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Previous Episode
2

Eigen decomposition of Laplacian reveals structure of graph

Spectral Clustering: Exploit eigenvectors to identify communities

Ingredient: Smoothness of feature vectors (smooth partition signals)

Eigenmaps: Exploit eigenvectors to compute low-dimensional embeddings

Ingredient: Smoothness of coordinate maps

create models of smooth graph signals and  
operators to manipulate them (GSP)

Today



A Few Laplacian Eigenvectors
3



Functional calculus for symmetric matrices

Functional calculus
4

Symmetric matrices admit a functional calculus

Use spectral theorem on powers, get to polynomials, …

It will be useful to manipulate functions of the Laplacian

polynomials

f(L), f : R 7! R

Lku` = �k
`u`

f(L) =
X

`2S(L)

f(�`)u`u
t
`



Graph Fourier Transform
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f̂ [`] = uT
l f
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f̂ [`] =
X

i2V

f [i]u`[i]
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f =
X

`

f̂ [`]u`

GFT of a graph signal
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Incorporation of the Underlying Graph Connectivity 5

For notions of global smoothness, the discrete p-Dirichlet
form of f is defined as

Sp(f) :=
1

p

X

i2V

kOifkp2 =
1

p

X

i2V

2

4
X

j2Ni

Wi,j [f(j)� f(i)]2

3

5

p
2

.

(5)

When p = 1, S1(f) is the total variation of the signal with
respect to the graph. When p = 2, we have

S2(f) =
1

2

X

i2V

X

j2Ni

Wi,j [f(j)� f(i)]2

=
X

(i,j)2E

Wi,j [f(j)� f(i)]2 = fTLf . (6)

S2(f) is known as the graph Laplacian quadratic form [17],
and the semi-norm kfkL is defined as

kfkL := kL 1
2 fk2 =

p
fTLf =

p
S2(f).

Note from (6) that the quadratic form S2(f) is equal to zero
if and only if f is constant across all vertices (which is why
kfkL is only a semi-norm), and, more generally, S2(f) is small
when the signal f has similar values at neighboring vertices
connected by an edge with a large weight; i.e., when it is
smooth.

Returning to the graph Laplacian eigenvalues and eigen-
vectors, the Courant-Fischer Theorem [35, Theorem 4.2.11]
tells us they can also be defined iteratively via the Rayleigh
quotient as

�0 = min
f2RN

kfk2=1

{fTLf} , (7)

and �` = min
f2RN

kfk2=1
f?span{u0,...,u`�1}

{fTLf} , ` = 1, 2, . . . , N � 1, (8)

where the eigenvector u` is the minimizer of the `th prob-
lem. From (6) and (7), we see again why u0 is constant
for connected graphs. Equation (8) explains why the graph
Laplacian eigenvectors associated with lower eigenvalues are
smoother, and provides another interpretation for why the
graph Laplacian spectrum carries a notion of frequency.

Example 1 in the box below demonstrates the importance of
incorporating the underlying graph structure when processing
signals on graphs.

F. Other Graph Matrices
The basis {u`}`=0,1,...,N�1 of graph Laplacian eigenvectors

is just one possible basis to use in the forward and inverse
graph Fourier transforms (3) and (4). A second popular option
is to normalize each weight Wi,j by a factor 1p

didj
. Doing so

leads to the normalized graph Laplacian, which is defined as
L̃ := D�

1
2LD�

1
2 , or, equivalently,

(L̃f)(i) = 1p
di

X

j2Ni

Wi,j

"
f(i)p
di

� f(j)p
dj

#
.

G1

λ

f̂ λ( )

G2

λ

f̂ λ( )

G3

λ

f̂ λ( )

Example 1 (Importance of the underlying graph):
In the figure above, we plot the same signal f on
three different unweighted graphs with the same set
of vertices, but different edges. The top row shows the
signal in the vertex domains, and the bottom row shows
the signal in the respective graph spectral domains.

The smoothness and graph spectral content of the
signal both depend on the underlying graph structure.
In particular, the signal f is smoothest with respect
to the intrinsic structure of G1, and least smooth with
respect to the intrinsic structure of G3. This can be seen
(i) visually; (ii) through the Laplacian quadratic form,
as fTL1f = 0.14, fTL2f = 1.31, and fTL3f = 1.81;
and (iii) through the graph spectral representations,
where the signal has all of its energy in the low
frequencies in the graph spectral plot of f̂ on G1, and
more energy in the higher frequencies in the graph
spectral plot of f̂ on G3.

The eigenvalues {�̃`}`=0,1,...,N�1 of the normalized graph
Laplacian of a connected graph G satisfy

0 = �̃0 < �̃1  . . .  �̃max  2,

with �̃max = 2 if and only if G is bipartite; i.e., the set of
vertices V can be partitioned into two subsets V1 and V2 such
that every edge e 2 E connects one vertex in V1 and one vertex
in V2. We denote the normalized graph Laplacian eigenvectors
by {ũ`}`=0,1,...,N�1. As seen in Figure 3(b), the spectrum of
L̃ also carries a notion of frequency, with the eigenvectors
associated with higher eigenvalues generally having more zero
crossings. However, unlike u0, the normalized graph Laplacian
eigenvector ũ0 associated with the zero eigenvalue is not a
constant vector.

The normalized and non-normalized graph Laplacians are
both examples of generalized graph Laplacians [36, Section
1.6], also called discrete Schrödinger operators. A generalized
graph Laplacian of a graph G is any symmetric matrix whose
i, jth entry is negative if there is an edge connecting vertices
i and j, equal to zero if i 6= j and i is not connected to j, and
may be anything if i = j.

A third popular matrix that is often used in dimensionality-
reduction techniques for signals on graphs is the random walk
matrix P := D�1W. Each entry Pi,j describes the probability
of going from vertex i to vertex j in one step of a Markov
random walk on the graph G. For connected, aperiodic graphs,
each row of Pt converges to the stationary distribution of

Recall, a signal is smooth with respect to the intrinsic structure of its
underlying graph

Similarly, the graph spectral content also depends on the underlying graph

David Shuman Signal Processing on Graphs February 11, 2013 21 / 35



Graph Fourier Transform
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µ := max
`,i

|hu`, �ii| 2
h 1p

N
, 1
h

What does that mean ??

Eigenvectors of modified path graph

Optimal - Fourier case

Graph coherence



Example: Diffusion on Graphs
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Consider the following « heat » diffusion model
@

@t
f̂(`, t) = ��`f̂(`, t) f̂(`, 0) := f̂0(`)

f̂(`, t) = e�t�` f̂0(`) by spectral theorem

Explicitly: 

e�tL[i, j] =
X

`

e�t�`u`(i)u`(j)

e�tL =
X

`

e�t�`u`u
t
`

f(i) =
X

j2V

X

`

e�t�`u`(i)u`(j)f0(j)

=
X

`

e�t�`u`(i)
X

j2V

u`(j)f0(j)

=
X

`

e�t�` f̂0(`)u`(i)

<latexit sha1_base64="vsDLC15yGWj/FOomuCqjxUhLOcs="></latexit>

@f

@t
= �Lf

<latexit sha1_base64="nwMpwYLrDasOGeMogK9wciW+mPw="></latexit>

f = e�tLf0



Example: Diffusion on Graphs
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examples of heat kernel on graph

f0(j) = �k(j)

f(i) =
X

`

e�t�` f̂0(`)u`(i)

=
X

`

e�t�`u`(k)u`(i)



Diffusion = Gradient Flow
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Dirichlet semi-norm characterises smoothness

Gradient flow:
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D(f) =
1

2
kST fk22

<latexit sha1_base64="IZCpC30n0w7Sj9WvEgjZMhaTIVI="></latexit>

�uD(f) = hu,rD(f)i
= hu,Lfi

<latexit sha1_base64="vsDLC15yGWj/FOomuCqjxUhLOcs="></latexit>

@f

@t
= �Lf

Using our definition of gradient:

Local variation

Total variation

<latexit sha1_base64="3twwXrsXdsSyJS2AyzP/aa5xrTI="></latexit>

ruf =
�
ST f(u, v), 8v ⇠ u

 

<latexit sha1_base64="XOvMTBMtDe553EX1cY4+FkzeLvc="></latexit>

krufk2 =

sX

v⇠u

|ST f(u, v)|2

<latexit sha1_base64="ea2zQfcTmQ1V2ufckT9RiYdIeCI="></latexit>

|f |TV =
X

u2V

krufk2 =
X

u2V

sX

v⇠u

|ST f(u, v)|2



Simple De-Noising Example
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Suppose a smooth signal f on a graph
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kST fk22  M , f tLf  M
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Simple De-Noising Example
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Filtering:

2

function that assigns a non-negative weight to each edge. An
equivalent representation is G = {V, E ,W}, where W is a
N ⇥N weighted adjacency matrix with non-negative entries

Wij =

(
w(e), if e 2 E connect vertices i and j

0, if no edge connects vertices i and j
.

In unweighted graphs, the entries of the adjacency matrix W

are ones and zeros, with a one corresponding to an edge
between two vertices and a zero corresponding to no edge.
The degree matrix D is a diagonal matrix with an i

th diagonal
element Dii = di =

P
j2Ni

Wij , where Ni is the set of
vertex i’s neighbors in G. Its maximum element is dmax :=
maxi2V{di}. We denote the combinatorial graph Laplacian
by L := D � W, the normalized graph Laplacian by L̃ :=
D

� 1
2LD� 1

2 , and their respective eigenvalue and eigenvector
pairs by {(�`,u`)}`=0,1,...,N�1 and {(�̃`, ũ`)}`=0,1,...,N�1.
Then U and Ũ are the matrices whose columns are equal to the
eigenvectors of L and L̃, respectively. We assume without loss
of generality that the eigenvalues are monotonically ordered
so that 0 = �0 < �1  �2  . . .  �N�1, and we
denote the maximum eigenvalues and associated eigenvectors
by �max = �N�1 and umax = uN�1. �max is simple if
�N�1 > �N�2.

B. Graph Spectral Filtering
A graph signal is a function f : V ! R that associates a

real value to each vertex of the graph. Equivalently, we can
view a graph signal as a vector f 2 RN .

In frequency filtering, we represent signals as linear com-
binations of a set of signals and amplify or attenuate the
contributions of different components. In classical signal pro-
cessing, the set of component signals are usually the complex
exponentials, which carry a notion of frequency and give rise
to the Fourier transform. In graph signal processing, it is most
common to choose the graph Fourier expansion basis to be
the eigenvectors of the combinatorial or normalized graph
Laplacian operators. This is because the spectra of these graph
Laplacians also carry a notion of frequency (see, e.g., [2,
Figure 3]), and their eigenvectors are the graph analogs to
the complex exponentials, which are the eigenfunctions of the
classical Laplacian operator.

More precisely, the graph Fourier transform with the com-
binatorial graph Laplacian eigenvectors as a basis is

f̂(�`) := hf ,u`i =
NX

i=1

f(i)u⇤
` (i), (1)

and a graph spectral filter, which we also refer to as a kernel, is
a real-valued mapping ĥ(·) on the spectrum of graph Laplacian
eigenvalues. Just as in classical signal processing, the effect
of the filter is multiplication in the Fourier domain:

f̂out(�`) = f̂in(�`)ĥ(�`), (2)

or, equivalently, taking an inverse graph Fourier transform,

fout(i) =
N�1X

`=0

f̂in(�`)ĥ(�`)u`(i). (3)

We can also write the filter in matrix form as fout = Hfin,
where H is a matrix function [14]

H = ĥ(L) = U[ĥ(⇤)]U⇤
, (4)

where ĥ(⇤) is a diagonal matrix with the elements of the
diagonal equal to {ĥ(�`)}`=0,1,...,N�1. We can also use the
normalized graph Laplacian eigenvectors as the graph Fourier
basis, and simply replace L, �`, and u` by L̃, �̃`, and ũ` in
(1)-(4). A discussion of the benefits and drawbacks of each of
these choices for the graph Fourier basis is included in [2].

C. Alternative Filtering Methods for Graph Signals
We briefly mention two alternative graph filtering methods:
1) We can filter a graph signal directly in the vertex

domain by writing the output at a given vertex i as a
linear combination of the input signal components in
a neighborhood of i. Graph spectral filtering with an
order K polynomial kernel can be viewed as filtering
in the vertex domain with the component of the output
at vertex i written as a linear combination of the input
signal components in a K-hop neighborhood of i (see
[2] for more details)

2) Other choices of filtering bases can be used in place
of L in (4). For example, in [15], Sandryhaila and
Moura examine filters that are polynomial functions of
the adjacency matrix, rather than functions of graph
Laplacians

III. GRAPH DOWNSAMPLING

Two key components of multiscale transforms for discrete-
time signals are downsampling and upsampling.1 To down-
sample a discrete-time sample by a factor of two, we remove
every other component of the signal, usually keeping the
even components by convention. To extend many ideas from
classical signal processing to the graph setting, we need to
define a notion of downsampling for signals on graphs. Yet,
it is not at all obvious what it means to remove every other
component of a signal f 2 RN defined on the vertices of
a graph. In this section, we outline desired properties of a
downsampling operator for graphs, and then go on to suggest
one particular downsampling method.

Let D : G = {V, E ,W} ! 2V be a graph downsampling
operator that maps a weighted, undirected graph to a subset
of vertices V1 to keep. The complement Vc

1 := V\V1 =
{v 2 V : v /2 V1} is the set of vertices that D removes from
V . Ideally, we would like the graph downsampling operator D
to have the following properties:
(D1) It removes approximately half of the vertices of the

graph (or, equivalently, approximately half of the com-
ponents of a signal on the vertices of the graph); i.e.,
|D(G)| = |V1| ⇡ |V|

2
(D2) It removes vertices that are not connected with edges of

high weight, and keeps vertices that are not connected

1We focus here on downsampling, as we are only interested in upsampling
previously downsampled graphs. As long as we track the positions of the
removed components of the signal, it is straightforward to upsample by
inserting zeros back into those components of the signal.

2

function that assigns a non-negative weight to each edge. An
equivalent representation is G = {V, E ,W}, where W is a
N ⇥N weighted adjacency matrix with non-negative entries

Wij =

(
w(e), if e 2 E connect vertices i and j

0, if no edge connects vertices i and j
.

In unweighted graphs, the entries of the adjacency matrix W

are ones and zeros, with a one corresponding to an edge
between two vertices and a zero corresponding to no edge.
The degree matrix D is a diagonal matrix with an i

th diagonal
element Dii = di =

P
j2Ni

Wij , where Ni is the set of
vertex i’s neighbors in G. Its maximum element is dmax :=
maxi2V{di}. We denote the combinatorial graph Laplacian
by L := D � W, the normalized graph Laplacian by L̃ :=
D

� 1
2LD� 1

2 , and their respective eigenvalue and eigenvector
pairs by {(�`,u`)}`=0,1,...,N�1 and {(�̃`, ũ`)}`=0,1,...,N�1.
Then U and Ũ are the matrices whose columns are equal to the
eigenvectors of L and L̃, respectively. We assume without loss
of generality that the eigenvalues are monotonically ordered
so that 0 = �0 < �1  �2  . . .  �N�1, and we
denote the maximum eigenvalues and associated eigenvectors
by �max = �N�1 and umax = uN�1. �max is simple if
�N�1 > �N�2.

B. Graph Spectral Filtering
A graph signal is a function f : V ! R that associates a

real value to each vertex of the graph. Equivalently, we can
view a graph signal as a vector f 2 RN .

In frequency filtering, we represent signals as linear com-
binations of a set of signals and amplify or attenuate the
contributions of different components. In classical signal pro-
cessing, the set of component signals are usually the complex
exponentials, which carry a notion of frequency and give rise
to the Fourier transform. In graph signal processing, it is most
common to choose the graph Fourier expansion basis to be
the eigenvectors of the combinatorial or normalized graph
Laplacian operators. This is because the spectra of these graph
Laplacians also carry a notion of frequency (see, e.g., [2,
Figure 3]), and their eigenvectors are the graph analogs to
the complex exponentials, which are the eigenfunctions of the
classical Laplacian operator.

More precisely, the graph Fourier transform with the com-
binatorial graph Laplacian eigenvectors as a basis is

f̂(�`) := hf ,u`i =
NX

i=1

f(i)u⇤
` (i), (1)

and a graph spectral filter, which we also refer to as a kernel, is
a real-valued mapping ĥ(·) on the spectrum of graph Laplacian
eigenvalues. Just as in classical signal processing, the effect
of the filter is multiplication in the Fourier domain:

f̂out(�`) = f̂in(�`)ĥ(�`), (2)

or, equivalently, taking an inverse graph Fourier transform,

fout(i) =
N�1X

`=0

f̂in(�`)ĥ(�`)u`(i). (3)

We can also write the filter in matrix form as fout = Hfin,
where H is a matrix function [14]

H = ĥ(L) = U[ĥ(⇤)]U⇤
, (4)

where ĥ(⇤) is a diagonal matrix with the elements of the
diagonal equal to {ĥ(�`)}`=0,1,...,N�1. We can also use the
normalized graph Laplacian eigenvectors as the graph Fourier
basis, and simply replace L, �`, and u` by L̃, �̃`, and ũ` in
(1)-(4). A discussion of the benefits and drawbacks of each of
these choices for the graph Fourier basis is included in [2].

C. Alternative Filtering Methods for Graph Signals
We briefly mention two alternative graph filtering methods:
1) We can filter a graph signal directly in the vertex

domain by writing the output at a given vertex i as a
linear combination of the input signal components in
a neighborhood of i. Graph spectral filtering with an
order K polynomial kernel can be viewed as filtering
in the vertex domain with the component of the output
at vertex i written as a linear combination of the input
signal components in a K-hop neighborhood of i (see
[2] for more details)

2) Other choices of filtering bases can be used in place
of L in (4). For example, in [15], Sandryhaila and
Moura examine filters that are polynomial functions of
the adjacency matrix, rather than functions of graph
Laplacians

III. GRAPH DOWNSAMPLING

Two key components of multiscale transforms for discrete-
time signals are downsampling and upsampling.1 To down-
sample a discrete-time sample by a factor of two, we remove
every other component of the signal, usually keeping the
even components by convention. To extend many ideas from
classical signal processing to the graph setting, we need to
define a notion of downsampling for signals on graphs. Yet,
it is not at all obvious what it means to remove every other
component of a signal f 2 RN defined on the vertices of
a graph. In this section, we outline desired properties of a
downsampling operator for graphs, and then go on to suggest
one particular downsampling method.

Let D : G = {V, E ,W} ! 2V be a graph downsampling
operator that maps a weighted, undirected graph to a subset
of vertices V1 to keep. The complement Vc

1 := V\V1 =
{v 2 V : v /2 V1} is the set of vertices that D removes from
V . Ideally, we would like the graph downsampling operator D
to have the following properties:
(D1) It removes approximately half of the vertices of the

graph (or, equivalently, approximately half of the com-
ponents of a signal on the vertices of the graph); i.e.,
|D(G)| = |V1| ⇡ |V|

2
(D2) It removes vertices that are not connected with edges of

high weight, and keeps vertices that are not connected

1We focus here on downsampling, as we are only interested in upsampling
previously downsampled graphs. As long as we track the positions of the
removed components of the signal, it is straightforward to upsample by
inserting zeros back into those components of the signal.
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Lrf⇤ +
⌧

2
(f⇤ � y) = 0

We now show how our novel method is useful in solving
this distributed regularization problem.

Proposition 1: The solution to (14) is given by Ry, where
R is a graph Fourier multiplier operator of the form (5), with
multiplier g(λ!) = τ

τ+2λr
!

.1

Proof: The objective function in (14) is convex in f .
Differentiating it with respect to f , any solution f∗ to

Lrf∗ +
τ

2
(f∗ − y) = 0 (15)

is a solution to (14).2 Taking the graph Fourier transform of
(15) yields

L̂rf∗(#) + τ
2

(
f̂∗(#) − ŷ(#)

)
= 0, (16)

∀# ∈ {0, 1, . . . , N − 1}.

From the real, symmetric nature of L and the definition of the
Laplacian eigenvectors (Lχ! = λ!χ!), we have:

L̂rf∗(#) = χ∗
!Lrf∗ = (Lrχ!)

∗ f∗ = λr
!χ

∗
!f∗ = λr

! f̂∗(#). (17)

Substituting (17) into (16) and rearranging, we have

f̂∗(#) =
τ

τ + 2λr
!

ŷ(#), ∀# ∈ {0, 1, . . . , N − 1}. (18)

Finally, taking the inverse graph Fourier transform of (18), we
have

f∗(n) =
N−1∑

!=0

f̂∗(#)χ!(n) =
N−1∑

!=0

[
τ

τ + 2λr
!

]
ŷ(#)χ!(n), (19)

∀n ∈ {1, 2, . . . , N}.

So, one way to do distributed denoising is to compute
R̃y in a distributed manner via the Chebyshev polynomial
approximation of Section IV-A. We show this now with a
numerical example. We place 500 sensors randomly in the
[0, 1] × [0, 1] square. We then construct a weighted graph
according to the thresholded Gaussian kernel weighting (1)
with σ = 0.074 and κ = 0.600, so that two sensor nodes
are connected if their physical separation is less than 0.075.
We create a smooth 500-dimensional signal with the nth

component given by f0
n = n2

x + n2
y − 1, where nx and ny are

node n’s x and y coordinates in [0, 1]× [0, 1]. One instance of
such a network and signal f0 are shown in Figure 2, and the
eigenvectors of the graph Laplacian are shown in Figure 3.

Next, we corrupt each component of the signal f0 with
uncorrelated additive Gaussian noise with mean zero and stan-
dard deviation 0.5. Then we apply the graph Fourier multiplier
operator R̃, the Chebyshev polynomial approximation to R
from Proposition 1, with τ = r = 1. The multiplier and its
Chebyshev polynomial approximations are shown in Figure 4,
and the denoised signal R̃y is shown in Figure 5. We repeated
this entire experiment 1000 times, with a new random graph

1This filter g(λ!) is the graph analog of a first-order Bessel filter from
classical signal processing of functions on the real line.

2In the case r = 1, the optimality equation (15) corresponds to the
optimality equation in [12, Section III-A] with p = 2 in that paper.
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Fig. 2. A network of 500 sensors places randomly in the [0, 1]× [0, 1] plane.
The background colors represent the values of the smooth signal f0.

χ0

(a)

χ1

(b)

χ2

(c)

χ50

(d)

Fig. 3. Some eigenvectors of the Laplacian of the graph shown in Figure
2. The blue bars represent positive values and the black bars negative values.
(a) χ0, the constant eigenvector associated with λ0 = 0. (b) χ1, the Fiedler
vector associated with the lowest strictly positive eigenvalue, nicely separates
the graph into two components. (c) χ2 is also a smooth eigenvector. (d) χ50

is far less smooth with some large differences across neighboring nodes.

and random noise each time, and the average mean square
error for the denoised signals was 0.013, as compared to 0.250
average mean square error for the noisy signals.

We conclude this section by returning to the distributed
binary classification task discussed in the introduction. In [9],
Belkin et al. show that the regularizer fTLrf also works
well in graph-based semi-supervised learning. One approach
to distributed binary classification is to let yn be the labels (-1
or 1) of those nodes who know their labels, and 0 otherwise.
Then the nodes compute R̃y in a distributed manner via
Algorithm 1, and each node n sets it label to 1 if (R̃y)n ≥ 0
and -1 otherwise. We believe our approach to distributedly
applying graph Fourier multipliers can also be used for more
general distributed classification and semi-supervised learning
problems, but we leave this for future work.

“Low pass” filtering !
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argminf

n⌧

2
||f � y||22 + fTLrf

o
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argminf

n⌧

2
||f � y||22 + fTLrf

o
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A Graph Filter is an operator acting on graph signals

It is represented by a function of the Laplacian: g(L) 2 RN⇥N

fout = g(L)fin

Via functional calculus or an explicit calculation: dfout(�`) = g(�`)cfin(�`)

A graph filter reshapes frequency content

Graph Filters

This operation is sometimes called “convolution over graphs”



Graph Filters as Features
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�
g(L)f

�
[i] =

X

`

g(�`)f̂(�`)u`[i]

=
X

j

f [j]
X

`

g(�`)u`[i]u`[j]

= hTig, fi

Filtering = Correlation with a localised pattern

�
Tig

�
= g(L)�i



Polynomial Localization
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Given a spectral kernel g, construct the family of features:

Are these features localized ?

Polynomial Kernels are K-Localized

cpK(�`) =
KX

k=0

ak�
k
` if d(i, n) > K, then (TipK)(n) = 0

�n[m] =
X

`

g(�`)u`[m]u`[n]�n[m] =
�
Tng

�
[m]



Polynomial Localization
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Suppose the GFT of the kernel is smooth enough (K+1 different.)

Construct an order K polynomial approximation: 

Exactly localized in a K-ball around n 

Should be well localized within

K-ball around n !

Given a spectral kernel g, construct the family of features:

Are these features localized ?

�n[m] =
X

`

g(�`)u`[m]u`[n]�n[m] =
�
Tng

�
[m]

�0
n[m] = h�m, PK(L)�ni

�n[m] = h�m, g(L)�ni



Polynomial Localization - Extended
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inf
qK

�
kf � qKk1

 


⇥
b�a
2

⇤K+1

(K + 1)! 2K
kf (K+1)k1

f is (K+1)-times differentiable:

|(Tig)(n)| 
p
N inf

dpKin

(
sup

�2[0,�max]
|ĝ(�)� dpKin(�)|

)
=

p
N inf

dpKin

{kĝ � dpKink1}

Kin := d(i, n)� 1

|(Tig)(n)| 
"
2
p
N

din!

✓
�max

4

◆din

sup
�2[0,�max]

|ĝ(din)(�)|
#

Let

Regular Kernels are Localized

If the kernel is d(i, n)-times di↵erentiable:
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Remark on Implementation
17

Not necessary to compute spectral decomposition

Polynomial approximation :

ex: Chebyshev, minimax

Then graph filter expressed with powers of Laplacian:

And use sparsity of Laplacian in an iterative way

g(L) '
K�1X

k=0

akL
k
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g(x) '
K�1X

k=0

akpk(x)
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Remark on Implementation
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Chebyshev: L = 2L/�max � IN
<latexit sha1_base64="65bA2xa3GHB8Iw8KQK2niLzLKFY="></latexit><latexit sha1_base64="oJNPn5HwwL4LbjHhSANEP5oisOk="></latexit><latexit sha1_base64="oJNPn5HwwL4LbjHhSANEP5oisOk="></latexit><latexit sha1_base64="6Xx636kR7S0yUoKNutPkEXbTOR8="></latexit>

g⇥(L) =
K�1X

k=0

⇥kTk

�
L
�

<latexit sha1_base64="F4B4CHmjf15kjH+FFJU+dvURUy4="></latexit><latexit sha1_base64="O1XEOjCCvUF9545jcO6UqKXPVJw="></latexit><latexit sha1_base64="O1XEOjCCvUF9545jcO6UqKXPVJw="></latexit><latexit sha1_base64="0GJn26s95c0S2llKgyFBW0XXRt0="></latexit>

Tk(x) = 2xTk�1(x)� Tk�2(x), T0(x) = 1, T1(x) = x
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Recursive implementation of filter by message passing

OR sparse matrix-vector multiplication
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Spectral Graph Wavelets
 Generalized translation


‣ Classical setting:


‣Graph setting:


 Generalized dilation:


 Spectral graph wavelet at scale s, centered at vertex n:

Intro Signal Transforms Problem Spectral Graph Theory Generalized Operators WGFT Conclusion
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(Tsg)(t) = g(t� s) =

Z

R
ĝ(⇠)e�2⇡i⇠se2⇡i⇠td⇠

dDsg(�) = ĝ(s�)

(Tng)(i) :=
N�1X

`=0

ĝ(�`)u
⇤
` (n)u`(i)

 s,n(i) := (TnDsg)(i) =
N=1X

`=0

ĝ(s�`)u
⇤
` (n)u`(i)
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scaling function wavelets

0 10
0

1

2

λ

A

B

A simple way to get a tight frame:

for any admissible kernel 

9A,B > 0, 9ĥ : R+ 7! R i.e scaling function

0 < A  ĥ(u)2 +
X

s

ĝ(tsu)
2  B < +1

�̂(�`) =

Z 1

1/2

dt

t
ĝ(t�`)

2 ) ˜̂g(�`) =
p

�̂(�`)� �̂(2�`)

�n = Wh�n = h(L)�n
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Figure 6: Norms of translated normalized heat kernels with ⌧ = 2. (a) A normalized heat kernel f̂(`) = Ce�2�` on the sensor
network graph shown in (b). (b)-(f) The value at each vertex i represents kTifk2. The edges of the graphs in (b) and (c) are
weighted by a thresholded Gaussian kernel weighting function based on the physical distance between nodes (10), whereas the
edges of the graphs in (e)-(f) all have weights equal to one. In all cases, the norms of the translated windows are not too close

to zero, and the larger norms tend to be located at the “boundary” vertices in the graph. The lower bound |f̂(0)| and upper
bound

p
Nµkfk2 of Lemma 1 are (b) [0.27,21.38]; (c) [0.20,29.22]; (d) [0.07,42.88]; (e) [0.62,4.26]; (f) [0.36,3.25].

and with the definitions (25) and (30) of the generalized translation and the polynomial kernel, we have

(TipK) (n) =
p
N

N�1X

`=0

cpK(`)�⇤
` (i)�`(n)

=
p
N

N�1X

`=0

KX

k=0

ak�
k
`�

⇤
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More generally, as seen in Figure 5, if we translate a smooth kernel to a given center vertex i, the
magnitude of the translated kernel at another vertex n decays as the distance between i and n increases. In
the following theorem, we provide one estimate of this localization by combining the strict localization of
polynomial kernels with a classical result on the minimax polynomial approximation error.

Theorem 1: Let ĝ : [0,�max] ! R be a kernel, define din := dG(i, n), and define the minimax polynomial

approximation error

Bĝ(K) := inf
cpK

(
sup

�2[0,�max]
|ĝ(�)� cpK(�)|

)
,
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∥Tig∥2
2 = ∑

ℓ

(g(λℓ))2 |uℓ[i] |2
<latexit sha1_base64="D7vCke4/l5KCMg0owcM8IjnaVzc="></latexit>

dg(i, j) =
X

`

�
g(�`)

�2�
u`[i]� u`[j]

�2



Structural Node Embeddings with Wavelets
25

Learning Structural Node Embeddings via Diffusion Wavelets. 
Claire Donnat, Marinka Zitnik, David Hallac, and Jure Leskovec. 
KDD 2018

Main idea: 

• use graph wavelet as a probe to sense neighbourhood of a node

• construct appropriate feature vector 
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Figure 6: Norms of translated normalized heat kernels with ⌧ = 2. (a) A normalized heat kernel f̂(`) = Ce�2�` on the sensor
network graph shown in (b). (b)-(f) The value at each vertex i represents kTifk2. The edges of the graphs in (b) and (c) are
weighted by a thresholded Gaussian kernel weighting function based on the physical distance between nodes (10), whereas the
edges of the graphs in (e)-(f) all have weights equal to one. In all cases, the norms of the translated windows are not too close

to zero, and the larger norms tend to be located at the “boundary” vertices in the graph. The lower bound |f̂(0)| and upper
bound

p
Nµkfk2 of Lemma 1 are (b) [0.27,21.38]; (c) [0.20,29.22]; (d) [0.07,42.88]; (e) [0.62,4.26]; (f) [0.36,3.25].

and with the definitions (25) and (30) of the generalized translation and the polynomial kernel, we have
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More generally, as seen in Figure 5, if we translate a smooth kernel to a given center vertex i, the
magnitude of the translated kernel at another vertex n decays as the distance between i and n increases. In
the following theorem, we provide one estimate of this localization by combining the strict localization of
polynomial kernels with a classical result on the minimax polynomial approximation error.

Theorem 1: Let ĝ : [0,�max] ! R be a kernel, define din := dG(i, n), and define the minimax polynomial

approximation error

Bĝ(K) := inf
cpK

(
sup

�2[0,�max]
|ĝ(�)� cpK(�)|

)
,
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Treat like a probe distribution

Empirical characteristic function

<latexit sha1_base64="8l6YJ6yxvBI0nvEvoiJLCKqoqSo="></latexit>

 s =  (sL)

<latexit sha1_base64="tn06rZVTZwIzN8k848NnUa05okY="></latexit>

�k(t) =
1

N

NX

j=1

eit s,k(j)

Feature vector = samples of characteristic function
<latexit sha1_base64="TFEclKej3ItFV7mfmP75tXz/qKo="></latexit>

zk =
h
�k(t) {t = t1, · · · , td}

i

https://arxiv.org/abs/1710.10321


SP on Graphs Cheat Sheet
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x 2 Rn a (scalar valued) signal

L 2 Rn⇥n
Laplacian

L = U⇤U|

Graph Fourier Frequencies

g(L) = Ug(⇤)U|

g(L)x

\g(L)x(k) = g(�k)x̂(k)

��

�� = FT!2F

g ? x

[g ? x(!) = ĝ(!)x̂(!)

Filter and Filtering



A simple interpolation example
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Vertex set is split into

Simplified version of Pesenson’s variational spline interpolation

⌫ = ⌫1 [ ⌫c1
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Observe samples fVc
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of underlying feature map

L := L+ ✏I
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X

j2Vr

↵[j]'j = �V1↵
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L'j = �j
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Basic interpolation problem (missing features)

Interpolate to recover missing features

Simple model:

'j = Tjg = g(L)�j = U[g(⇤)]U⇤�j =

|V|�1X

`=0

1

�` + ✏
u⇤
` (j)u`

<latexit sha1_base64="O5dv4tu18Bvq6zcW5J3D/O/su/k="></latexit><latexit sha1_base64="TxMVAf0dhWIKqyRobi8aHsRk3vE="></latexit><latexit sha1_base64="TxMVAf0dhWIKqyRobi8aHsRk3vE="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="D+5HpTql5fdz9EBqKoVt5LcfSBY="></latexit><latexit sha1_base64="D+5HpTql5fdz9EBqKoVt5LcfSBY="></latexit><latexit sha1_base64="hzYuj3F+Brh56WwNtURweOhX49w="></latexit><latexit sha1_base64="hzYuj3F+Brh56WwNtURweOhX49w="></latexit><latexit sha1_base64="TxMVAf0dhWIKqyRobi8aHsRk3vE="></latexit><latexit sha1_base64="TxMVAf0dhWIKqyRobi8aHsRk3vE="></latexit><latexit sha1_base64="TxMVAf0dhWIKqyRobi8aHsRk3vE="></latexit><latexit sha1_base64="TxMVAf0dhWIKqyRobi8aHsRk3vE="></latexit><latexit sha1_base64="hzYuj3F+Brh56WwNtURweOhX49w="></latexit>

Regularized Green’s functions



A simple interpolation example
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↵⇤ =
h
LV1,V1 � LV1,Vc

1

�
LVc

1 ,Vc
1

��1
LVc

1 ,V1

i
fV1
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Graph filtering interpretation of the algorithm:

Kron-reduced regularised Laplacian

Upsample coefficients as graph signal (set of weighted kroneckers):

f upsamp =
X

j2V1

↵⇤[j]�j
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Compute interpolation by filtering: 

f interp = g(L)f upsamp
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You can compress smooth feature fields and reconstruct them efficiently



Previously on Graph Rep Learning
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Eigen decomposition of Laplacian reveals structure of graph

Ingredient: Smoothness of feature vectors (smooth partition signals)

Understand, analyse, process graph signals. Graph filters.

Crafting specific features, de-noising, interpolating missing features …

Laplacian Orthogonal eigenVEctors

Summary: LOVE is all you need



Back to Spectral Clustering
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Given partially observed information at the nodes of a graph

?

Can we robustly and efficiently infer missing information ?

What signal model ?

Influence of the structure of the graph ?

How many observations ?

Compressive Spectral Clustering, Tremblay, Puy, Gribonval, VDG, ICML’16
Random sampling of band limited signals on graphs, ACHA 2015



Notations

k-bandlimited signals are smooth over the graph

xTLx =
X

i⇠j

wij(x[i]� x[j])2

=
X

k

�k|x̂k|2

k-bandlimited signals x 2 Rn

x̂ = U|xFourier coefficients

x = Ukx̂
k

x̂k 2 Rk

Uk := (u1, . . . ,uk) 2 Rn⇥k
first k eigenvectors only



Sampling Model
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p 2 Rn pi > 0 kpk1 =
nX

i=1

pi = 1

P := diag(p) 2 Rn⇥n

P(!j = i) = pi, 8j 2 {1, . . . ,m} and 8i 2 {1, . . . , n}

Draw independently m samples (random sampling) 

yj := x!j , 8j 2 {1, . . . ,m}

y = Mx



Stable Embedding 
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Sampling density that guarantees information is preserved

Corollary 1. Let M be a random subsampling matrix constructed with the sam-
pling distribution p⇤. For any �, ✏ 2 (0, 1), with probability at least 1� ✏,

(1� �) kxk22 6 1

m

���MP�1/2 x
���
2

2
6 (1 + �) kxk22

for all x 2 span(Uk) provided that

m > 3

�2
k log

✓
2k

✏

◆
.

Variable Density Sampling p⇤
i :=

kU|
k�ik

2
2

k
, i = 1, . . . , n

Rem: k can be estimated by eigencount = filtering random signals !

(Di Napoli et al, Efficient estimation of eigenvalue counts in an interval)
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⌫k =
p
N max

16i6N
{kUT

k �ik2}
p
k 6 ⌫k 6

p
N



Recovery Procedures (Inference)

34

y = Mx+ n

x 2 span(Uk)

y 2 Rm

stable embedding

Efficient Decoder:

min
z2Rn

���P�1/2
⌦ (Mz � y)

���
2

2
+ � z|g(L)z

soft constrain on frequencies

efficient implementation
one can construct an

optimal sampling distribution

from the graph only



Analysis of Efficient Decoder
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g(�k) = 0

Noiseless case:

kx⇤ � xk2 6 1p
m(1� �)

 
Mmax

s
g(�k)

g(�k+1)
+
p

�g(�k)

!
kxk2 +

s
g(�k)

g(�k+1)
kxk2

+ non-decreasing implies perfect reconstruction

choose � as close as possible to 0 and seek to minimise the ratio g(�k)/g(�k+1)

Otherwise:

Choose filter to increase spectral gap ?

Clusters are of course good

Noise: kP�1/2
⌦ nk2/ kxk2



Experiments
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unbalanced clusters



Experiments
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Experiments
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Experiments
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Keep 7% nodes of 
the non-local patch

graph



Compressive Spectral Clustering
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Clustering equivalent to recovery of cluster assignment functions

Well-defined clusters -> band-limited assignment functions!

Generate features by filtering random signals

by Johnson-Lindenstrauss ⌘ =
4 + 2�

✏2/2� ✏3/3
log n



Compressive Spectral Clustering
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Clustering equivalent to recovery of cluster assignment functions

Well-defined clusters -> band-limited assignment functions!

Generate features by filtering random signals

by Johnson-Lindenstrauss ⌘ =
4 + 2�

✏2/2� ✏3/3
log n

Use k-means on compressed data and feed into Efficient Decoder 

Each feature map is smooth, therefore keep

m > 6

�2
⌫2k log

✓
k

✏0

◆



Compressive Spectral Clustering
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k log k

log k
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Stationary graph signal processing 
(statistical “shift” invariance) 

Other developments

Filterbanks, wavelets and other transforms on graphs

but also sampling, compression …


