
Mini-cours contrôle optimal : introduction au cas
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4. Lien avec le filtrage de Kalman



4. Lien avec le filtrage de Kalman

Formulation continue et déterministe. On cherche à prédire la valeur en t f
du signal x à partir de l’observation ξ et du modèle

ẋ(t) = A(t)x(t)+B(t)u(t).

On minimise pour cela dans L2([0, t f ],Rm)

C(u) :=(Qx(0)|x(0))+
∫ t f

0
[(W (t)(C(t)x(t)−ξ (t))|C(t)x(t)−ξ (t))+(U(t)u(t)|u(t))] dt

Proposition. Sous l’hypothèse Q > 0, on a existence et unicité et l’estimation
optimale est

x(t f ) =−R−1(t f )h(t f )

où

Ṙ(t) = tC(t)W (t)C(t)−R(t)A(t)− tA(t)R(t)−R(t)B(t)U−1(t) tB(t)R(t), R(0) = Q,

ḣ(t) =− tC(t)W (t)ξ (t)− tA(t)h(t)−R(t)B(t)U−1(t) tB(t)h(t), h(0) = 0.



4. Lien avec le filtrage de Kalman

Schéma de preuve.

1. on fixe x(t f ) = x f

2. on change le temps selon t → t f − t

3. on augmente l’état en posant x̂ = (x,1) ∈ Rn+1

4. revenant en x et en t, on a pour valeur optimale

S(x f ) = (R(t f )x f |x f )+2(h(t f )|x f ),

d’où le résultat (Q > 0 =⇒ R(t f ) > 0).
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the motion of nuclear magnetization:
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) is the control which is a transverse
radio frequency field in the (x, y) plane. This model represents the physical ex-
periment in NMR spectroscopy very accurately and the control can be realized in
practice as shown, for instance, by the saturation problem of a spin 1/2 particle
which consists in bringing the magnetization vector to zero, see Ref. 21.

An ideal model in the contrast imaging problem in NMR consists of considering a
system of two Bloch Eq. (1.1) with zero detuning and distinct relaxation parameters
representing two di↵erent spin 1/2 particles, controlled by the same magnetic field
and bringing the magnetization of the first particle to zero while maximizing the
magnitude of the magnetization vector of the second particle.

This is illustrated by the experimental results, presented on Fig. 1. The sam-
ple consists of two test tubes with outer diameters of 5mm and 8mm. The outer
and inner volumes were respectively filled with two solutions of oxygenated and
deoxygenated blood. The left hand side picture represents the two samples at the
equilibrium (they both appear white) and the right hand side picture shows the
result after the application of the control sequence. The inner sample appears black
(zero magnetization) while the outer sample represents the remaining magnetiza-
tion. For the details see Ref. 22.

Fig. 1. Experimental results: The inner circle shape sample mimics the deoxygenated blood, where
T1 = 1.3s and T2 = 50ms; the outside moon shape sample corresponds to the oxygenated blood,
where T1 = 1.3s and T2 = 200ms.

Oxygenated and deoxygenated blood, before control (left), after control (right).
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