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Pattern Recognition and Machine 
Learning (in one slide)
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Schematically Machine Learning seeks to build a map from data x to decisions y

<latexit sha1_base64="p+L667tbP+amcPUsOAfJZxW09co="></latexit>

y = F(x) the output decision can be numerical, categorical, …

Not so long ago, this involved decomposing

<latexit sha1_base64="Jh1Ea81AuYKTTQGzUyRj9pdE6fE="></latexit>

F = Fdecision � Ffeatures
hand-crafted using domain knowledge

learnt from data

<latexit sha1_base64="c1nroCQZI74UlMucCZDURFaIIOM="></latexit>

F = Fdecision � Flayer n � · · · � Flayer 1 learnt from data !

The modern version (“AI revival”)



Neural Nets
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A (feed-forward) Neural Net is one possible feature extraction layer

<latexit sha1_base64="Y0puMbNB4SJKu+IFvXnbaSIMMyA="></latexit>

Fneural layer(x) = �(Wx+ b)

<latexit sha1_base64="SjP5U3KchxAwjxUWnkhdCX8MfiU="></latexit>

Fith neuron(x) = �(wT
i x+ bi)

weighted average of input

+ bias/offset

non-linear activation

NN layers can be stacked, 

with different parameters at each layer

= a multilayer (or deep) Neural Network



Convolutional Neural Nets
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{ The same set of weights is re-used in a translation invariant way

<latexit sha1_base64="jJWh6NQRbjy/bwzpAapAFjq+TKM="></latexit>

Fconv layer(x) = �(w ⇤ x+ b)

Motivations: Inductive bias for images, sound (translation invariance, …)

Computational efficiency (apply weights in effective manner)

Learning efficiency (weight sharing, O(1) parameters per layer)

works because input data is structured on regular grid



Graph Neural Nets (GNNs)
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Reminder: 
<latexit sha1_base64="Y0puMbNB4SJKu+IFvXnbaSIMMyA="></latexit>

Fneural layer(x) = �(Wx+ b)

Idea 1: work at the node level to compute local aggregators (permutation invariance)

          node features, edge features -> new node features

          output: node-level representations, graph-level representation

Idea 2: make computations scalable by weight sharing (“convolutional net”) 

neighbourhood of node i = “receptive field”

<latexit sha1_base64="d8R8+HaxbYZtPG/eawXt7QD5P1Y="></latexit>

Fith node(x) = �(wi
Tx+ bi)

should be independent of neighbourhood ???



Convolutional GNNs
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ChebNet - truly scalable GNNs

Generate GNNs that parameterised spectral graph filters
<latexit sha1_base64="Q5PzvnRvG9F4TB5tcJuEJvKonQg=">AAAGVHicnZRBb9MwFMe9jZYRYGzjyMWimjTQVDU9AJdJk8YkTqOb1m1SUyrHfUm9xU6wncGU5UNw4ch1fBY+ABLiq3DAyYpY6vQyS62e/v6957+fHftJxJTudH4tLC7dazTvLz9wHj56vPJkdW39WMWppNCncRTLU58oiJiAvmY6gtNEAuF+BCf++W4xf3IBUrFYHOnLBIachIIFjBJtpNHq+gnexn38duQdTUAT3P9wNFptdd </latexit>

W = UD⇥U
T #nodes shared free parameters Θ

<latexit sha1_base64="B2ioZ5BdFyBpXQRjNbYVOiebH/g=">AAAGXnicnZTPb9MwFMe9wcoIjP3gggQHi2pSh6aq6QG4TJo0TXBAo0zrNqkuleM4qbfYCbYzVKW58A/wb3CFP4H/ghv/BHecrIilTi+zlOjp6897fu/5h5dETOlO59fS8p27K417q/edBw/XHq1vbG6dqjiVhPZJHMXy3MOKRkzQvmY6oueJpJh7ET3zLg+K+bMrKhWLxYmeJHTIcShYwAjWRhptPDuDe7AP34zQyZhqDFvonX </latexit>

W = UG⇥(⇤)U
T

<latexit sha1_base64="PEzpaxmAq8RkIAsOkaKdXSgOmxQ=">AAAGUnicnZTPb9MwFMe9jZYRBnTjyMWimtShqWp6AC6TJk2TOKBRpv2Smqpy3JfUW+wE2ymasvwN/ANc4Q/hb+DCH8KFE05WxFKnl1lq9fT15z1//ezYTyKmdK/3a2V17UGj+XD9kfN448nTZ63NrTMVp5LCKY2jWF74REHEBJxqpiO4SCQQ7kdw7l8dFPPnM5CKxeJEXycw4iQULGCUaCONW61zvIcHY+9kCprgzvudcavd6/ </latexit>

W = P⇥(L)

<latexit sha1_base64="d8R8+HaxbYZtPG/eawXt7QD5P1Y=">AAAGpHicnZTNbhMxEMfdQkMbvlo4crGIilKoomwOfBwqVaqKOKASStNWyqaR1+vduF17F9vbD7l+Dl6JV+DKA3AFccK7TUU3Ti61tNLo79+MZ8beCbKEStVu/5ibv3N3oXZvcal+/8HDR4+XV57syzQXmPRwmqTiMECSJJSTnqIqIYeZIIgFCTkITraK/YNTIiRN+Z66yMiAoZjTiGKkrDRcDnyG1AijRL83Q02PfEXOlWBajc </latexit>

Fith node(x) = �(wi
Tx+ bi)

<latexit sha1_base64="lxdU3wi8mS4G67vELcDt+/pIg74="></latexit>

wi = [P⇥(L)]i
same parameters for all nodes

Special form, polynomial of shift operator

Parametric form with O(1) parameters Θ

U = eigenvectors of shift operator (Laplacian)

Convolutional Neural Networks on Graphs with Fast Localized Spectral Filtering, NeurIPS’16

https://arxiv.org/pdf/1606.09375.pdf


Convolutional GNNs
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GCN - Simplified architecture [Kipf & Welling, ICLR’17]

Key simplifications:
<latexit sha1_base64="2bSmhRsPC3DNWU4JlseHarYMpy8="></latexit>

Set �max = 2 so that

<latexit sha1_base64="gmjsEv6y5Lr/Y4kNNIJ6vDjuozA="></latexit>

L =
2L

�max
� I = �A

Use only linear filters (K=1)
<latexit sha1_base64="VdZHpvWNCcN838kYx2FR/RiEfp4="></latexit>

W = P⇥(A) = ✓(0)I� ✓(1)A
node 1-hop neighbours

Use same weights for nodes and their direct neighbours 
<latexit sha1_base64="0g2I75g+zvTUqpf7ATNcU8q746U="></latexit>

✓ = ✓(0) = �✓(1) ) FGCN(x) = �
�
Wx

�

= �
�
✓(I+A)x

�

= �
�
✓Ãx

�

Re-scale for stability
<latexit sha1_base64="buMA+Lc1slGIIAHp0YcysAmM7e4="></latexit>

Ã ! D�1/2ÃD�1/2

<latexit sha1_base64="hwYQWh8zP8eLdsFfjax+8XoGhPw="></latexit>

FGCN(x) = �
�
✓D�1/2(I+A)D�1/2x

�



Message Passing GNNs
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Reminder: The Graph Conv Layer

<latexit sha1_base64="PEzpaxmAq8RkIAsOkaKdXSgOmxQ="></latexit>

W = P⇥(L)
<latexit sha1_base64="d8R8+HaxbYZtPG/eawXt7QD5P1Y="></latexit>

Fith node(x) = �(wi
Tx+ bi)

<latexit sha1_base64="lxdU3wi8mS4G67vELcDt+/pIg74="></latexit>

wi = [P⇥(L)]i
<latexit sha1_base64="VrdYEXPAQ8n5a9PMNnAsY8we9a8="></latexit>

P⇥(L) =
K�1X

k=0

⇥kTk(L), where L = 2L/�max � I

Tk(x) = 2xTk�1(x)� Tk�2(x), T0(x) = 1, T1(x) = x
<latexit sha1_base64="a6l9D0zCfLD64lsWICvMnTIcQPA="></latexit><latexit sha1_base64="nXxIFQXTbWIYQns4ZRcQw5+yqA4=">AAACKnicbVDLagIxFM3Yl7Wv6WPXTagULKhMpNBuBEs3XVrwBSpDJmY0mHmQZIoy+D3d9Fe6cdEi3fZDmnFctNoDgXPOvZebe5yQM6ksa2FktrZ3dvey+7mDw6PjE/P0rCWDSBDaJAEPRMfBknLm06ZiitNOKCj2HE7bzvgxqbdfqJAs8BtqGtK+h4c+cxnBSlu2+dCwx4XJDazCCpzAhh2PS2iWGKVUVBJRhL2ilpamVbQSKJ2a5Gwzb5WtJeAmQSuSr124S9Rtc94bBCTyqK8Ix1J2kRWqfoyFYoTTWa4XSRpiMsZD2tXUxx6V/Xh56gxea2cA3UDo5yu4dH9PxNiTcuo5utPDaiTXa4n5X60bKfe+HzM/jBT1SbrIjThUAUxygwMmKFF8qgkmgum/QjLCAhOl001CQOsnb5JWpYysMnrWadyCFFlwCa5AASBwB2rgCdRBExDwCt7BB/g03oy5sTC+0taMsZo5B39gfP8Aauaivw==</latexit><latexit sha1_base64="nXxIFQXTbWIYQns4ZRcQw5+yqA4=">AAACKnicbVDLagIxFM3Yl7Wv6WPXTagULKhMpNBuBEs3XVrwBSpDJmY0mHmQZIoy+D3d9Fe6cdEi3fZDmnFctNoDgXPOvZebe5yQM6ksa2FktrZ3dvey+7mDw6PjE/P0rCWDSBDaJAEPRMfBknLm06ZiitNOKCj2HE7bzvgxqbdfqJAs8BtqGtK+h4c+cxnBSlu2+dCwx4XJDazCCpzAhh2PS2iWGKVUVBJRhL2ilpamVbQSKJ2a5Gwzb5WtJeAmQSuSr124S9Rtc94bBCTyqK8Ix1J2kRWqfoyFYoTTWa4XSRpiMsZD2tXUxx6V/Xh56gxea2cA3UDo5yu4dH9PxNiTcuo5utPDaiTXa4n5X60bKfe+HzM/jBT1SbrIjThUAUxygwMmKFF8qgkmgum/QjLCAhOl001CQOsnb5JWpYysMnrWadyCFFlwCa5AASBwB2rgCdRBExDwCt7BB/g03oy5sTC+0taMsZo5B39gfP8Aauaivw==</latexit><latexit sha1_base64="/GhBociNOd6+lizNdIil59mwbzo=">AAACKnicbVDLSgMxFM34rPU16tJNsAgV2jIpgm4KFTcuK/QF7TBk0rQNzTxIMtIy9Hvc+CtuulCKWz/ETGcW2nohcM6593BzjxtyJpVlLY2t7Z3dvf3cQf7w6Pjk1Dw7b8sgEoS2SMAD0XWxpJz5tKWY4rQbCoo9l9OOO3lM+p0XKiQL/KaahdT28MhnQ0aw0pJjPjSdSXF6A2uwCqew6cSTMponQjkl1YSUYL+kqaVhDWUEpa5p3jELVsVaFdwEKAMFkFXDMRf9QUAij/qKcCxlD1mhsmMsFCOczvP9SNIQkwke0Z6GPvaotOPVqXN4rZUBHAZCP1/BlfrbEWNPypnn6kkPq7Fc7yXif71epIb3dsz8MFLUJ+miYcShCmCSGxwwQYniMw0wEUz/FZIxFpgonW4SAlo/eRO0qxVkVdCzVajfZnHkwCW4AkWAwB2ogyfQAC1AwCt4Bx/g03gzFsbS+EpHt4zMcwH+lPH9A8NgoAc=</latexit>

Chebychev polynomials:

Therefore:
<latexit sha1_base64="dmZlr4PnpiXFeGkhXuvKy46hXCE="></latexit>

Wx = [P⇥(L)]x

=
K�1X

k=0

⇥kTk(L)x recursively passing messages between nodes



Message Passing GNNs
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<latexit sha1_base64="dmZlr4PnpiXFeGkhXuvKy46hXCE="></latexit>

Wx = [P⇥(L)]x

=
K�1X

k=0

⇥kTk(L)x

<latexit sha1_base64="FiBaTKwaCpNGGPcXBcfEoZhpqBo="></latexit>

(Lx)i =
2

�max

0

@dixi �
X

j2N (i)

aijxj

1

A� xi

= m(i ! i) +
X

j2N (i)

m(j ! i)

x1

x2

x3 x4

a12

a13 a14
x1

x2

x3 x4

m(2 → 1)

m(3 → 1) m(4 → 1)

m(1 → 1)

x1

x2

x3 x4

a12

a13 a14

K=0K=1
K=2



Previously on Graph Rep. Learning
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Graph filtering

Graph convolution layer

ChebNet, GCN

Message passing

MPNN

GNN!
<latexit sha1_base64="lbc5uQYk1NoAVwGauhWE9+cA1H0="></latexit>

hk
v = �

⇣
hk�1
v , f

�
{hk�1

u , u 2 N (v)}
�⌘

<latexit sha1_base64="0IsNjcqPxCAgi0LsM4WFIzFMOyo="></latexit>

hk
G = ReadOut

⇣
{hk

v , v 2 G}
⌘



Understanding GNNs
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One possibility: checking how expressive, i.e how good are GNNs at distinguishing  
                     non-isomorphic graphs

<latexit sha1_base64="KqlHD2fFb4OtZhuZxJpXk/OJijs="></latexit>

f : V (G) ! V (H) s.t u ⇠ v , f(u) ⇠ f(v)

The Weisfeiler-Leman (Lehman?) test: find undistinguishable colouring of 2 graphs
<latexit sha1_base64="+siZR1+/kOBubTwIuh+hl56PxMc="></latexit>

c(0)` (vi) = `
<latexit sha1_base64="4NJSKXD7qYY9OGC9+DQcYhP1SYI="></latexit>

c(k+1)
` (vi) = HASH

⇣
c(k)` (vi), {c(k)` (vj)|vj 2 N (vi)}

⌘

Run this procedure in parallel on G and H until convergence (  steps)𝒪( |V | )

Compare color histograms



WL Example 

12



WL Failure 

There are non-isomorphic graphs that cannot be distinguished by 1-WL

Decalin & Bencyclopentyl



WL & GNN
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Share universal principles

<latexit sha1_base64="Hxjd1ainaRiGOtq4KluTOHIBKEQ="></latexit>

akv = Aggregate
⇣
{hk�1

u : u 2 N (v)}
⌘

<latexit sha1_base64="jEetUXOLJBuemjdGAg2OFs5gUJ8="></latexit>

hk
v = Combine

⇣
{hk�1

v , akv}
⌘

One more example: GraphSAGE
<latexit sha1_base64="XcaUK71+kMj5eawHN/mrAgGauUA="></latexit>

akv = Max
⇣
{ReLu(W · hk�1

u ), u 2 N (v)}
⌘

<latexit sha1_base64="MActC1oUUgFwjOm4fBvgEXLIzww="></latexit>

hk
v = W2 ·

⇥
hk�1
v , akv

⇤

<latexit sha1_base64="0IsNjcqPxCAgi0LsM4WFIzFMOyo="></latexit>

hk
G = ReadOut

⇣
{hk

v , v 2 G}
⌘



1-WL  GNN ?=
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Let ,  be non-isomorphicG1 G2
<latexit sha1_base64="UTXmvWT+Z/VICBEZS1vbpJ6/KD4="></latexit>

G : graphs 7! Rd

<latexit sha1_base64="4J8uCHqyOdX/jJ1T4ZFEpinzmDo="></latexit>

If G(G1) 6= G(G2)

a GNN
<latexit sha1_base64="4hACSne16SsMPCVsmwUtZ/lpxiI="></latexit>

then 1-WL(G1) 6= 1-WL(G2)

1-WL  GNN≥

Idea of the proof:
By contradiction (it is true at iteration 0, suppose true at j)
Prove existence of an injective map between colours in WL and latent 
vectors of the GNN
Use said map to reach contradiction



1-WL  GNN ?=

16

GNN  1-WL≥
<latexit sha1_base64="UTXmvWT+Z/VICBEZS1vbpJ6/KD4="></latexit>

G : graphs 7! Rd a GNN

,  two graphs s.t 1-WL( ) 1-WL( ) G1 G2 G1 ≠ G2

Then with sufficient depth 
<latexit sha1_base64="Py8Q9Xb5DE1mzI/YDXWXRIYjseQ="></latexit>

G(G1) 6= G(G2)

With two conditions on the GNN architecture:
<latexit sha1_base64="lbc5uQYk1NoAVwGauhWE9+cA1H0="></latexit>

hk
v = �

⇣
hk�1
v , f

�
{hk�1

u , u 2 N (v)}
�⌘

f (operates on multisets) and  must be injectiveϕ

Graph-level ReadOut (operates on multisets ) must be injective{hk
v , v ∈ G}

<latexit sha1_base64="0IsNjcqPxCAgi0LsM4WFIzFMOyo="></latexit>

hk
G = ReadOut

⇣
{hk

v , v 2 G}
⌘

a)

b)



1-WL  GNN ?=
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GNN  1-WL≥

Idea of the proof:

Graph level readout is injective 
We have to show that - with enough depth - 

<latexit sha1_base64="JUuVJTZbzILZmcvKqytCDaFBf0M="></latexit>

G(G1) and G(G2)

have different multisets of features
With restrictions on  we show injective map between coloring of 1-WL 
and node features

𝔾

Use this map to conclude



Takeaway
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Mean / Max are not injective multisite functions 

For better choices see Graph Isomorphism Nets (GIN) for instance (uses MLP)

Xu, K., Hu, W., Leskovec, J. & Jegelka, S. How Powerful are Graph Neural Networks?



Beyond 
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Going further: k-WL
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Idea: Try to exploit higher-order structures

Instead of colouring nodes based on their neighbourhood

Use k-set of nodes  and appropriate notion neighbourhood  s = {v1, …, vk}

There are graphs that can be distinguished by (k+1)-WL but not k-WL ( )k ≥ 2

k-GNN:
<latexit sha1_base64="FdW2H9PHpkj4xU+ItQDkPolOvlA="></latexit>

N (s) =
�
t 2 |V (G)|k||s \ t| = k � 1

 

“Local” neighbours

“Global” neighbours



Going further: Simplicial Neural Nets 
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Idea: Try to exploit higher-order structures, in a more structured way

Tool: Simplicial complexes.

σ0 → σ1 → σ2 → ⋯

{vi} {vi, vj} {vi, vj, vk}

Nested hierarchy of k-tuples, closed under subset.

Eventually orientation (sign of set permutations)

Incidence relationships, eventually oriented



Going further: Simplicial Neural Nets 
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A graph is a 1-d complex

Can use natural graph adjacencies to build complex



Going further: Simplicial Neural Nets 
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Boundary incidence
<latexit sha1_base64="Ac0881H01Is8oZPieG3NMZCORQ8="></latexit>

� � ⌧ , � ⇢ ⌧ and there is no� ⇢ � ⇢ ⌧

<latexit sha1_base64="hnz7lU+ryvtd4+HTcGFpclMa4CE="></latexit>

{v1} � {v1, v2}
<latexit sha1_base64="eYe8izOdWfkPNYXvlF0IO1auyTQ="></latexit>

{v1} �
+
{v1, v2}If oriented:

Signed boundary matrices
<latexit sha1_base64="5amxsC0xGRQQfYhB+WuVOHmLkbc="></latexit>

B
Sk�1⇥Sk

k s.t Bk[i, j] =

8
><

>:

+1 ⌧i �
+
�j

�1 ⌧i �
�
�j

0 otherwise

k-th Hodge Laplacian
<latexit sha1_base64="Jo/hN21C9eH1O0puP/L8KrD3Sr0="></latexit>

Lk = BT
k Bk +Bk+1B

T
k+1, L0 = L



Simplicial SP & ConvNets
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Sergio Barbarossa, Stefania Sardellitti, and Elena Ceci. “Learning from signals defined over simplicial complexes”
Ebli, Defferrard, Spreeman. “Simplicial Neural Networks”

Simplicial Complexes can model complex relational data

Main idea: Use eigenvectors of , define graph filters, convolutional layerLk

Natural question: can they be more expressive than regular GNNs ?

Bodnar et al “Message passing simplicial networks”



<latexit sha1_base64="jwkyWdMZmZX2E6H9dw3+Fxlf7ZM="></latexit>

N"(�) = {⌧ |9� ⌧ � � and � � �}

Simplicial Weisfeiler-Leman
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Key idea: exploit richer structure of adjacencies in simplicial complexes

Boundary adjacency:
<latexit sha1_base64="7a7VSS6s8KYP5YeJw9BXlm+zMHM="></latexit>

B(�) = {⌧ |⌧ � �}

Co-boundary adjacency:
<latexit sha1_base64="So5xl1BzcyCe2Bq/wLEF6q2cQIs="></latexit>

C(�) = {⌧ |� � ⌧}

Lower adjacency:
“Through their boundary”

<latexit sha1_base64="2DOnxNt0ssmDgjeYLzCqMuORSgg="></latexit>

N#(�) = {⌧ |9� � � ⌧ and � � �}

Upper adjacency:
“Through their co-boundary”



Simplicial Weisfeiler-Leman
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Key idea: exploit richer structure of adjacencies in simplicial complexes

Use aggregation over adjacent structures in WL fashion
Not less powerful than 3-WL

Hand-waving proof with “clique complexes”:
Start with graph and construct a clique complex
If  form a clique then include it as a k-dimensional simplex  {v0, …, vk}

Bodnar et al “Message passing simplicial networks”



Simplicial Message Passing Nets
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Bodnar et al “Message passing simplicial networks”

<latexit sha1_base64="QtuXFzQRY/niSGy+FXsJf7fLhV0=">AAAQWHicrVfdbhQ3FJ7QH2ChsEDvemM1ipq0yyobVa1UCQmyUIpEYBtIQMoskWfm7KzJ2DO1PYF0mJeo+lR9g1Z9gD5Gj2cmyY496UXSkZI4x993/Pkc+9gOsoQpvb7+59Kljz7+5NPLV672rl3/7MbN/q3buyrNZQg7YZqk8nVAFSRMwI5mOoHXmQTKgwReBQdj0//qEKRiqXipjzKYchoLNmMh1Wja7x/y/c03hf5mVK76is </latexit>

mt+1
B (�) = Aggregate

⌧2B(�)

⇣
MB(h

t
�, h

t
⌧ )
⌘

<latexit sha1_base64="/T/repWUuNIxXxvAeT6pY0WOpn0=">AAAQjHicrVfdbts2FHa6v87bWnfd3W6IBcGSzTXioOiADcXauT8r0KRe2qQFIieg5GOZjUhpJJU2U/USw55ij7I32BvsMXZIKYlFKrtIJsA2ffR9hx/PIQ/JMEuY0uvrfy9dee/9Dz786OrH3U8+/eza9d6Nz3dVmssIdqI0SeWrkCpImIAdzXQCrzIJlIcJvAwPR+b9yyOQiqXihT7OYMJpLNiMRVSj6aD3Jz8IpukbQaVM3+ </latexit>

mt+1
# (�) = Aggregate

⌧2N#(�)

⇣
M#(h

t
�, h

t
⌧ , h

t
�\⌧ )

⌘

<latexit sha1_base64="ix/rpr7AlQbpgFELN7+rGkVmvsA=">AAAQhnicrVfdbts2FHa6v8zbOnfd3W6IBcGSzTXiYFuxAgXauV1XID9e2qQFIiegpGOZjUhpJJU2U/USwx5hT7M32BvsMXZIKbFFKbtIJsA2ffR9hx/PIQ9JP42Z0hsbfy/deOfd997/YPnD7kcff3Lz096tzw5UkskA9oMkTuRLnyqImYB9zXQML1MJlPsxvPBPRub9i1OQiiXiuT5LYcJpJNiUBVSj6bj3Jz/2spRKmbw+yv </latexit>

mt+1
" (�) = Aggregate

⌧2N"(�)

⇣
M"(h

t
�, h

t
⌧ , h

t
�[⌧ )

⌘

<latexit sha1_base64="WVhdciyVxIJOcjCPKzGw9wrFJUU=">AAAQWHicrVfdbhQ3FJ7QH2ChsEDvemM1ipq0yyoboVaqhARdKEUisA0kIGU2kWfm7KzJ2DO1PYF0mJeo+lR9g1Z9gD5Gj2cmyY496UXSkZI4x993/Pkc+9gOsoQpvb7+59Kljz7+5NPLV672rl3/7MbN/q3bOyrNZQjbYZqk8k1AFSRMwLZmOoE3mQTKgwReBwdj0//6EKRiqXiljzKYchoLNmMh1Wja7x/y/fFeob8Zlau+Yj </latexit>

mt+1
C (�) = Aggregate

⌧2C(�)

⇣
MC(h

t
�, h

t
⌧ )
⌘

<latexit sha1_base64="6B7F4el90P3/GCQiSUMAE/0DXRw="></latexit>

ht+1
� = Combine

�
ht
�,m

t+1
B (�),mt+1

C (�),mt+1
# (�),mt+1

" (�)
�

ReadOut

With sufficient many layers and injective aggregators, SMPNets  
are not less powerful than simplicial WL.
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Connect GNNs to continuous physical processes (PDEs)

<latexit sha1_base64="/6E6Pa4ehHlykohfKI3hc/84tjM="></latexit>

ẋ(t) = Lx(t), x(t) 2 RN Graph filter 

<latexit sha1_base64="pCMQp/S5uHGO7kWqW9xqHVOyhNw="></latexit>

ẋ(t) = SSTx(t), x(t) 2 RN S(i, j) =

8
<

:

+1 if ej = (vi, vk) for some k
�1 if ej = (vk, vi) for some k
0 otherwise

[i]

[k]

edge
 j [i]

[k]

j

+1

-1 S
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Connect GNNs to continuous physical processes (PDEs)

<latexit sha1_base64="/6E6Pa4ehHlykohfKI3hc/84tjM="></latexit>

ẋ(t) = Lx(t), x(t) 2 RN Graph filter 

<latexit sha1_base64="pCMQp/S5uHGO7kWqW9xqHVOyhNw="></latexit>

ẋ(t) = SSTx(t), x(t) 2 RN

<latexit sha1_base64="gXRuhJ53+mgGQGGs52nfb+ipeWw="></latexit>

ẋ(t) = SA
�
x(t)

�
STx(t), x(t) 2 RN

Ex: edge diffusivity matrix. 

Diffusivity along edge (i,j) can now depend on  and xi(t) xj(t)

“Continuous time” layers
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<latexit sha1_base64="gXRuhJ53+mgGQGGs52nfb+ipeWw="></latexit>

ẋ(t) = SA
�
x(t)

�
STx(t), x(t) 2 RN

Ex: edge diffusivity matrix. 

Diffusivity along edge (i,j) can now depend on  and xi(t) xj(t)
<latexit sha1_base64="+BugX2HkQv17N9OwBh5gA4wkfBk="></latexit>

f⇥
�
xi(t), xj(t)

�
with learnable parameters. Close to Attention 

In this scheme: time = “continuous layer”

GNN = explicit (Euler) discretisation

Can exploit other discretization schemes to limit the number of time steps (layers)
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Features span a low dimensional manifold

But often a more accurate statement is:

There are structured high-density regions in feature space

Sometimes the graph is a proxy for the “manifold hypotheses”:



No Graphs ? 
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<latexit sha1_base64="RYY1scjAcFp63gfgcSaPoPweUWs="></latexit>

Tkf(x) =

Z

Rd

p(y)dy k(x, y)f(y)

Kernel Operators

<latexit sha1_base64="09c1LSyHZwgqYWscPiSmasib2yU="></latexit>

hf, giHp =

Z

Rd

p(y)dyf⇤(y)g(y).

Consider  endowed with the probability distribution p(x). 

 the corresponding weighted Hilbert space:

ℝd

ℋp

<latexit sha1_base64="HE+3EPU97GVwGkUH0q07ftJLBAw="></latexit>

Let k : Rd ⇥ Rd ! R be a Mercer kernel

<latexit sha1_base64="pUmltGdtoJkh7HyYWXYJng2C1ow="></latexit>

Tkf(x) =
X

i

ui(x)
n
�if̂ [i]

o <latexit sha1_base64="cgtQGckFZFqLJkpWozgU44zNbnE="></latexit>

g
�
Tk

�
f(x) =

X

i

ui(x)
n
g(�i)f̂ [i]

o

<latexit sha1_base64="1XrQKw4mPoxiW1/bHZnguVZwwA0="></latexit>

Tkui(x) = �iui ) f̂ [i] = hui, fiHp
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Sketching kernels for density filters

<latexit sha1_base64="7bB7fBOsc02bx6bhzLzbhfaq3Pg="></latexit>

Z(x) =
1p
D

[z!1(x), . . . , z!D (x)] , !k ⇠ i.i.d. k̂(!)
<latexit sha1_base64="ERSqW/TBV7FB47zg93x1ASK+OmI="></latexit>

where z!(x) = ej!
T x

<latexit sha1_base64="+mkwxJOnEZrZQIEpI8EA383BODQ="></latexit>

ZH(x)Z(y) =
1

D

DX

k=1

z!k(x)z!k(y) ' k(x� y)

<latexit sha1_base64="CDwcF5PLaVa84KYDmURGx4IBJ2M="></latexit>

RFF matrix Z = [Z(x1), . . . ,Z(xN )] 2 RD⇥N
<latexit sha1_base64="IpQVGumk9A9qsRMuEBL4CToA1Fs=">AAACC3icbVC7SgNBFJ2Nr7i+Vi1thgTBKuwGURsxYBOwiWAemF3D7GQ2GTKzu87MCmFJb+NX2NtYRMTWH7AR/8bJo4iJBwbOnHMv997jx4xKZds/RmZpeWV1Lbtubmxube9Yu3s1GSUCkyqOWCQaPpKE0ZBUFVWMNGJBEPcZqfu9y5FffyBC0ii8Uf2YeBx1QhpQjJSWWlbO5Uh1MWLp7eCuDGd+0JWUk3t41bLydsEeAy4SZ0ryF0PzPH7+Nist68ttRzjhJFSYISmbjh0rL0VCUczIwHQTSWKEe6hDmpqGiBPppeNbBvBQK20YREK/UMGxOtuRIi5ln/u6crSrnPdG4n9eM1HBmZfSME4UCfFkUJAwqCI4Cga2qSBYsb4mCAuqd4W4iwTCSsdn6hCc+ZMXSa1YcE4Kx9d2vlQEE2TBAciBI+CAU1ACZVABVYDBI3gBQ/BmPBmvxrvxMSnNGNOeffAHxucvEJ6eAQ==</latexit>

ZHZ ' K

<latexit sha1_base64="TVYAeWSzhDgIwAuO3Y4PuMdFuRc=">AAACInicbVDLSsNAFJ3UV62vqEs3g0VwVZIiPhZiwS66EarYBzZtmUwn7dDJJMxMhBLyLW78FTcuFHUl+AP+hdPGRW09cOFwzr3ce48bMiqVZX0amYXFpeWV7GpubX1jc8vc3qnLIBKY1HDAAtF0kSSMclJTVDHSDAVBvstIwx1ejv3GPRGSBvxWjULS9lGfU49ipLTUNc+u4Dl0fKQGGLH4LpnmnQp0KE8V141vkk5cho6iPpGwnHTNvFWwJoDzxP4l+Ytvb4Jq13x3egGOfMIVZkjKlm2Fqh0joShmJMk5kSQhwkPUJy1NOdJ72vHkxQQeaKUHvUDo4gpO1OmJGPlSjnxXd47PlbPeWPzPa0XKO23HlIeRIhyni7yIQRXAcV6wRwXBio00QVhQfSvEAyQQVjrVnA7Bnn15ntSLBfu4cHRt5UtFkCIL9sA+OAQ2OAElUAFVUAMYPIAn8AJejUfj2XgzPtLWjPE7swv+wPj6AUTjpyk=</latexit>

M = ZZH 2 RD⇥D

Note that RFF is like a neural net: Linear layer (random weights), point wise non-lin.

<latexit sha1_base64="Jo/D68VaZtWrIg8N5CAdsMr1XmI="></latexit>

g
�fTk

�
= g( eK) = ZHhg(M)Z
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<latexit sha1_base64="0/zhPlj6SolN2wo/sPgaDi+zb2M="></latexit>

g( eK) = ZHhg(M)Z

A funny point of view …

RFF can be seen as a “data driven” transformation
It maps to a data/kernel driven “Fourier” domain

“Fourier coefficients” of the data can be manipulated

Example: density condensation, apply filter to data coordinates, update density
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Unsupervised, semi-supervised, supervised ML revisited 

Class 1
Class 2

Low density 
bottleneck

Reverse perspective: select a parametric feature extractor  (neural net, …)Zθ(x)
Implicit kernel: Kθ = ZθZT

θ

With labeled data :(xi, F(xi))
<latexit sha1_base64="r64VCtKRH6KRNTDdJIlw4hLvcZc=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMFSEIQyU/CyLAjqsoK9YKeWTJq2oZkLyRmxjN258SF8gW5cKOLWV3Cjvo3pRdDWHwJf/nMOyfndUHAFlvVlJGZm5+YXkouppeWV1TVzfaOkgkhSVqSBCGTFJYoJ7rMicBCsEkpGPFewsts5HtTL10wqHvgX0A1ZzSMtnzc5JaCturnteOSm7kCbAcHOLb784RN9u8rVzbSVtYbC02CPIZ3fO+1nPj8eCnXz3WkENPKYD1QQpaq2FUItJhI4FayXciLFQkI7pMWqGn3iMVWLh3v0cEY7DdwMpD4+4KH7eyImnlJdz9WdHoG2mqwNzP9q1QiaR7WY+2EEzKejh5qRwBDgQSi4wSWjILoaCJVc/xXTNpGEgo4upUOwJ1eehlIuax9k9891Gjk0UhJtoR20i2x0iPLoDBVQEVF0h/roCT0b98aj8WK8jloTxnhmE/2R8fYNtn6cPg==</latexit>

max
✓

kZ✓Fk2

Label function must be smooth over data

(Dirichlet kernel semi-norm)

Just like spectral clustering, but defined at 
any data point (via the kernel)

<latexit sha1_base64="EE7qqQr6jKLTj/7gF4JP9U4T9VY=">AAACDHicbVDJSgNBFHwTtzhuUY9eGoMgCGEm4HIRAoYgeImYRciMQ0+nkzTpWejuEcOQD/Dir3jxoIhXP8Cbf2NnOWhiQUNRVY/Xr/yYM6ks69vILCwuLa9kV8219Y3Nrdz2TkNGiSC0TiIeiVsfS8pZSOuKKU5vY0Fx4HPa9PsXI795T4VkUVhTg5i6Ae6GrMMIVlrycnnTCfCDV0E3XtlJK84QnaOpUrmroSuvjCo6ZRWsMdA8sackXzqCMape7stpRyQJaKgIx1K2bCtWboqFYoTToekkksaY9HGXtjQNcUClm46PGaIDrbRRJxL6hQqN1d8TKQ6kHAS+TgZY9eSsNxL/81qJ6py5KQvjRNGQTBZ1Eo5UhEbNoDYTlCg+0AQTwfRfEelhgYnS/Zm6BHv25HnSKBbsk8LxtW6jOGkDsrAH+3AINpxCCS6hCnUg8AjP8ApvxpPxYrwbH5NoxpjO7MIfGJ8/DySZFw==</latexit>

max
F

SD{F} = max
F

FTKDF Eigenvector and 
extend with Nyström

<latexit sha1_base64="49uhrHEeHgeGwEGdJB+1u5sPh18=">AAACInicbZDJSgNBEIZrXOO4RT16aQyCIISZgNtBEJQgeFHMImbGoafTSRp7Frp7xDDJs3jxVbx4UNST4MPYmQRcf2j4+aqK6vr9mDOpLOvdGBufmJyazs2Ys3PzC4v5peWajBJBaJVEPBIXPpaUs5BWFVOcXsSC4sDntO5fHw7q9RsqJIvCiurG1A1wO2QtRrDSyMvvmU6Ab70yOveOnLTs9NE+GpHyVQWdeEeo/IWc3mUGnN5VycsXrKKVCf019sgUDjYh06mXf3WaEUkCGirCsZQN24qVm2KhGOG0bzqJpDEm17hNG9qGOKDSTbMT+2hdkyZqRUK/UKGMfp9IcSBlN/B1Z4BVR/6uDeB/tUaiWrtuysI4UTQkw0WthCMVoUFeqMkEJYp3tcFEMP1XRDpYYKJ0qqYOwf598l9TKxXt7eLWmU6jNEwDcrAKa7ABNuzAARzDKVSBwB08wBM8G/fGo/FivA1bx4zRzAr8kPHxCYp7oJo=</latexit>

max
F

SD{F} = max
F

FTKDF = max
F

kZDFk2

Optimize over coeffs with label constrains
<latexit sha1_base64="5jDKKQ0I6yNEVXRYXbhJJkV16S4=">AAAB+XicbVDLSgMxFM3UV61Wx7p0EyxCV2Wm4GMjFBRxZ4W+sB2HTJq2oUlmTDKFMvQL/AU3LhQRd/6JO/FnTFsX2nrgwuGce7n3niBiVGnH+bRSS8srq2vp9czGZnZr297J1VUYS0xqOGShbAZIEUYFqWmqGWlGkiAeMNIIBmcTvzEkUtFQVPUoIh5HPUG7FCNtJN+2L+ApvPHPb6uwfcVJD/l23ik6U8BF4v6QfDlX+Lp/u8tWfPuj3QlxzInQmCGlWq4TaS9BUlPMyDjTjhWJEB6gHmkZKhAnykuml4/hgVE6sBtKU0LDqfp7IkFcqREPTCdHuq/mvYn4n9eKdffES6iIYk0Eni3qxgzqEE5igB0qCdZsZAjCkppbIe4jibA2YWVMCO78y4ukXiq6R8XDa5NGCcyQBntgHxSAC45BGVyCCqgBDIbgATyBZyuxHq0X63XWmrJ+ZnbBH1jv31w8lSI=</latexit>

F = ZT
D⌦


