra, R3)

Recall that X must admit a Tucker decomposition

X:(U,V,W)S, SERRlXRZXR37

where U, V, W are semi-orthogonal w.l.o.g. Hence, a first, natural approach is:

in ||X— (U.V.W)-S|?.
Sg{,{lWH (U,V,W) -S|
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Low-mrank approximation -

Goal: Approximate X € RN XN2xNs py X such that mrank X < (Ri, Ra, R3)

Recall that X must admit a Tucker decomposition

A

X = (U,V,W)-S, S € RftaxBRaxfs
where U, V, W are semi-orthogonal w.l.o.g. Hence, a first, natural approach is:

min HX o (U,V,W) ' SHI%
_ S,UV,W
Since

IX — (U, V,W) -S|z = |X||Z = 2(X, (U,V,W) -S) +||(U,V,W) - S|
= IXJ? =2 (U, VT, WT) - X, S) + [S|?,

it is easy to show that every mimimizer must satisfy S = (U', V', W') . X, and
thus the problem is equivalent to S
2 ! L2
arg min HX — (uu', v wwh). XH — arg max H (Uh, vl wh. XH
U,V,W F UV,W F




Truncated HOSVD (THOSVD) M

Recall that the HOSVD of X is built by computing the SVD of each unfolding:

(X(l) =U 2]1 Q-{
X = (U,V, W) . 87 where < X(Q) — VE2 Q12-
\X(g) — WEB Q:JS_

Consequence: [[(S)e. ¢ > [[(S)es1:llp. and similarly, |(S).e.[le > [|(S).e41.]l¢ and
1(S)aelle > 11(S)ertlr



Truncated HOSVD (THOSVD) M

Recall that the HOSVD of X is built by computing the SVD of each unfolding:

(X(l) =U 21 Q-{
X = (U,V, W) . S’ where < X(Q) — VE2 Q12-
\X(g) — WEB Q-il%_

Consequence: [[(S)e. ¢ > [[(S)es1:llp. and similarly, |(S).e.[le > [|(S).e41.]l¢ and
1(S)aelle > 11(S)ertlr

This suggests truncating! U at R; cols, V at R, cols & W at R3 cols:

A

X ~ X — (U;,l;Rl7V:,1:R27W:,1:R3) ’ Sl:Rl,ltRQ,lth

(Special case: Ry = Ry = R3 = 1, weget X =~ cu ® v ® w built from the
dominant left singular vectors of each unfolding.)

But is it optimal?

1: De Lathauwer & al., 2000a



Quasi-optimality of truncated HOSVD _86/110

Unfortunately, no! Nevertheless, it is said to be quasi-optimal in the sense:

Thm (Vannieuwenhoven & al., 2012): Let X* be a best mrank-(R;, ..., Ry)
approx. of X, and X be obtained by truncating its HOSVD at (R, ..., Ry). Then,

~ (12 2
X = X|| < a X = x|z



Quasi-optimality of truncated HOSVD _86/110

Unfortunately, no! Nevertheless, it is said to be quasi-optimal in the sense:

Thm (Vannieuwenhoven & al., 2012): Let X* be a best mrank-(R;, ..., Ry)
approx. of X, and X be obtained by truncating its HOSVD at (R, ..., Ry). Then,

~ (12 2
X = X|| < a X = x|z

Proof (d = 3): Define the orthogonal projector Py := U;,1;RlU:T,1:R1 onto the
dominant subspace of dim R; of X(;), and similarly for Py and Py,. Write

E:=X—-X=X—(Py,Py,Pw) - X=X+ (Py,-,-)-X—(Py,-,-) X
(Py,Pyv,:) - X—=(Py,Py,:) - X = (Py,Py,Py) - X
:(I—PU,°,°)-X+(PU,I—Pv,°)-X+(PU,Pv,I—Pw)°X

_I_



Quasi-optimality of truncated HOSVD _86/110

Unfortunately, no! Nevertheless, it is said to be quasi-optimal in the sense:

Thm (Vannieuwenhoven & al., 2012): Let X* be a best mrank-(R;, ..., Ry)
approx. of X, and X be obtained by truncating its HOSVD at (R, ..., Ry). Then,

~ (12 2
X = X|| < a X = x|z

Proof (d = 3): Define the orthogonal projector Py := U;,1;RlU:T,1:R1 onto the
dominant subspace of dim R; of X(;), and similarly for Py and Py,. Write

E:=X—-X=X—(Py,Py,Pw) - X=X+ (Py,-,-)-X—(Py,-,-) X
(PU7PV7')'X_(PU7PV7°)'X_(PU7PV7PW)'X
(I—Py,-,-) - X+ (Py,I—Py,.) - X+ (Py,Py,I—Py) - X

By orthogonality, non-expansiveness and the Eckart-Young thm,

_I_

IEllF < I@A=Py,-) - X[[g + I T=Pv, ) - X[ + (-, 1= Pw) - X

2
3 * *
< Zi:l HX(z‘) — X(q;) . =3 HX — X HF)2




Variants of THOSVD @

Variants of THOSVD exist,!'%3 for instance by sequentially performing (optimal)
modal projections:

compute U compute V compute W
& project & project & project
. || — ( B B~ |
4 U \Y% \\
N1 X Ri N2 X Ro N3 X Rs

They have lower complexity, often display superior empirical performance & are
provably never worse than THOSVD in special cases.

But in general, they're all subject to the same quasi-optimality bound.

1: Vannieuwenhoven & al,, 2012, 2: da Silva & al., 2016, 3: Goulart & Comon, 2017



High-order orthogonal iteration (HOOI) 88/ 110

The previous algebraic (non-iterative) soln’s can be refined by means of an iter-
ative algorithm.

A popular one is HOOL! which amounts to an alternating opt scheme for

; (UTU =15,
max H(UT,VT,WT) -X| , subj.to ¢ VIV =1Ip,
U,V.W F

(W'W =1,

1: De Lathauwer & al., 2000b, 2: Xu, 2018



High-order orthogonal iteration (HOOI) 88/ 110

The previous algebraic (non-iterative) soln’s can be refined by means of an iter-
ative algorithm.

A popular one is HOOL! which amounts to an alternating opt scheme for

; (UTU =15,
max H(UT,VT,WT) -X| , subj.to ¢ VIV =1Ip,
U,V.W F

(W'W =1,

Forinstance, if V, W are held fixed, then U easily follows from a (truncated) SVD.
One thus performs at each iteration:

(i) Recompute U from the SVD of ((-,VI,W") - X) (1)

(ii) Recompute V from the SVD of ((UT, g WT) ' X) (2)

(iii) Recompute W from the SVD of ((U',V',-) - X) 3)

Converges to a local solI'n whose unfoldings above have distinct dominating sin-
gular values).?

1: De Lathauwer & al., 2000b, 2: Xu, 2018



Best rank- R approximation 89/ lie

Consider now the best rank- R approximation of X:

mex—x
rank X< R

— inf X —
- = dnf [IX—[A, B, ClR||;

Can we replace inf by min? In general, no: a minimizer might not existif # > 1.



Best rank- R approximation 89/ lie

Consider now the best rank- R approximation of X:

= inf HX_ [[AaBac]]RHF

mex—x
F ABC

rank XgR

Can we replace inf by min? In general, no: a minimizer might not existif # > 1.

Example: Previosly, we have shown that

1 0|10 1
X = 0 110 o —e1Re;Re +tesaReyRe e Xey®es.

has rank 3. More generally, if A € RY1*2 B € RV2X2 and € ¢ RV3*2 all have
rank 2, then

Y:(A,B,C)-X:a1®b1®cl+a2®b2®cl+a1®b2®02

has rank 3, but does not admit a best rank-2 approximation:

A

Y,, (= m(a1 —+ m_lag) X (b2 —+ m_lbl) X (Cl —+ m_lcg) —mai; ® by ® cq

=Y+0(1/m) = Y -



I1l-posedness of best rank-R approximation M

A celebrated paper by de Silva & Lim (2008) discusses this issue in depth.

It argues that there also exist examples of any orders d > 3 for R in
{2, ce ey ming Nd}
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Furthermore, by a complete classification of 2 x 2 x 2 tensors by orbit type, they
are able to show that in RV1*N2X¥3 'ng element from the nonempty open set
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admits a best rank-2 approximation.



I1l-posedness of best rank-R approximation M

A celebrated paper by de Silva & Lim (2008) discusses this issue in depth.

It argues that there also exist examples of any orders d > 3 for R in
{2, ce ey ming Nd}

Furthermore, by a complete classification of 2 x 2 x 2 tensors by orbit type, they
are able to show that in RV1*N2X¥3 'ng element from the nonempty open set

1 00 -1
{(A,B,C)-(O 1‘1 0 ).rankA—rankB—rankC—Q}

admits a best rank-2 approximation.

By contrast, a best rank-R approximation generically exists® over C.

1: Qi & al,, 2020



What if we try, anyway? @

One might want to dismiss this issue by focusing on a “reasonable rank-R ap-
proximation” instead.

1: de Silva & Lim, 2008, 2: Paatero, 2000
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One might want to dismiss this issue by focusing on a “reasonable rank-R ap-
proximation” instead.

Yet, if a solution does not exist, then at least some of the terms in the decompo-
sition must diverge in norm,' so the “approximate solution” is typically useless.

1: de Silva & Lim, 2008, 2: Paatero, 2000



What if we try, anyway? M

One might want to dismiss this issue by focusing on a “reasonable rank-R ap-
proximation” instead.

Yet, if a solution does not exist, then at least some of the terms in the decompo-
sition must diverge in norm,' so the “approximate solution” is typically useless.

Also, failing to account for it can bring serious difficulties even when a best ap-
proximation with the sought rank exists:

“A well-posed problem in the neighborhood of an ill-posed one is ill-
conditioned.”

For instance, a numerical algorithm can traverse regions close to tensors who
do not admit a best approximation.”

1: de Silva & Lim, 2008, 2: Paatero, 2000



CPD condition number @

Goal: What is the relation between the rank-1 terms of

R R
X:ZXr:Za,,a@br@cr
r=1 r=1

and those obtained by rank-R approximation X of Y ~ X (eg,Y =X+ N)?



CPD condition number @

Goal: What is the relation between the rank-1 terms of

R R
X:ZXr:Za,,a@br@cr
r=1 r=1

and those obtained by rank-R approximation X of Y ~ X (eg,Y =X+ N)?

Breiding & Vannieuwenhoven (2018) studied the condition number x(.Z") of the
local inverse of

DM x - x M — RN XN2xNs M = manifold of
X =(Xq,...,Xg) = Zle X, rank-1 tensors

in a neighborhood of 2, denoted @_%1, which allows estimating

Y

H% _ @;t}o“()H < k() ch(%) _X

| I | |
error over parameterS reconstruction error

for X a rank-R tensor in the neighborhood of X = &(.2").




Paatero’s example

They also showed that x(.2") must diverge as ®(.Z") tends to a tensor of rank
higher than R.

01F

h:_1_25d2 rank = 2 6

Ip’} )f
,’3’2"{:'"%&: Y

no

o
& o
y

base-10 logarithm of the condition number

-0.4 -0.4 s

0.1 0.2 0.3 t

I
o
w

1
oL
(M)

|
(]
-y
ao

Corresponding behavior of the condi-

Paatero’s example:' trajec-
tion number (in log scale).

tory of ALS algorithm trying
to compute a rank-2 PD of

0 1130 0
(Va0 )

1: Paatero, 2000, 2: Breiding & Vannieuwenhoven, 2018




A positive result @

In applications, by assumption X = [A, B, C|; + W, even if X does not admit a
best rank- R approximation.

1: Evert & De Lathauwer, 2022
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In applications, by assumption X = [A, B, C|; + W, even if X does not admit a
best rank- R approximation.

For “sufficiently small” W, the problem is well posed:*

If R < min {Ny, N>}, then there exists ¢ > 0 such that X admits a best rank-R
approximation for all W satisfying ||W|| < e.

Roughly, e depends on the conditioning of “partial” CPDs of [A, B, C].

1: Evert & De Lathauwer, 2022



A positive result @

In applications, by assumption X = [A, B, C|; + W, even if X does not admit a
best rank- R approximation.

For “sufficiently small” W, the problem is well posed:*

If R < min {Ny, N>}, then there exists ¢ > 0 such that X admits a best rank-R
approximation for all W satisfying ||W|| < e.

Roughly, e depends on the conditioning of “partial” CPDs of [A, B, C].

Another, similar result by the same au-
thors allows asserting that a given ten-

sor has a best rank-R approx. 1 900 e
0.8
Example:! proportion of random ten- 0.6

sors [A,B,C], + W € RY*/*! guaran- —% 4

]

]

1

]

]

|

:
¢ —‘—[:“J

?

teed to have a best rank-4 approx,, as a 05 : - 1-
function of the SNR : ' Jl e 1= 20
0L 000t L o8 |
—40 —20 0 20

1: Evert & De Lathauwer, 2022 SNR



Approximate CPD computation @

Numerous algorithms exist for computing an approximate CPD, including
m alternating optimization (block coordinate descent)
m algebraic methods
m classical optimization schemes
® stochastic gradient

m distributed schemes

Several bibliographical pointers are given in the handout.



Best BTD approximation M

Recall the BTD model

2
E

X H,.®c¢,, rankH, <L,

1

sg
I

|
E

(Ar BJ) 2 ¢,
1

where A, € RVixLr B ¢ RN2XLr gnd ¢, € RN,

3
I

A first, natural formulation would thus be

2

R
inf  |IX— (AT. BJ) e |
{A;Brc 1l Zl
r= F
with a fixed (given) choice of Rand L4, ..., Lg.

Does a minimizer always exist? Not always...



Sets of BTDs @

To study BTD approximations, we need sets analogous to {X : rank X < R}.

For .y, > Ly > --- > Ly, > 0, we define:

rankH, < L, and wq,...,wpg arel. i.}

A N3
BL17°"7LN3 — {Zfr‘:l H'r' ® wy

It Lpy1 =+ = Ly, = 0, we can sim-
ply write By, . Lp, = BL,,.. Ly,

1: Goulart & Comon, 2019.



Sets of BTDs @

To study BTD approximations, we need sets analogous to {X : rank X < R}.

For .y, > Ly > --- > Ly, > 0, we define:

BLl:---aLN3 2 {25:31 H, ® w, | rankH, < L, and wq,...,wg arel. i.}

It Lpy1 =+ = Ly, = 0, we can sim-
ply write By, . Lp, = BL,,.. Ly,

Example: If

3
X = (Z Uu; ®’Ui> XKW +T Y Qwas,

1=1

then X € 83,1 C 83,2 C 83,2,1 C 84,4,2 []

1: Goulart & Comon, 2019.



Sets of BTDs @

To study BTD approximations, we need sets analogous to {X : rank X < R}.

For .y, > Ly > --- > Ly, > 0, we define:

A N3
BL17°"7LN3 — {Zfr‘:l H'r ® wy

rankH, < L, and wq,...,wg arel. i.}

It Lpy1 =+ = Ly, = 0, we can sim-

plywrite BLl,...,LR — BLl,...,LN3 t/' t/' V
R3X3X2

Bs.o Ba.1

Example: If V V f

Ba.o B3 1 B2 o

3
— <Z ui®vi>®w1+w®y®w2, V V R2X2x2

i=1 Bso B2

t 74

then X € 83,1 C [53,2 C 83,2,1 C 84,4,2 [1 B2o0 Bin

This induces a richer hierarchy than the Bi,0 RIX1x2
one induced by the tensor rank.

1: Goulart & Comon, 2019. Hierarchy of BTD sets
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Minimal ranks and counter-example —

Def: Minimal (BTD) ranks! of X

p(X) = (L1,...,Ln,) when Xe€Bs, sy, & VrS. > L,

1: Goulart & Comon, 2019.
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p(X) = (L1,...,Ln,;) when X€DBs, sy & VrS. > L,
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Now we’re ready to generalize the example given for the CPD.

1: Goulart & Comon, 2019.
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Minimal ranks and counter-example —

Def: Minimal (BTD) ranks' of X

p(X) = (L1,...,Ln,;) when X€DBs, sy & VrS. > L,

Example: X e [3’4,2 M 83,3 — p(X) 7§ (4, 2) and ,O(X) 7£ (3, 3) []

Now we’re ready to generalize the example given for the CPD.

Example: Let A,B € RV1 %> €, D € RV2X5 and li. vectors v, w € R™3,
X :— (AcT + BDT) @ v+ (BC") ® w,

Xpi=n [(B +n 'A) (C+ n_lD)T} @ (v+n"tw) —nBC") @ v =X+ o(1).
|—> c 5575

If min {rank (A B),rank (C D)} > R:= 335, then X ¢ Bg g, by Sylvester’s
inequality. Hence:

— ().

arg min ||X ~ X
i O

)A(EBS,S

1: Goulart & Comon, 2019.



Non-existence of best BTD approximation M

As in the CPD case, this can happen with positive probability for real tensors:

Thm (G. & Comon): No 2K x 2K x 2 real-valued tensor X such that p(X) =
(2K, 2K ) admits a best approximation in Box 1 2x—1. These tensors form a
non-empty open set.



Non-existence of best BTD approximation M

As in the CPD case, this can happen with positive probability for real tensors:

Thm (G. & Comon): No 2K x 2K x 2 real-valued tensor X such that p(X) =
(2K, 2K ) admits a best approximation in Box 1 2x—1. These tensors form a
non-empty open set.

What happens if we try to compute it anyway?
® Optimization algorithm never seems to converge
m Keeps improving error but ultimately gives nearly collinear blocks

® Norms of these blocks “blow up,” but overall error stays bounded



Numerical example

Approximation in B3 3 0f4 x 4 x 2 tensor with opt. algorithm (best of 50 init.):

ECDF

ECDF

1
0.8 Classes of tensors, as per # of eigen-

0.6 values € C of associated pencil:

0.4
—Cyp — C —C
0.9 0 2 4

0
10—7.5 10—5 10—2.5 0

IX = X|[2/[1X]|?

1
0.8 w'
0.6

0.4
0.2

0 1k 2k 0 200 400 0 0.2 0.6 1
# iterations Block norm | cos(0)



Computation of approximate BTD M

Several algorithms exist (see handout), including:
m alternating optimization (BCD)
m algebraic methods

m standard optimization schemes



Computation of approximate BTD M

Several algorithms exist (see handout), including:
m alternating optimization (BCD)
m algebraic methods

m standard optimization schemes

Some of them are based on the standard least-squares formulation

2

R
inf |X-" (aBT) e,
{A,B,,c .}, ; .
Problems with this approach:
m the structure (L1, ..., Lr) must be fixed a priori

B g solution might not exist
m traversing regions of ill-conditioned BTDs (& thus slow progress)

® poor local minima due to block rank inversion



Joint estimation of BTD parameters & ranks M

Alternative: automatic rank selection by regularization

X—Z(ATBT)@@@ +AZ<Z r)em ||+ [|(B )m|)+|cr|>

min
{Ar,Br,cr }71:_{:1

1 HBll2; +[Cll2
Solutions always exist (coercive objective).



Joint estimation of BTD parameters & ranks M

Alternative: automatic rank selection by regularization

X—Z(ATBT)@@CT +AZ<Z r)em ||+ [|(B )=m|)+|cr>

min
{Ar \Br,Cp }71:_{:1

1 HBll2; +[Cll2
Solutions always exist (coercive objective).

Alternating group lasso (AGL) algorithm!:
® block-coordinate descent algorithm
® each subproblem is a (convex) group lasso problem
® by adding a proximal term, all limit points are stationary points?

Subproblem in A (those in B and C are similar):

mgn |vee(X) — Wg ¢ vec(A) ||

1+ TIA = Al

1: Goulart & al., 2020, 2: Razaviyayn & al., 2013
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Tensor PCA & large-dimensional regime M

Large body of recent work on the tensor PCA problem?

max Tijk UjU;UE = IMNax A <CL ’LL —|— W;jk UiUjUE
1 1
full= Z@J - full= ij

since the introduction of the spiked (symmetric) rank-1 model (same as before)
X=Xa%® +W.

Special attention is paid to the large-dimensional regime, as N — oo.

1: Montanari & Richard, 2014



Tensor PCA & large-dimensional regime M

Large body of recent work on the tensor PCA problem?

max E Tijk UjU;UE = IMNax A <CL ’LL —|— E W;jk UiUjUE
|w||=1 |ul[=1 —
1k 17k

since the introduction of the spiked (symmetric) rank-1 model (same as before)
X=Xa® +W.
Special attention is paid to the large-dimensional regime, as N — oo.
Connections to many fields & exciting hot topics (see refs. on handout):
m study of disordered systems, spin glasses & statistical physics
® random optimization landscape
® high-dimensional probability & statistics

® random matrix theory

1: Montanari & Richard, 2014



Asymptotic performance limits? M

Given any estimator a : S?(N) — SV ~!, anatural performance measure is:

Def: alignment (or overlap)
asn(N) = (a,a(X)) € [1,1

Example: If a ~ U(SV~1), then asymptotically a L & almost surely.



Asymptotic performance limits? M

Given any estimator a : S?(N) — SV ~!, anatural performance measure is:

Def: alignment (or overlap)
asn(N) = (a,a(X)) € [1,1

Example: If a ~ U(SV~1), then asymptotically a L & almost surely.

Central questions:

1. Weak recovery: for which range of A is therea a such that

limsupE {as n(A\)} >07

N — o0

2. Best asymptotic alignment: what is the largest attainable value of
limsupy_, . E{as n(N\)} foreach A7?



Answers and conjectured gap M

1. Regimes of weak recovery:

statistical-to-computational gap

impossible hard easy —
1 A
0 2 (3) = 0(1) Ae(3) =O(N1)?
statistical computational
threshold threshold

2. Maximum likelihood estimation (MLE) attains the information-theoretic
bound on the alignment for all \.

Richard & Montanari, 2014, Montanari & al.,, 2017, Ben Arous & al., 2019,
Jagannath & al., 2020, Perry & al,, 2020, Ros & al.,, 2019



MLE performance M

Settled by Jagannath-Lopatto-Miolane (2020), thanks to spin glass theory:

A
py N(A) = ||Iz£1||a§1 {)\ (a,u) + W - ud} 22 GSy —I—/O @i ()2 dt

agn (V)] = Ka,a)] = y/ai(V)

Explicit expressions exist for d = 3,4, 5.



MLE performance M

Settled by Jagannath-Lopatto-Miolane (2020), thanks to spin glass theory:

A
py N(A) = ||Iz£1||a§1 {)\ (a,u) + W - ud} 22 GSy +/O @i ()2 dt

ag v (V] =[{a,a)] = \/a5(N)
Explicit expressions exist for d = 3,4, 5.

For all d, these quantites undergo a phase transition at a threshold A\.(d) = O(1).

. . 1 .
=<3 : =7 | 208 a8
38 9 | = g 0.6 i
g - Y= g 0.4 i
P 0.2 |
O - 1 O I
0 1 0.(3) 2 3 0 1 )\.(3) 2 3
A A

Furthermore, the MLE attains the bound limsupy E{|{(a,a)|} < \/q}(}\)



Extension to other spiked models? M

However, it is not obvious how to use these tools to handle other, more general,
models.

This motivated our recent contribution! where we carry out a similar analysis
using tools from random matrix theory.

Using that approach, the estimation of other models has been adressed, notably
in the asymmetric case:?

X=)dAa®bRxc+W

1: Goulart & al., 2022, 2: Seddik & al., 2024, 3: Lebeau & al., 2024b



Extension to other spiked models? M

However, it is not obvious how to use these tools to handle other, more general,
models.

This motivated our recent contribution! where we carry out a similar analysis
using tools from random matrix theory.

Using that approach, the estimation of other models has been adressed, notably
in the asymmetric case:?

X=)dAa®bRxc+W

and for a nested matrix-tensor model® which applies to a simplified multi-view
clustering model:

X=(ub' +Z)®@c+W,

where p € RP models cluster means, b € {—1, 1}N models cluster assignments,
Z is a Gaussian matrix modeling data dispersion, W models measurement noise
and ¢ € R™ models varying SNR conditions.

1: Goulart & al., 2022, 2: Seddik & al., 2024, 3: Lebeau & al., 2024b
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Tensor and matrix eigenpairs e

Another characterization of tensor eigenpairs (assuming ||u|| = 1):

(1, ) eigenpairof Y < (u,u) eigenpair of Y - u?™?

Proof: pu=Y -u?!'=(Y - u¥?)u m
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Another characterization of tensor eigenpairs (assuming ||u|| = 1):

(1, ) eigenpairof Y < (u,u) eigenpair of Y - u?™?

Proof: pu=Y -u?!'=(Y - u¥?)u m



Observed performance of algorithms M

The performance of power iteration evidently depends on its initialization.

In tensor PCA, randomly initialized power iteration has':? a (conjectured) algo-
rithmic threshold of A\gg = O(N = ). This is the SNR required to “beat entropy.”

With a spectral initialization (unfolding SVD), its threshold is? X, = O(N "1 ).

alg
10=
0.8=
* Threshold s
N/\ Tensor Unfolding ¢-trans
8 0.6 * PI or AMP ¢-trans
o Impossible Possible in polynomial time s MLE - theory
8 n ] 0
~ o4 ] . mmm= Tensor Unfolding - theory
g ! - ® Tensor Unfolding (TU) - simu.
. = Power Iteration (PI) - simu.
02~ O(1) - : ® PIwith TU init. - simu.
d-1 - - '
! =)
\ o L& )
0.0 i 1 1 — 1 = 1 [
0 1 2 3 4 5
A Figure by M. E. A. Seddik.

1: Montanari & Richard, 2014, 2: Huang & al., 2022, 3: Ben Arous & al., 2023



Performance of THOSVD & HOOI M

The large-N performance of THOSVD was analyzed under Gaussian noise by
Lebeau & al. (2024a), unveiling a phase transition w.r.t. the SNR at O(N T ).

Similar theoretical results for the MLE (best low-mrank approximation) do not
yet exist, only empirical ones, eg:

]- - ----8- »--F--B w-—--—-B ] -] ol el Ll
. -7 .
a 0.8 - | ;’!, =
2 0.6- ¢
na] AN
© ,’#
g 0.4+ L Mode ¢ —
I3 P/ T-MLSVD (th)
Z 0.2+ W T-MLSVD (sim) --e- e
. 4”' HOOI (sim) -e- -e-
0 ‘*:”4 | | | | | ] i | |
0 2 4 6 8 10 12 14 16 18 20

w (SNR)

Performances of THOSVD and HOOI' for (Ni,N5,N3) =
(100,200, 300) and (R1, R2, R3) = (3,4, 5).

1: Lebeau & al., 2024a
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Tensors: (sketch of a) formal definition

The idea is to impose the multilinear structure by means of a quotient space.

Take, for instance, two vector spaces i{ = R™ and V = R™2. For any pair
(u,v) € U x V, we would like that

u®v=(au)® (a tv), Va#0.

Hence, u ®v can be seen as an equivalence class defined on the free vector space
F(U x V) containing all elements f(,., o-14) € F(U X V).

This leads to the definition: Y ® V := F(U x V)/N, where N is the “null sub-
space”

N = Span { Z Z ailBiQ f(uil Viy)

- . 1 Z/[a ) .
f(Zzl O"iluil’zig ,3i20i2) u 1 6 (% 2 E V}



Example #5: High-dim density approximation

Recent works have relied on low-rank tensor approximation for representing (&
learning) densities in high-dim spaces, such as:!

with F(z) = f(z1) ® -+ @ f(zq) and f(z;) = (fi(zs) ... fN(a:z-))T a vector
of chosen basis functions evaluated at x;.

1: Novikov & al., 2021



Example #5: High-dim density approximation

Recent works have relied on low-rank tensor approximation for representing (&
learning) densities in high-dim spaces, such as:!

with F(z) = f(z1) ® - @ f(zq) and f(z;) = (fi(z:) .. fN(C'fz'))T avector

of chosen basis functions evaluated at x;.

The curse of dimensionality is broken by imposing a low-rank structure on A,
namely, a tensor-train structure:

anl .....

e =g (1) 6P (ng) ... 6 Y (ng_1) gV (ny).

Ry Ri X Ra Rg—2 X Rq—1 Rag—1

The coordinate tensor A (of dim N?) is parameterized by the above vectors &
matrices, whose sizes control the model complexity.

1: Novikov & al., 2021



Pointwise evaluation, marginalizing & sampling

The separability in z1, . .., x4 is key to complexity reduction:

T
A
(anl (1) Um)(ang (z2) G()’flz) <and (24)g'? (nq)

/

which takes O(dN R?) operations if R; = R for all 4, instead of N!

Novikov & al., 2021
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The separability in z1, . .., x4 is key to complexity reduction:

T
A
(anl (1) ”m)(me (z2) G()n2> <and (24)g'? (nq)

/
which takes O(dN R?) operations if R; = R for all 4, instead of N!

Similarly, marginals can be computed using

q(a:l,...,a:k_l):/ (x) dxy . .

_ <A,f(a;1) @ Fzn) (/f - da:k) @ (/f(a:d) da;d>>

Novikov & al., 2021



Pointwise evaluation, marginalizing & sampling

The separability in z1, . .., x4 is key to complexity reduction:

T
A
(anl (1) ”m)(me (z2) G()n2> <and (24)g'? (nq)

/

which takes O(dN R?) operations if R; = R for all 4, instead of N!

Similarly, marginals can be computed using

q(a:l,...,:ck_l):/ (x) dxy . .

_ <A,f(a;1) @ Fzn) (/f - da:k) @ (/f(a:d) da:d>>

(Conditional) CDFs can also be computed with 1D integration and summa-
tions/matrix-vector products, allowing in particular efficient sampling from

q(x).

Novikov & al., 2021



The tensor train (TT) model

Def: Tensor train decomposition® of X € RVt X-xNa.

xnl .....

na =gV (1) 62 (ng) ... 6" (ng_1) gV (ny)

Ry Ri X Ra Rg—2 X Rq—1 Ra_1

parameterized by core tensors G() € RExM G ¢ REi-1xNixRi ; —
2,...,d—1,and G(#) ¢ Rfta-1xNa_

The TT-rank of Xis (Ry,..., Rq_1).

g (1) G (1) G (1) g'V(1)
TT cores: eooeo
G(1) G2 Gd—1) G(d

1: Oseledets, 2011



Tensor contractions

Contraction among tensors = summation over some dimensions.

Useful pictorial notation: tensor networks! displaying tensors as nodes and
edges as their indices. A connection then means a contraction.

Ex:
i kLY R
—T X / Wij = S: S: Sj Tik Yktm Zbmj
k L m
Z
W
J
Def: Scalar product
(X, Y) = Z Lijk Yijk C)HD
ijk

(ab®c,Y)=(a,bc)-Y

In particular:
(@@b®c,u®vw)=(a,u)(b,v)(c,w)



Properties of TT

The TT belongs to a larger class of hierarchical Tucker models!, and can be seen
as a tensor network of the form

nq 2 ns3 NnNdg—1 nd

It is also known as the matrix-product state (MPS) model in the physics
community.

1: Hackbusch, 2012, 2: Vidal, 2003
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Properties of TT

The TT belongs to a larger class of hierarchical Tucker models!, and can be seen
as a tensor network of the form

nq 2 ns3 NnNdg—1 nd

It is also known as the matrix-product state (MPS) model in the physics
community.

Motivation: complexity reduction. In particular, if V; = N and R; = R, reduces
storage cost from N9 to O(dN?R).

The TT is non-unique: for any nonsingular S € R <%

~

G (n;) G (niy1) = 69 (n;) ST G (1) = GV (n;) GV (ny 1)

1: Hackbusch, 2012, 2: Vidal, 2003



Computation of approximate TT

Standard (algebraic) algorithm: TT-SVD,! which performs a sequence of re-
shapings and truncated SVD, given target TT-ranks (R;,..., Rq_1).

X G G® 6} o 00 —GEE-— g@

ny no ns nNd—1 ng

1: Oseledets, 2011



Computation of approximate TT

Standard (algebraic) algorithm: TT-SVD,! which performs a sequence of re-
shapings and truncated SVD, given target TT-ranks (R;,..., Rq_1).

X G G® 6@} o0 —GE-D— g@

nq (U1%) n3 nNdg—1 ndg

It is quasi-optimal, similarly to the THOSVD:

Thm (Oseledets, 2011): The TT-SVD algorithm satisfies

IX — Xrrsvol[f < (d— 1) [|X = Xpestr-(Ry ... R4_1) Hi

1: Oseledets, 2011



