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SP on Graphs Cheat Sheet
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x 2 Rn a (scalar valued) signal

L 2 Rn⇥n
Laplacian

L = U⇤U|

Graph Fourier Frequencies

g(L) = Ug(⇤)U|

g(L)x

\g(L)x(k) = g(�k)x̂(k)

��

�� = FT!2F

g ? x

[g ? x(!) = ĝ(!)x̂(!)

Filter and Filtering



Previously on GSP
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Eigen decomposition of Laplacian reveals structure of graph

Ingredient: Smoothness of feature vectors (smooth partition signals)

Understand, analyse, process graph signals. Graph filters.

Crafting specific features, de-noising, interpolating missing features …

Laplacian Orthogonal eigenVEctors

Summary: LOVE is all you need



A simple interpolation example
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Vertex set is split into

Simplified version of Pesenson’s variational spline interpolation

⌫ = ⌫1 [ ⌫c1
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Observe samples of underlying feature map

L := L+ ✏I
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L'j = �j
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Basic interpolation problem (missing features)

Interpolate to recover missing features (transductive learning)

Simple model:

'j = Tjg = g(L)�j = U[g(⇤)]U⇤�j =

|V|�1X

`=0

1

�` + ✏
u⇤
` (j)u`
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Regularized Green’s functions
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f interp =
X

j2V1

↵[j]'j = �V1↵



Ar = A[↵,↵]�A[↵,↵)A(↵,↵)�1A(↵,↵]

A =


A[↵,↵] A[↵,↵)
A(↵,↵] A(↵,↵)

�

Coarsening by Kron Reduction
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In order to iterate the construction, we need to construct a graph on the 
reduced vertex set. 

2 F. Dörfler and F. Bullo

is the loopy Laplacian matrix. In various applications of circuit theory and related
disciplines it is desirable to obtain a lower dimensional electrically-equivalent network
from the viewpoint of certain boundary nodes (or terminals) � � {1, . . . , n}, |�| ⌅ 2.
If ⇥ = {1, . . . , n}\� denotes the set of interior nodes, then, after appropriately labeling
the nodes, the current-balance equations can be partitioned as

�
I�
I⇥

⇥
=

�
Q�� Q�⇥

Q⇥� Q⇥⇥

⇥ �
V�

V⇥

⇥
. (1.1)

Gaussian elimination of the interior voltages V⇥ in equations (1.1) gives an electrically-
equivalent reduced network with |�| nodes obeying the reduced current-balances

I� +QacI⇥ = QredV� , (1.2)

where the reduced conductance matrixQred ⇧ R|�|⇥|�| is again a loopy Laplacian given
by the Schur complement of Q with respect to the interior nodes ⇥, that is, Qred =
Q���Q�⇥Q

�1
⇥⇥Q⇥�. The accompanying matrix Qac = �Q�⇥Q

�1
⇥⇥ ⇧ R|�|⇥(n�|�|) maps

internal currents to boundary currents in the reduced network. In case that I⇥ is the
vector of zeros, the (i, j)-element of Qred is the current at boundary node i due to a
unit potential at boundary node j and a zero potential at all other boundary nodes.
From here the reduced network can be further analyzed as an |�|-port with current
injections I� +QacI⇥ and transfer conductance matrix Qred.

This reduction of an electrical network via a Schur complement of the associated
conductance matrix is known as Kron reduction due to the seminal work of Gabriel
Kron [37], who identified fundamental interconnections among physics, linear algebra,
and graph theory [33, 38]. The Kron reduction of a simple tree-like network with-
out current injections or shunt conductances is illustrated in Figure 1.1, an example
familiar to every engineering student as the Y �� transformation.
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Fig. 1.1. Kron reduction of a star-like electrical circuit with three boundary nodes ⇥�, one
interior node •⇥ , and with unit conductances resulting in a reduced triangular reduced circuit.

Literature Review. The Kron reduction of networks is ubiquitous in circuit
theory and related applications in order to obtain lower dimensional electrically-
equivalent circuits. It appears for instance in the behavior, synthesis, and analysis of
resistive circuits [56, 60, 59], particularly in the context of large-scale integration chips
[48, 53, 1]. When applied to the impedance matrix of a circuit rather than the admit-
tance matrix, Kron reduction is also referred to as the “shortage operator” [2, 3, 35].
Kron reduction is a standard tool in the power systems community to obtain station-
ary and dynamically-equivalent reduced models for power flow studies [58, 10, 61], or
in the reduction of di⇥erential-algebraic power network and RLC circuit models to
lower dimensional purely dynamic models [45, 52, 5, 18, 20]. A recent application of
Kron reduction is monitoring in smart power grids [17] via synchronized phasor mea-
surement units. Kron reduction is also crucial for reduced order modeling, analysis,

Schur complement
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Graph filtering interpretation of the algorithm:

Kron-reduced regularised Laplacian = Laplacian of Kron-reduced graph

Upsample coefficients as graph signal (set of weighted kroneckers):

f upsamp =
X

j2V1

↵⇤[j]�j
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Compute interpolation by filtering: 

f interp = g(L)f upsamp
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You can compress smooth feature fields and reconstruct them efficiently

7

to one over the number of vertices in the complete subgraph.
This class of graphs highlights two of the main weaknesses

of the Kron reduction: (i) it does not always preserve regular
structural properties of the graph; and (ii) it does not always
preserve the sparsity of the graph. We discuss an alternative
graph reduction method that does preserve the tree structure in
Section VI-D, and a sparsity enhancing modification in Section
IV-D.

5) k-Regular Bipartite Graphs: In [18], Narang and Ortega
consider connected and unweighted k-RBGs.8 They downsam-
ple by keeping one subset of the bipartition, and they construct
a new graph on the downsampled vertices V1 by linking
vertices in the reduced graph with an edge whose weight is
equal to the number of their common neighbors in the original
graph. If the vertices of the original graph are rearranged so
that all the vertices in V1 have smaller indices than all the
vertices in Vc

1 , the adjacency and Laplacian matrices of the
original graph can be represented as:

W =


0 W1

W
T
1 0

�
and L =

"
kIN

2
�W1

�W
T
1 kIN

2

#
. (11)

Then for all i, j 2 V1 (with i 6= j), the i, j
th entry of the

adjacency matrix of the reduced graph is given by

W
kRBG�reduced
ij (V1) = (W1W

T
1 )ij . (12)

They also show that

LkRBG�reduced(V1) = k
2
IN

2
�W1W

T
1. (13)

Now we examine the Kron reduction of k-RBGs. The Kron-
reduced Laplacian is given by:

LKron�reduced(V1) = LV1,V1 � LV1,V2L�1
V2,V2

LV2,V1

= kIN
2
� (�W1)(kIN

2
)�1(�W

T
1)

= kIN
2
� 1

k
W1W

T
1,

which is a constant factor 1
k times the reduced Laplacian (13)

of [18]. So, up to a constant factor, the Kron reduction is a
generalization of the graph reduction method presented in [18]
for the special case of regular bipartite graphs.

D. Graph Sparsification

As a consequence of property (K5), repeated Kron reduction
often leads to denser and denser graphs. We have already seen
this loss of sparsity in Section IV-C4, and this phenomenon
is even more evident in larger, less regular graphs. In addi-
tion to computational drawbacks, the loss of sparsity can be
important, because if the reduced graphs become too dense,
it may not effectively capture local connectivity information
that is important for processing signals on the graph. There-
fore, in many situations, it is advantageous to perform graph
sparsification immediately after the Kron reduction as part of
the overall graph reduction phase.

8Although [18] considers unweighted k-RBGs, the following statements
also apply to weighted k-RBGs if we extend the definition of the reduced
adjacency matrix (12) to weighted graphs.

Algorithm 1 Spectral Sparsification [30]
Inputs: G = {V, E ,W}, Q
Output: W0

1: Initialize W
0 = 0

2: for q = 1, 2, . . . , Q do

3: Choose a random edge e = (i, j) of E according to the
probability distribution

pe =
dRG (i, j)WijP

e=(m,n)2E
dRG (m,n)Wmn

4: W
0
ij = W

0
ij +

Wij

Qpe

5: end for

(a) (b) (c)

(d) (e) (f)

Fig. 5. Incorporation of a spectral sparsification step into the graph reduction.
(a)-(c) Repeated largest eigenvector downsampling and Kron reduction of a
sensor network graph. (d)-(f) The same process with the spectral sparsification
of [30] used immediately after each Kron reduction.

There are numerous ways to perform graph sparsification.
In this paper, we use a straightforward spectral sparsification
algorithm of Spielman and Strivastava [30], which is described
in Algorithm 1. This sparsification method pairs nicely with
the Kron reduction, because [30] shows that for large graphs
and an appropriate choice of the number of samples Q, the
graph Laplacian spectrum and resistance distances between
vertices are approximately preserved with high probability.
In Figure 5, we show an example of repeated downsampling
followed by Kron reduction and spectral sparsification.

E. Alternative Graph Reduction Methods

First, we mention some alternative graph reduction methods:
1) In [8], Narang and Ortega define a reduced graph via

the weighted adjacency matrix by taking W
(j+1) =�

[W(j)]2
�
V1,V1

. Here, [W(j)]2 represents the 2-hop ad-
jacency matrix of the original graph. The reduced Lapla-
cian can then be defined as L(j+1) = D

(j+1)�W
(j+1),

where D
(j+1) is computed from W

(j+1). However,
there are a number of undesirable properties of this
reduction method. First, and perhaps foremost, the re-
duction method does not always preserve connectivity.
Second, self-loops are introduced at every vertex in the
reduced graph. Third, vertices in the selected subset
that are connected by an edge in the original graph
may not share an edge in the reduced graph. Fourth,



Back to Spectral Clustering
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Given partially observed information at the nodes of a graph

?

Can we robustly and efficiently infer missing information ?

What signal model ?

Influence of the structure of the graph ?

How many observations ?

Compressive Spectral Clustering, Tremblay, Puy, Gribonval, VDG, ICML’16
Random sampling of band limited signals on graphs, ACHA 2015



Notations

k-bandlimited signals are smooth over the graph

xTLx =
X

i⇠j

wij(x[i]� x[j])2

=
X

k

�k|x̂k|2

k-bandlimited signals x 2 Rn

x̂ = U|xFourier coefficients

x = Ukx̂
k

x̂k 2 Rk

Uk := (u1, . . . ,uk) 2 Rn⇥k
first k eigenvectors only



Sampling Model
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p 2 Rn pi > 0 kpk1 =
nX

i=1

pi = 1

P := diag(p) 2 Rn⇥n

P(!j = i) = pi, 8j 2 {1, . . . ,m} and 8i 2 {1, . . . , n}

Draw independently m samples (random sampling) 

yj := x!j , 8j 2 {1, . . . ,m}

y = Mx



Sampling Model

11

kU|
k�ik2

kU|�ik2
=

kU|
k�ik2

k�ik2
= kU|

k�ik2

How much a perfect impulse can be concentrated on first k eigenvectors

Carries interesting information about the graph

Ideally: pi large wherever kU|
k�ik2 is large

Graph Coherence

⌫kp := max
16i6n

n
p�1/2
i kU|

k�ik2
o

⌫kp >
p
kRem:



Stable Embedding 
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Theorem 1 (Restricted isometry property). Let M be a random subsampling
matrix with the sampling distribution p. For any �, ✏ 2 (0, 1), with probability
at least 1� ✏,

(1� �) kxk22 6 1

m

���MP�1/2 x
���
2

2
6 (1 + �) kxk22 (1)

for all x 2 span(Uk) provided that

m > 3

�2
(⌫kp)

2 log

✓
2k

✏

◆
. (2)

MP�1/2 x = P�1/2
⌦ Mx Only need M, re-weighting offline

(⌫kp)
2 > k Need to sample at least k nodes

Proof similar to CS in bounded ONB but simpler since model is a subspace (not a union)



Stable Embedding 
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Sampling density that guarantees information is preserved

Corollary 1. Let M be a random subsampling matrix constructed with the sam-
pling distribution p⇤. For any �, ✏ 2 (0, 1), with probability at least 1� ✏,

(1� �) kxk22 6 1

m

���MP�1/2 x
���
2

2
6 (1 + �) kxk22

for all x 2 span(Uk) provided that

m > 3

�2
k log

✓
2k

✏

◆
.

Variable Density Sampling p⇤
i :=

kU|
k�ik

2
2

k
, i = 1, . . . , n

Rem: k can be estimated by eigencount = filtering random signals !

(Di Napoli et al, Efficient estimation of eigenvalue counts in an interval)

<latexit sha1_base64="0lvSP9nnoDGCXCJCFgHW6ixBfX4="></latexit>

⌫k =
p
N max

16i6N
{kUT

k �ik2}
p
k 6 ⌫k 6

p
N



Recovery Procedures (Inference)
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y = Mx+ n

x 2 span(Uk)

y 2 Rm

stable embedding

min
z2span(Uk)

���P�1/2
⌦ (Mz � y)

���
2

Standard Decoder

need projector
re-weighting for RIP



Recovery Procedures (Inference)
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y = Mx+ n

x 2 span(Uk)

y 2 Rm

stable embedding

Efficient Decoder:

min
z2Rn

���P�1/2
⌦ (Mz � y)

���
2

2
+ � z|g(L)z

soft constrain on frequencies

efficient implementation

one can construct an

optimal sampling distribution

from the graph only



Analysis of Efficient Decoder
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g(�k) = 0

Noiseless case:

kx⇤ � xk2 6 1p
m(1� �)

 
Mmax

s
g(�k)

g(�k+1)
+
p

�g(�k)

!
kxk2 +

s
g(�k)

g(�k+1)
kxk2

+ non-decreasing implies perfect reconstruction

choose � as close as possible to 0 and seek to minimise the ratio g(�k)/g(�k+1)

Otherwise:

Choose filter to increase spectral gap ?

Clusters are of course good

Noise: kP�1/2
⌦ nk2/ kxk2



Estimating the Optimal Distribution
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rb�k
= U diag(�1, . . . ,�k, 0, . . . , 0) U

| r = UkU
|
k r

Filter random signals with ideal low-pass filter:

E (rb�k
)2i = �|i UkU

|
k E(rr|) UkU

|
k�i = kU|

k�ik
2
2

p̃i :=

PL
l=1 (rlc�k

)2i
Pn

i=1

PL
l=1 (rlc�k

)2i

In practice, one may use a polynomial approximation of the ideal filter and:

L > C

�2
log

✓
2n

✏

◆

Need to estimate kU|
k�ik

2
2



Experiments
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Experiments
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unbalanced clusters



Experiments
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Experiments
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Keep 7% nodes of 
the non-local patch

graph



Compressive Spectral Clustering
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Clustering equivalent to recovery of cluster assignment functions

Well-defined clusters -> band-limited assignment functions!

Generate features by filtering random signals

by Johnson-Lindenstrauss ⌘ =
4 + 2�

✏2/2� ✏3/3
log n



Compressive Spectral Clustering
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Clustering equivalent to recovery of cluster assignment functions

Well-defined clusters -> band-limited assignment functions!

Generate features by filtering random signals

by Johnson-Lindenstrauss ⌘ =
4 + 2�

✏2/2� ✏3/3
log n

Use k-means on compressed data and feed into Efficient Decoder 

Each feature map is smooth, therefore keep

m > 6

�2
⌫2k log

✓
k

✏0

◆



Compressive Spectral Clustering
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k log k

log k
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Stationary graph signal processing 
(statistical “shift” invariance) 

Other developments

Filterbanks, wavelets and other transforms on graphs

but also sampling, compression …



Pattern Recognition and Machine 
Learning (in one slide)
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Schematically Machine Learning seeks to build a map from data x to decisions y

<latexit sha1_base64="p+L667tbP+amcPUsOAfJZxW09co="></latexit>

y = F(x) the output decision can be numerical, categorical, …

Not so long ago, this involved decomposing

<latexit sha1_base64="Jh1Ea81AuYKTTQGzUyRj9pdE6fE="></latexit>

F = Fdecision � Ffeatures
hand-crafted using domain knowledge

learnt from data

<latexit sha1_base64="c1nroCQZI74UlMucCZDURFaIIOM="></latexit>

F = Fdecision � Flayer n � · · · � Flayer 1 learnt from data !

The modern version (“AI revival”)



Neural Nets
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A (feed-forward) Neural Net is one possible feature extraction layer

<latexit sha1_base64="Y0puMbNB4SJKu+IFvXnbaSIMMyA="></latexit>

Fneural layer(x) = �(Wx+ b)

<latexit sha1_base64="SjP5U3KchxAwjxUWnkhdCX8MfiU="></latexit>

Fith neuron(x) = �(wT
i x+ bi)

weighted average of input

+ bias/offset

non-linear activation

NN layers can be stacked, 

with different parameters at each layer

= a multilayer (or deep) Neural Network



Convolutional Neural Nets
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“r
ec

ep
tiv

e 
fie

ld
”

{ The same set of weights is re-used in a translation invariant way

<latexit sha1_base64="jJWh6NQRbjy/bwzpAapAFjq+TKM="></latexit>

Fconv layer(x) = �(w ⇤ x+ b)

Motivations: Inductive bias for images, sound (translation invariance, …)

Computational efficiency (apply weights in effective manner)

Learning efficiency (weight sharing, O(1) parameters per layer)

works because input data is structured on regular grid



Graph Neural Nets (GNNs)
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Reminder: 
<latexit sha1_base64="Y0puMbNB4SJKu+IFvXnbaSIMMyA="></latexit>

Fneural layer(x) = �(Wx+ b)

Idea 1: work at the node level to compute local aggregators (permutation invariance)

          node features, edge features -> new node features

          output: node-level representations, graph-level representation

Idea 2: make computations scalable by weight sharing (“convolutional net”) 

neighbourhood of node i = “receptive field”

<latexit sha1_base64="d8R8+HaxbYZtPG/eawXt7QD5P1Y="></latexit>

Fith node(x) = �(wi
Tx+ bi)

should be independent of neighbourhood ???



Convolutional GNNs
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ChebNet - truly scalable GNNs

Generate GNNs that parameterised spectral graph filters
<latexit sha1_base64="Q5PzvnRvG9F4TB5tcJuEJvKonQg=">AAAGVHicnZRBb9MwFMe9jZYRYGzjyMWimjTQVDU9AJdJk8YkTqOb1m1SUyrHfUm9xU6wncGU5UNw4ch1fBY+ABLiq3DAyYpY6vQyS62e/v6957+fHftJxJTudH4tLC7dazTvLz9wHj56vPJkdW39WMWppNCncRTLU58oiJiAvmY6gtNEAuF+BCf++W4xf3IBUrFYHOnLBIachIIFjBJtpNHq+gnexn38duQdTUAT3P9wNFptdd </latexit>

W = UD⇥U
T #nodes shared free parameters Θ

<latexit sha1_base64="B2ioZ5BdFyBpXQRjNbYVOiebH/g=">AAAGXnicnZTPb9MwFMe9wcoIjP3gggQHi2pSh6aq6QG4TJo0TXBAo0zrNqkuleM4qbfYCbYzVKW58A/wb3CFP4H/ghv/BHecrIilTi+zlOjp6897fu/5h5dETOlO59fS8p27K417q/edBw/XHq1vbG6dqjiVhPZJHMXy3MOKRkzQvmY6oueJpJh7ET3zLg+K+bMrKhWLxYmeJHTIcShYwAjWRhptPDuDe7AP34zQyZhqDFvonX </latexit>

W = UG⇥(⇤)U
T

<latexit sha1_base64="PEzpaxmAq8RkIAsOkaKdXSgOmxQ=">AAAGUnicnZTPb9MwFMe9jZYRBnTjyMWimtShqWp6AC6TJk2TOKBRpv2Smqpy3JfUW+wE2ymasvwN/ANc4Q/hb+DCH8KFE05WxFKnl1lq9fT15z1//ezYTyKmdK/3a2V17UGj+XD9kfN448nTZ63NrTMVp5LCKY2jWF74REHEBJxqpiO4SCQQ7kdw7l8dFPPnM5CKxeJEXycw4iQULGCUaCONW61zvIcHY+9kCprgzvudcavd6/ </latexit>

W = P⇥(L)

<latexit sha1_base64="d8R8+HaxbYZtPG/eawXt7QD5P1Y=">AAAGpHicnZTNbhMxEMfdQkMbvlo4crGIilKoomwOfBwqVaqKOKASStNWyqaR1+vduF17F9vbD7l+Dl6JV+DKA3AFccK7TUU3Ti61tNLo79+MZ8beCbKEStVu/5ibv3N3oXZvcal+/8HDR4+XV57syzQXmPRwmqTiMECSJJSTnqIqIYeZIIgFCTkITraK/YNTIiRN+Z66yMiAoZjTiGKkrDRcDnyG1AijRL83Q02PfEXOlWBajc </latexit>

Fith node(x) = �(wi
Tx+ bi)

<latexit sha1_base64="lxdU3wi8mS4G67vELcDt+/pIg74="></latexit>

wi = [P⇥(L)]i
same parameters for all nodes

Special form, polynomial of shift operator

Parametric form with O(1) parameters Θ

U = eigenvectors of shift operator (Laplacian)

Convolutional Neural Networks on Graphs with Fast Localized Spectral Filtering, NeurIPS’16

https://arxiv.org/pdf/1606.09375.pdf


Convolutional GNNs
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GCN - Simplified architecture [Kipf & Welling, ICLR’17]

Key simplifications:
<latexit sha1_base64="2bSmhRsPC3DNWU4JlseHarYMpy8="></latexit>

Set �max = 2 so that

<latexit sha1_base64="gmjsEv6y5Lr/Y4kNNIJ6vDjuozA="></latexit>

L =
2L

�max
� I = �A

Use only linear filters (K=1)
<latexit sha1_base64="VdZHpvWNCcN838kYx2FR/RiEfp4="></latexit>

W = P⇥(A) = ✓(0)I� ✓(1)A
node 1-hop neighbours

Use same weights for nodes and their direct neighbours 
<latexit sha1_base64="0g2I75g+zvTUqpf7ATNcU8q746U="></latexit>

✓ = ✓(0) = �✓(1) ) FGCN(x) = �
�
Wx

�

= �
�
✓(I+A)x

�

= �
�
✓Ãx

�

Re-scale for stability
<latexit sha1_base64="buMA+Lc1slGIIAHp0YcysAmM7e4="></latexit>

Ã ! D�1/2ÃD�1/2

<latexit sha1_base64="hwYQWh8zP8eLdsFfjax+8XoGhPw="></latexit>

FGCN(x) = �
�
✓D�1/2(I+A)D�1/2x

�
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Reminder: The Graph Conv Layer

<latexit sha1_base64="PEzpaxmAq8RkIAsOkaKdXSgOmxQ="></latexit>

W = P⇥(L)
<latexit sha1_base64="d8R8+HaxbYZtPG/eawXt7QD5P1Y="></latexit>

Fith node(x) = �(wi
Tx+ bi)

<latexit sha1_base64="lxdU3wi8mS4G67vELcDt+/pIg74="></latexit>

wi = [P⇥(L)]i
<latexit sha1_base64="VrdYEXPAQ8n5a9PMNnAsY8we9a8="></latexit>

P⇥(L) =
K�1X

k=0

⇥kTk(L), where L = 2L/�max � I

Tk(x) = 2xTk�1(x)� Tk�2(x), T0(x) = 1, T1(x) = x
<latexit sha1_base64="a6l9D0zCfLD64lsWICvMnTIcQPA="></latexit><latexit sha1_base64="nXxIFQXTbWIYQns4ZRcQw5+yqA4=">AAACKnicbVDLagIxFM3Yl7Wv6WPXTagULKhMpNBuBEs3XVrwBSpDJmY0mHmQZIoy+D3d9Fe6cdEi3fZDmnFctNoDgXPOvZebe5yQM6ksa2FktrZ3dvey+7mDw6PjE/P0rCWDSBDaJAEPRMfBknLm06ZiitNOKCj2HE7bzvgxqbdfqJAs8BtqGtK+h4c+cxnBSlu2+dCwx4XJDazCCpzAhh2PS2iWGKVUVBJRhL2ilpamVbQSKJ2a5Gwzb5WtJeAmQSuSr124S9Rtc94bBCTyqK8Ix1J2kRWqfoyFYoTTWa4XSRpiMsZD2tXUxx6V/Xh56gxea2cA3UDo5yu4dH9PxNiTcuo5utPDaiTXa4n5X60bKfe+HzM/jBT1SbrIjThUAUxygwMmKFF8qgkmgum/QjLCAhOl001CQOsnb5JWpYysMnrWadyCFFlwCa5AASBwB2rgCdRBExDwCt7BB/g03oy5sTC+0taMsZo5B39gfP8Aauaivw==</latexit><latexit sha1_base64="nXxIFQXTbWIYQns4ZRcQw5+yqA4=">AAACKnicbVDLagIxFM3Yl7Wv6WPXTagULKhMpNBuBEs3XVrwBSpDJmY0mHmQZIoy+D3d9Fe6cdEi3fZDmnFctNoDgXPOvZebe5yQM6ksa2FktrZ3dvey+7mDw6PjE/P0rCWDSBDaJAEPRMfBknLm06ZiitNOKCj2HE7bzvgxqbdfqJAs8BtqGtK+h4c+cxnBSlu2+dCwx4XJDazCCpzAhh2PS2iWGKVUVBJRhL2ilpamVbQSKJ2a5Gwzb5WtJeAmQSuSr124S9Rtc94bBCTyqK8Ix1J2kRWqfoyFYoTTWa4XSRpiMsZD2tXUxx6V/Xh56gxea2cA3UDo5yu4dH9PxNiTcuo5utPDaiTXa4n5X60bKfe+HzM/jBT1SbrIjThUAUxygwMmKFF8qgkmgum/QjLCAhOl001CQOsnb5JWpYysMnrWadyCFFlwCa5AASBwB2rgCdRBExDwCt7BB/g03oy5sTC+0taMsZo5B39gfP8Aauaivw==</latexit><latexit sha1_base64="/GhBociNOd6+lizNdIil59mwbzo=">AAACKnicbVDLSgMxFM34rPU16tJNsAgV2jIpgm4KFTcuK/QF7TBk0rQNzTxIMtIy9Hvc+CtuulCKWz/ETGcW2nohcM6593BzjxtyJpVlLY2t7Z3dvf3cQf7w6Pjk1Dw7b8sgEoS2SMAD0XWxpJz5tKWY4rQbCoo9l9OOO3lM+p0XKiQL/KaahdT28MhnQ0aw0pJjPjSdSXF6A2uwCqew6cSTMponQjkl1YSUYL+kqaVhDWUEpa5p3jELVsVaFdwEKAMFkFXDMRf9QUAij/qKcCxlD1mhsmMsFCOczvP9SNIQkwke0Z6GPvaotOPVqXN4rZUBHAZCP1/BlfrbEWNPypnn6kkPq7Fc7yXif71epIb3dsz8MFLUJ+miYcShCmCSGxwwQYniMw0wEUz/FZIxFpgonW4SAlo/eRO0qxVkVdCzVajfZnHkwCW4AkWAwB2ogyfQAC1AwCt4Bx/g03gzFsbS+EpHt4zMcwH+lPH9A8NgoAc=</latexit>

Chebychev polynomials:

Therefore:
<latexit sha1_base64="dmZlr4PnpiXFeGkhXuvKy46hXCE="></latexit>

Wx = [P⇥(L)]x

=
K�1X

k=0

⇥kTk(L)x recursively passing messages between nodes
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<latexit sha1_base64="dmZlr4PnpiXFeGkhXuvKy46hXCE="></latexit>

Wx = [P⇥(L)]x

=
K�1X

k=0

⇥kTk(L)x

<latexit sha1_base64="FiBaTKwaCpNGGPcXBcfEoZhpqBo="></latexit>

(Lx)i =
2

�max

0

@dixi �
X

j2N (i)

aijxj

1

A� xi

= m(i ! i) +
X

j2N (i)

m(j ! i)

x1

x2

x3 x4

a12

a13 a14
x1

x2

x3 x4

m(2 → 1)

m(3 → 1) m(4 → 1)

m(1 → 1)

x1

x2

x3 x4

a12

a13 a14

K=0K=1
K=2



No Graphs ? No Problem ! 
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Features span a low dimensional manifold

But often a more accurate statement is:

There are structured high-density regions in feature space

Sometimes the graph is a proxy for the “manifold hypotheses”:
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<latexit sha1_base64="RYY1scjAcFp63gfgcSaPoPweUWs="></latexit>

Tkf(x) =

Z

Rd

p(y)dy k(x, y)f(y)

Kernel Operators

<latexit sha1_base64="09c1LSyHZwgqYWscPiSmasib2yU="></latexit>

hf, giHp =

Z

Rd

p(y)dyf⇤(y)g(y).

Consider  endowed with the probability distribution p(x). 

 the corresponding Hilbert space:

ℝd

ℋp

<latexit sha1_base64="HE+3EPU97GVwGkUH0q07ftJLBAw="></latexit>

Let k : Rd ⇥ Rd ! R be a Mercer kernel

<latexit sha1_base64="pUmltGdtoJkh7HyYWXYJng2C1ow="></latexit>

Tkf(x) =
X

i

ui(x)
n
�if̂ [i]

o <latexit sha1_base64="cgtQGckFZFqLJkpWozgU44zNbnE="></latexit>

g
�
Tk

�
f(x) =

X

i

ui(x)
n
g(�i)f̂ [i]

o

<latexit sha1_base64="8G1wX5JBe73djKpwi8OIx9Z/Ph8="></latexit>

Tkui(x) = �iui ) f̂ [i] = h�i, fiHp
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Sketching kernels for density filters

<latexit sha1_base64="7bB7fBOsc02bx6bhzLzbhfaq3Pg="></latexit>

Z(x) =
1p
D

[z!1(x), . . . , z!D (x)] , !k ⇠ i.i.d. k̂(!)
<latexit sha1_base64="ERSqW/TBV7FB47zg93x1ASK+OmI="></latexit>

where z!(x) = ej!
T x

<latexit sha1_base64="+mkwxJOnEZrZQIEpI8EA383BODQ="></latexit>

ZH(x)Z(y) =
1

D

DX

k=1

z!k(x)z!k(y) ' k(x� y)

<latexit sha1_base64="CDwcF5PLaVa84KYDmURGx4IBJ2M="></latexit>

RFF matrix Z = [Z(x1), . . . ,Z(xN )] 2 RD⇥N
<latexit sha1_base64="IpQVGumk9A9qsRMuEBL4CToA1Fs=">AAACC3icbVC7SgNBFJ2Nr7i+Vi1thgTBKuwGURsxYBOwiWAemF3D7GQ2GTKzu87MCmFJb+NX2NtYRMTWH7AR/8bJo4iJBwbOnHMv997jx4xKZds/RmZpeWV1Lbtubmxube9Yu3s1GSUCkyqOWCQaPpKE0ZBUFVWMNGJBEPcZqfu9y5FffyBC0ii8Uf2YeBx1QhpQjJSWWlbO5Uh1MWLp7eCuDGd+0JWUk3t41bLydsEeAy4SZ0ryF0PzPH7+Nist68ttRzjhJFSYISmbjh0rL0VCUczIwHQTSWKEe6hDmpqGiBPppeNbBvBQK20YREK/UMGxOtuRIi5ln/u6crSrnPdG4n9eM1HBmZfSME4UCfFkUJAwqCI4Cga2qSBYsb4mCAuqd4W4iwTCSsdn6hCc+ZMXSa1YcE4Kx9d2vlQEE2TBAciBI+CAU1ACZVABVYDBI3gBQ/BmPBmvxrvxMSnNGNOeffAHxucvEJ6eAQ==</latexit>

ZHZ ' K

<latexit sha1_base64="TVYAeWSzhDgIwAuO3Y4PuMdFuRc=">AAACInicbVDLSsNAFJ3UV62vqEs3g0VwVZIiPhZiwS66EarYBzZtmUwn7dDJJMxMhBLyLW78FTcuFHUl+AP+hdPGRW09cOFwzr3ce48bMiqVZX0amYXFpeWV7GpubX1jc8vc3qnLIBKY1HDAAtF0kSSMclJTVDHSDAVBvstIwx1ejv3GPRGSBvxWjULS9lGfU49ipLTUNc+u4Dl0fKQGGLH4LpnmnQp0KE8V141vkk5cho6iPpGwnHTNvFWwJoDzxP4l+Ytvb4Jq13x3egGOfMIVZkjKlm2Fqh0joShmJMk5kSQhwkPUJy1NOdJ72vHkxQQeaKUHvUDo4gpO1OmJGPlSjnxXd47PlbPeWPzPa0XKO23HlIeRIhyni7yIQRXAcV6wRwXBio00QVhQfSvEAyQQVjrVnA7Bnn15ntSLBfu4cHRt5UtFkCIL9sA+OAQ2OAElUAFVUAMYPIAn8AJejUfj2XgzPtLWjPE7swv+wPj6AUTjpyk=</latexit>

M = ZZH 2 RD⇥D
<latexit sha1_base64="0/zhPlj6SolN2wo/sPgaDi+zb2M="></latexit>

g( eK) = ZHhg(M)Z

Note that RFF is like a neural net: Linear layer (random weights), point wise non-lin.
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<latexit sha1_base64="0/zhPlj6SolN2wo/sPgaDi+zb2M="></latexit>

g( eK) = ZHhg(M)Z

A funny point of view …

RFF can be seen as a “data driven” transformation
It maps to a data/kernel driven “Fourier” domain

“Fourier coefficients” of the data can be manipulated

Example: density condensation, apply filter to data coordinates, update density
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Unsupervised, semi-supervised, supervised ML revisited 

Class 1
Class 2

Low density 
bottleneck

Label function must be smooth over data

(Dirichlet kernel semi-norm)

<latexit sha1_base64="49uhrHEeHgeGwEGdJB+1u5sPh18=">AAACInicbZDJSgNBEIZrXOO4RT16aQyCIISZgNtBEJQgeFHMImbGoafTSRp7Frp7xDDJs3jxVbx4UNST4MPYmQRcf2j4+aqK6vr9mDOpLOvdGBufmJyazs2Ys3PzC4v5peWajBJBaJVEPBIXPpaUs5BWFVOcXsSC4sDntO5fHw7q9RsqJIvCiurG1A1wO2QtRrDSyMvvmU6Ab70yOveOnLTs9NE+GpHyVQWdeEeo/IWc3mUGnN5VycsXrKKVCf019sgUDjYh06mXf3WaEUkCGirCsZQN24qVm2KhGOG0bzqJpDEm17hNG9qGOKDSTbMT+2hdkyZqRUK/UKGMfp9IcSBlN/B1Z4BVR/6uDeB/tUaiWrtuysI4UTQkw0WthCMVoUFeqMkEJYp3tcFEMP1XRDpYYKJ0qqYOwf598l9TKxXt7eLWmU6jNEwDcrAKa7ABNuzAARzDKVSBwB08wBM8G/fGo/FivA1bx4zRzAr8kPHxCYp7oJo=</latexit>

max
F

SD{F} = max
F

FTKDF = max
F

kZDFk2

Just like spectral clustering, but defined at 
any data point (via the kernel)

Reverse perspective: select a parametric feature extractor  (neural net, …)Zθ(x)

Implicit kernel: Kθ = ZθZT
θ

With labeled data :(xi, F(xi))
<latexit sha1_base64="r64VCtKRH6KRNTDdJIlw4hLvcZc=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMFSEIQyU/CyLAjqsoK9YKeWTJq2oZkLyRmxjN258SF8gW5cKOLWV3Cjvo3pRdDWHwJf/nMOyfndUHAFlvVlJGZm5+YXkouppeWV1TVzfaOkgkhSVqSBCGTFJYoJ7rMicBCsEkpGPFewsts5HtTL10wqHvgX0A1ZzSMtnzc5JaCturnteOSm7kCbAcHOLb784RN9u8rVzbSVtYbC02CPIZ3fO+1nPj8eCnXz3WkENPKYD1QQpaq2FUItJhI4FayXciLFQkI7pMWqGn3iMVWLh3v0cEY7DdwMpD4+4KH7eyImnlJdz9WdHoG2mqwNzP9q1QiaR7WY+2EEzKejh5qRwBDgQSi4wSWjILoaCJVc/xXTNpGEgo4upUOwJ1eehlIuax9k9891Gjk0UhJtoR20i2x0iPLoDBVQEVF0h/roCT0b98aj8WK8jloTxnhmE/2R8fYNtn6cPg==</latexit>

max
✓

kZ✓Fk2


