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Positioning accuracy

In digital holography, imaging system can be considered has a
optical /numerical system.

Object Hologram
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Positioning accuracy

In digital holography, imaging system can be considered has a
optical /numerical system.
The positioning accuracy depends on the position of the object : z,x and y

O

©
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Two points resolution

Two-points resolution measures

the capability of the system to separate two points sources e.g : Rayleigh

criterion or Sparrow criterions

>

A
AX X 5, Ay 08 6,
where A is the wavelength of the
light and Q = sin(0) is the Nume-
rical Aperture of the imaging sys-
tem
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Two points resolution

The positioning accuracy depends also on the imaging system PSF. It is also
called single point resolution.

The Rayleigh criterion or Sparrow criterion are empirical and do not account
for SNR.

Corinne Fournier — Unconventional imaging and co-design 8 /29



Cramer Rao Eower Bound in'coherent imaging WS T i alec] REYs]olfor-Tel R RETe el =Yo A =Sia Ty EhaTe) g}

Statistical approach to accuracy estimation

@ Cramer Rao Lower Bound in coherent imaging

@ Statistical approach to accuracy estimation

Corinne Fournier — Unconventional imaging and co-design 9/29



Cramer Rao Eower Bound in'coherent imaging WS T i alec] REYs]olfor-Tel R RETe el =Yo A =Sia Ty EhaTe) g}

Maximum Likelihood Estimation (MLE)

The likelihood in the case of additive White Gaussian Noise (with variance
0?) is :

p(m; 0) x exp (z(lyz[dmﬂ]t[dmf)])

where :

o d is the data vector of N components.

e m is the model vector depending on © (vector of parameters, e.g.
0 =(x,y,2)").

The ML estimate 07 is the vector that maximizes the likelihood.

Mg~ is the model that best fits the data.
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Asymptotic behaviour of MLE

o Unbiased (i.e., bias — 0)
N—+oc0

e Efficient (i.e., reaches Cramér-Rao lower bound when N — +00)

o Normally distributed : 8™ — N(8*, I71(6%))
N—+o00

* S. M. Kay, "Fundamentals of Statistical Signal Processing : Estimation Theory",
Prentice-Hall, 2005.
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Cramér-Rao Lower Bound (CRLB)

The variance of 0 is lower bounded by the inverse of the Fisher information
matrix 1(0*) :
var(6;) = 171074

with Fisher information matrix :

1(0);; = —E [a”w(me)}

96,00,

wich is connected to the curvature of the log-likelihood function.

* P. Réfrégier, "Noise Theory and Application to Physics : From Fluctuations to
Information", Springer Verlag, 2004.
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Single point resolution on the optical axis

The diffraction pattern of a point source located at (x,y,z) is :

(xx — %)%+ (yx —9)2)
Az

m(x,y,z) = a.sin (71

with (xk,yk) the coordinate of the observation point.
On the optical axis x =y =0

Hologram Log likelihood function

* C. Fournier, L. Denis, T. Fournel, "On the single point resolution of on-axis digital
holography." JOSA A, 2010.
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Single point resolution on the optical axis

1 02 1 0 ' 0
1(0)]i, = FE[ , (d—me)t(d—me)] G (%) ( a?)

Ignoring the sampling on the sensor, I has an analytical form :

[I(0)]i; =

1 L/2,L/2 My y 2 OMy y 2
” ( My y 2z (X, Yr) Oy y, (Xk’yk)> dxydyxk

02.12 —L/2—L/2 661 ’ 66]
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Single point resolution on the optical axis

Hypothesis : 17 >z
The analytical form of Fisher matrix is :

it
64777 0
a? 7
I(X s zZ)= — 0 0
2 s 64%z°
0 77°Lt
36047°z*

Fisher information matrix is diagonal
= the covariance matrix is also diagonal

(estimation errors on the parameters X, y and z are not correlated)
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Single point resolution on the optical axis

gl 0 0
Covariance matrix : | 0 a;' 0
0 0 o
g, =0 =2~ and o, =6 52102~ 5
Y T alLlz a(L/z)
withc=\/€/fr

— This result is in agreement with the classical formulas :

— The resolution improves proportionally with

. . . a
the signal to noise ratio : —
lo}
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Single point resolution out of the optical axis

The diffraction pattern of a point source located at (x,y,z) is :

(x — %)% + (Y« —9)2)

m(x,y,z) = a.sin (71 v

with (xk,yk) the coordinate of the observation point.
Out of the optical axis x # 0,y #0 :

Hologram

Model Log-likelihood function
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Analytical form of the Fisher information matrix

y=0

[I(8)i; = 1 JJL/Z’L/Q (amxvy,z(Xk:Uk).amx,y,z(xkyyk)

5 kad k
0'2.L2 —L/2,—L/2 661 66] ) ‘0 Y

Under the hypothesis 17 >> Az, the analytical form of Fisher matrix is :

2 (12 +12x7) 27°xy x(2 13+ % +y?)
64°2° iz ) iz
« 21y (7217 +12y7) Y13+ x +y?)
o iz 64°z2° ) rz
2x(L/3+x+y?)  2y(LP13+x +y) 7'71(1‘4+120L1(X1+)’l]/7+180(""+}’!)1/7)
i 1z ) 21z’ 3604°z"

Fisher information matrix is no more diagonal
= the covariance matrix is also not diagonal

( estimation errors on the parameters X, y and z are correlated !)
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Fisher information matrix (x,y) maps

Example in Digital Holography

100% 75% 0.7%
75% 100% 0.7%
0.7% 0.7% 0.006%
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Analytical form of the covariance matrix

rpaLl? 2 FpT u 7 L 60L2 4180224180y
(1 + 156457 )0(,. 156 0 Oy Vsl ———F—"0,0.
rpzyL? s y?L? 2 7 60L%+1802° 4180y
156 I‘ 0.0y (l+lob 4 )(Ty \/ﬁL!I#%”:

K

2 - 0.2 2 2 20(224+u2V L2 — -2 14 02)2
/ LLa 60L +1s01 60L2+1802 +180y° a0, /ﬁL y 60L +181])\..1 +180y 0, 0- (1Jr 120(«® +4*)L? —180(«* +4*) )ﬂ?

K = 7L% + (=362% — 36y°) L? + 180(z* + ¢°)?

— This result is no more in agreement with the
classical formulas of on-axis resolution:

g

— The resolution still improves proportionally with

. . .. a
the signal to noise ratio : —
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Covariance matrix (x,y) maps

~

150 200 25
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Example in Digital Holography

Covariance matrix (x,y) maps

100% 41% 20 000%
41% 100% 20 000%
20 000% 20 000% 4 000 0009
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Standard deviation maps

10"
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Standard deviation on x and z
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Comparison with "intuitive" results (no correlation between
parameters xand z — Fisher matrix is diagonal)

Root Mean e
square error k5

of x A

i 1/I,

Root Mean
square error

ofz

v Vll

’Ei )
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Conclusion

+

o Closed form expression of lower bounds in inline holography (using a
simple model), agreement with Rayleigh criterion on the optical axis.

o Correlation between parameters (out of the optical axis) not intuitive

@ Same methodology can be applied for more complex parametric model
(e.g., accounting for pixel integration, spherical object, beads in
astigmatic setup, ...)

o Useful for a better conditioning of the Parametric IP or stopping
criterion in parameters optimization

@ Performance model for codesign (bien sar!).

@ Global minimum is considered achievable.
@ Noise was considered additive, white and Gaussian.

o Numerical gradients not always easy to compute.
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