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SP on Graphs Cheat Sheet

x € R™ a (scalar valued) signal

L € R™*"™

L = UAUT
Y N

Graph Fourier Frequencies

g(L) = Ug(A)UT
g(L)z
g(L)x(k) = g(\r) (k)

Laplacian

> —A

> —A=F'w'F

Filter and Filtering




Previously on GSP

Eigen decomposition of Laplacian reveals structure of graph
Ingredient: Smoothness of feature vectors (smooth partition signals)

Understand, analyse, process graph signals. Graph filters.

Crafting specific features, de-noising, interpolating missing features ...
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Summary: LOVE is all you need

Laplacian Orthogonal eigenVEctors



A simple interpolation example

Basic interpolation problem (missing features)
Vertex set is split into v = v U g

Observe samples fy, of underlying feature map

—» Interpolate to recover missing features (transductive learning)

Slmple model: finterp - Z CV[]]QDJ = i’\ha E = L -+ EI
EV1
’ V-1 1
0i = Tjg = g(L)d; = Ulg(A)]U"S; = ) ——ui(j)us
£=0

Regularized Green's functions L¢; = §;

— — — 1 —
fy, = @y, p, . e = [Lvl,vl — Ly, ye (Lvlc,vlc) Lvlc,vl] fy,

Simplified version of Pesenson’s variational spline interpolation



Coarsening by Kron Reduction

In order to iterate the construction, we need to construct a graph on the
reduced vertex set.

A, = Alo,a] — Ao, a)A(a, 0) A, af

Schur complement

Kron reduction

N

1.0
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1.0 1.0

@ Dorfler et al., ArXiV, 2011
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A simple interpolation example

Graph filtering interpretation of the algorithm:

_ — — 1 —
o = |Ly, v, — Ly, ye (Lye pe)  Lye p, | £y,
1 1 1 1

Kron-reduced regularised Laplacian = Laplacian of Kron-reduced graph

Upsample coefficients as graph signal (set of weighted kroneckers):

f upsamp = Z oz*[j]dj

JEVL

Compute interpolation by filtering:

f interp — g(f)f upsamp

You can compress smooth feature fields and reconstruct them efficiently



Back to Spectral Clustering

Compressive Spectral Clustering, Tremblay, Puy, Gribonval, VDG, ICML 16
Random sampling of band limited signals on graphs, ACHA 2015

Given partially observed information at the nodes of a graph

Can we robustly and efficiently infer missing information 7
What signal model ?
How many observations 7

Influence of the structure of the graph 7




Notations

k-bandlimited signals xr e R"
Fourier coefficients C& = UTiL'
- 2 k A
r = Uiz #F e R”

Xk
Uk = (U1, c ooy Uk) c Rn first k eigenvectors only

k-bandlimited signals are smooth over the graph

e = ) wy(z[i] — o[j))’
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Sampling Model

peR” p;>0 Ipl, =) pi=1
P .= diag(p) € R"*"

Draw independently m samples (random sampling)

Plw; =14) =p;, Vje{l,...,m}and Vie{l,...,n}

Y, ::wwj, V]E{l,,m}
y = Mx

10




Sampling Model

IUgdill, _ [1UZdill,
|UT6;]], 105

= [[Ugdill,

How much a perfect impulse can be concentrated on first k eigenvectors

Carries interesting information about the graph

Ideally:  p; large wherever ||U;d;||, is large

Graph Coherence
v = max {p;"? |U]oll, }



Stable Embedding

Theorem 1 (Restricted isometry property). Let M be a random subsampling

matriz with the sampling distribution p. For any 6,e¢ € (0,1), with probability
at least 1 — €,

1—6 2 o L yp-172 2<1 5 2 1
( )val\g\m x 2\( +0) ||z ||5 (1)

for all € span(Uy) provided that

3 2k
m 5 0 g (). @)
MP—1/2 o = Pgl/zl\/lw Only need M, re-weighting offline
(Vﬁ)Q >k Need to sample at least k£ nodes

Proof similar to CS in bounded ONB but simpler since model is a subspace (not a union)

12



Stable Embedding

Sampling density that guarantees information is preserved

UT8:1;
Variable Density Sampling p;‘ — M, 7 = 1, cey T
k

Corollary 1. Let M be a random subsampling matriz constructed with the sam-
pling distribution p*. For any 6,¢ € (0,1), with probability at least 1 — ¢,

1 B 2
(1=0) 2]} < —||MP2 2| < (1+0)]l}

for all x € span(Uy) provided that v = VN max (U762} VE<w < VN

3 2k
m}Eklog(—).

€

Rem: k can be estimated by eigencount = filtering random signals ! »

(Di Napoli et al, Efficient estimation of eigenvalue counts in an interval)



Recovery Procedures (Inference)

y=Mx+n y € R™

T € Span(U k;) stable embedding

Standard Decoder

min ‘P51/2(Mz—y)H
2

zespan(Uy) \

re-weighting for RIP

need projector

14



Recovery Procedures (Inference)

y=Mzx+n y € R™

T € Span(U k;) stable embedding

Efficient Decoder:

2
min { z—y)H +7
zeR™ 2
one can construct an soft constrain on frequencies

optimal sampling distribution efficient implementation

from the graph only

15



Analysis of Efficient Decoder

Noiseless case:

*

1 g()\k) g(Ak) T
|z* — x|, < m(l—0) (Mmax m + ’Y9(>\k)> |y + \/ _9(—>\k+1) [al

g(Ar) = 0 + non-decreasing implies perfect reconstruction

Otherwise:

choose 7y as close as possible to 0 and seek to minimise the ratio g(Ag)/g(Ag+1)

Choose filter to increase spectral gap 7

Clusters are of course good

. —1/2
Noise: 1P / nll2/ ||z,

16



Estimating the Optimal Distribution

Need to estimate HU;&H%

Filter random signals with ideal low-pass filter:

Ty, = Udiag(Ar,...;A,0,...,0) UTr = UgU[ 7

E (76, )7 = 87URUL E(rrT) UxULd; = |ULJ; ||2

In practice, one may use a polynomial approximation of the ideal filter and:

Zl 1( Ckk)
Zz 1Zl 1( Ckk)

C 2n
L > 52log( )

€

B =

17



Optimal sampling

Estimated sampling

Community graph C5 - k = 10

Experiments

Bunny graph - k£ = 100

Minnesota graph - k = 100

18



Experiments

Community graph
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Experiments

Bunny - £ = 100

= 100

Minnesota - k

Bunny - £ =10
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Minnesota - k
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Experiments

Reconstructed (sampling with p)

Original

~ Reconstructed (sampling with )

21



Compressive Spectral Clustering

Clustering equivalent to recovery of cluster assignment functions

Well-defined clusters -> band-limited assignment functions!

Generate features by filtering random signals

442
= €2/2 —e3/3

by Johnson-Lindenstrauss

logn



Compressive Spectral Clustering

Clustering equivalent to recovery of cluster assignment functions

Well-defined clusters -> band-limited assignment functions!

Generate features by filtering random signals

442
= €2/2 —e3/3

by Johnson-Lindenstrauss

logn

Each feature map is smooth, therefore keep
LA b
m = 5—2 V. 108 g

Use k-means on compressed data and feed into Efficient Decoder

23



Compressive Spectral Clustering

recovery pesformance for k=20; e=¢ /8; and Lrec

39
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Other developments

Filterbanks, wavelets and other transforms on graphs

iilwwﬁt % iw? 252 2

<

R N N - -
21 1.5 1 3 4 4 3 5 0

il 4 4 € € ¢

Stationary graph signal processing

.
2

(statistical “shift” invariance)

Signal 1 Signal 2
L °
’80‘ l% St.g‘.. :.
E':o.?.o u,‘::'. ()
ofes ofos
Signal 3 Signal 4 but also sampling, compression ...
8.0 3:&“ °
.‘.' 3 @ o‘: ee
LR o.f [
‘e ...o @



Pattern Recognition and Machine
Learning (in one slide)

Schematically Machine Learning seeks to build a map from data x to decisions y

y = F(x) the output decision can be numerical, categorical, ...

Not so long ago, this involved decomposing

F :E'rdecisioao(/__.featureg ) .
hand-crafted using domain knowledge

learnt from data

The modern version (“Al revival”)

F - O F O o O F
decision layer n layer 1 learnt from data ! 26




Neural Nets

A (feed-forward) Neural Net is one possible feature extraction layer

_ T weighted average of input ' Q
Fith neuron (aj) - U(wi T+ bl) -+ bias/offset C)g//'( \Q‘J}Pm
S

AN
non-linear activation C/////' " />~,,,//
XN )8
Q/// \\,//
Frneural layer(x) — O'(WZU + b) \Q

NN layers can be stacked, (E /O
with different parameters at each layer O\ CK

= a multilayer (or deep) Neural Network O



“receptive field”

Convolutional Neural Nets

{ I O The same set of weights is re-used in a translation invariant way

JT"conv layer<33) — O(w * T+ b)

Motivations: Inductive bias for images, sound (translation invariance, ...)

works because input data is structured on regular grid

Computational efficiency (apply weights in effective manner)

Learning efficiency (weight sharing, O(1) parameters per layer)

28



Graph Neural Nets (GNNs)

Reminder: Fpeural layer(€) = o(Wz + D)

Idea 1: work at the node level to compute local aggregators (permutation invariance)
node features, edge features -> new node features

output: node-level representations, graph-level representation

Idea 2: make computations scalable by weight sharing (‘“convolutional net”)

.
s Fith node() = o(w; 'z 4 b;)
e Q neighbourhood of node i = “receptive field”
should be independent of neighbourhood 777

29
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Convolutional GNNs

ChebNet - truly scalable GNNs
Convolutional Neural Networks on Graphs with Fast Localized Spectral Filtering, NeurIPS’16

Generate GNNs that parameterised spectral graph filters

W =UDgU?" #nodes shared free parameters ©

U = eigenvectors of shift operator (Laplacian)

W =UGe(A)U" Parametric form with O(1) parameters ©
W = Pe(L) Special form, polynomial of shift operator

Fitn node(x) = o(wi" x4+ b;)  w; = [Po(L)],

same parameters for all nodes



https://arxiv.org/pdf/1606.09375.pdf

Convolutional GNNs

GCN - Simplified architecture [Kipf & Welling, ICLR’17|
2L

max

—I=-A

Key simplifications: Set Apax = 2 so that L =

Use only linear filters (K=1) W = Po(A) =001 -0 4

node 1-hop neighbours

Use same weights for nodes and their direct neighbours
f =00 =00 = Foon(z) = oc(Wz)
=o(6(I+ A)z)
= 0(92133)
Re-scale for stability A — D=1/24p—1/2
Faon(z) = (0D Y[+ A)D~V/2x) .



Message Passing GNNs

Reminder: The Graph Conv Layer

W = P@(L) ‘Fith node(x) — O-(wiTx + bl) Wi = [P@(L)]
K—1

Po(L) =) ©4Tk(L), where L = 2L/Amax — I
k=0

Chebychev polynomials: Ty (x) = 2xTk_1(x) — Tr—o(x), To(x) =1, Ti(z) = x

Therefore:  Wax = [Pg(L)]x

K-1
— E OJT}. (f) x| recursively passing messages between nodes
k=0 32



Message Passing GNNs

2

(ZZL')@ = (dzxz — Z Qg5 5

=m(i—i)+




No Graphs ? No Problem !

Sometimes the graph is a proxy for the “manifold hypotheses.’:;,

f.. . "\""‘;o h

Features span a low dimensional manifold X M‘:‘Jg iz
~ '*3-‘ b
.., o

¢ Ve .u’o-':' ¢

But often a more accurate statement is:

There are structured high-density regions in feature space

34



No Graphs 7

Kernel Operators

Consider R? endowed with the probability distribution p(z).
# , the corresponding Hilbert space:

o 9)n, = /dp(y)dyf*(y)g(y)-
R
Let k: R% x R — R be a Mercer kernel

Tef(z) = / Pk @)  Tle) = 0w = flil = (61, f),

Ty f(x Zuz {Ozf } 9(Tk) f(z) = Zuz(x) {Q(Uz)f[z]}

35



Sketching kernels for density filters

Z(z) = % 20, ()5 -0, Zwp (2)] 5 wie ~ 1id. l%(w) where z,(z) = piw’ @
ZM(x)Z(y) = % Zgwk ()20, (y) = k(z — y)
k=1

RFF matrix Z = [Z(z1),...,Z(zy)] e RPN zHz LK

~

H DxD
M = ZzZ" ¢ RV~ g(K)=Z"h,(M)Z

Note that RFF is like a neural net: Linear layer (random weights), point wise non-lin.



A funny point of view ...

~

g(K)=Z"h,(M)Z RFF can be seen as a “data driven” transformation
It maps to a data/kernel driven “Fourier” domain

“Fourier coefficients” of the data can be manipulated

Example: density condensation, apply filter to data coordinates, update density

-~ | [




Unsupervised, semi-supervised, supervised ML revisited

Label function must be smooth over data

(Dirichlet kernel semi-norm)

max Sp{F} = max F" KpF = max||ZpF||*

Just like spectral clustering, but defined at

Low density
bottleneck

any data point (via the kernel)

Reverse perspective: select a parametric feature extractor Zy(x) (neural net, ...)
Implicit kernel: K, = ZQZQT
With labeled data (x;, F(x;)): max | Zo F||?



