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Problem definition

Original. Degraded.

z = A x + w

original (multicomponent) image: x = (x1, . . . , xR) ∈ (RN)R

linear operator : A = (Aj ,i )1≤j≤S ,1≤i≤R , with Aj ,i ∈ RK×N

zero-mean white Gaussian noise: w ∈ (RK )S

degraded image: z = (z1, . . . , zS) ∈ (RK )S

Objective
How can we recover x from the observation z?
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Related work

minimize
x∈(RN)R

‖Ax − z‖22︸ ︷︷ ︸
Data fidelity term

+λ g(x)︸︷︷︸
Regularization term

Component-wise Total Variation (CC-TV)
[Blomgren 1998] [Zach 2007]

Structure Tensor TV (ST-TV)
→ `1 or `1,2 matrix-norm regularization
[Di Zenzo 1986] [Sapiro 1996] [Weickert 1999] [Tschumperlé 2001] [Bresson 2008]
[Duval 2009] ...
→ `1,∞ matrix-norm regularization
[Sapiro 1996] [Goldluecke 2012]
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Contributions

minimize
x∈C

‖Ax − z‖22 subject to g(x) ≤ η

where C is a closed convex subset of (RN)R

1 constrained approach

→ the choice of η may be easier
[Youla 1982] [Trussell 1984] [Combettes 1994] [Kose 2012] [Teuber 2012]

2 regularization by ST Non-Local TV (ST-NLTV)
→ NLTV better preserves texture, details and fine structures
→ ST better reveals features not visible in single components

Problem
How can we efficiently handle ST-NLTV constraints?
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Structure Tensor Non-Local TV
Non-Local gradient at point ` ∈ {1, . . . ,N}

X (`) =
(
ω`,n (x

(`)
i − x (n)

i )
)

n∈N`, 1≤i≤R
∈ RM`×R

x(`)
3 x(`)

2 x(`)
1

X (`) =


X (`,1)

1 X (`,1)
2 X (`,1)

3
...

...
...

X (`,M`)
1 X (`,M`)

2 X (`,M`)
3



special case: ST-TV

N` → horizontal/vertical neighbours
ω`,n = 1
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ST-NLTV regularization

g(x) =
N∑
`=1

‖X (`)‖p ≤ η

⇔ Fx ∈ D

1 linear operator

F : x 7→

X (1)

...
X (N)

 ∈ R(M1+···+MN)×R

2 matrix `1,p-norm ball

D =
{
X ∈ RM×R ∣∣ N∑

`=1

‖X (`)‖p ≤ η
}

where M = M1 + · · ·+ MN
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Proximal methods

minimize
x∈C

‖Ax − z‖22 subject to Fx ∈ D

Solution via proximal algorithms
→ primal-dual methods: directly applicable
[Chambolle 2011] [Vũ 2011] [Condat 2012] [Combettes 2012] ...
→ primal methods: applicable by reformulating the minimization problem
(see [Peyré 2011] [Briceño-Arias 2011])

Problem

How can we efficiently compute PD(X ) = argminX̂∈D ‖X̂ − X‖?
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Proximal methods

minimize
x∈C

‖Ax − z‖22 subject to Fx ∈ D

Solution via proximal algorithms → e.g.: M+LFBF [Combettes 2012]
γ ∈

]
0, 1/(2‖A‖2 + ‖F‖)

[
, x [0] ∈ (RN)R , y [0] ∈ RM×R

for t = 0, 1, . . . do
x̃ [t] = PC

(
x [t] − γ(2A>Ax [t] − 2A>z + F>y (t))

)
X [t] = γ−1y [t] + Fx [t]

ỹ [t] = X [t] − γ−1PD(X [t])
y [t+1] = ỹ [t] + γ F

(
x̃ [t] − x [t])

x [t+1] = x̃ [t] − γ
(
F>(ỹ [t] − y [t]) + 2A>A (x̃ [t] − x [t])

)
end for

Problem

How can we efficiently compute PD(X ) = argminX̂∈D ‖X̂ − X‖?
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Epigraphical Splitting Technique
In general, no closed-form expression for PD

→ specific numerical methods exist
[Quattoni 2007] [Van Den Berg 2008] [Weiss 2009] [Fadili 2011] [Kyrillidis 2012] ...
→ not always efficient (inner iterations)
→ difficult to parallelize

Proposed solution [Chierchia 2012]

Decompose D by adding an auxiliary vector ζ = (ζ(`))1≤`≤N ∈ RN

N∑
`=1

‖X (`)‖p ≤ η

⇔


‖X (`)‖p ≤ ζ(`) (∀` ∈ {1, . . . ,N})

N∑
`=1

ζ(`) ≤ η
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Epigraphical approach

minimize
x∈C

‖Ax − z‖22 subject to Fx ∈ D

•
•
•

minimize
(x ,ζ)∈C×W

‖Ax − z‖22 subject to (Fx , ζ) ∈ E

1 collection of epigraphs

E =
{
(X , ζ)

∣∣ (X (`), ζ(`)) ∈ epi ‖ · ‖p (∀` ∈ {1, . . . ,N})}

2 closed half-space
W =

{
ζ ∈ RN ∣∣ 1>N ζ ≤ η}

with 1N = (1, . . . , 1)> ∈ RN
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Epigraphical projection for matrix norms
Pepi ‖·‖p exists for vectorial norms with p ∈ {1, 2,+∞}
[Pang 2003] [Pock 2010] [Ding 2012] [Chierchia 2012]

→ can we extend these results to matrix norms?

S.V.D.: X (`) = U(`) Diag(s(`)) V (`)>

prox. operator of spectral functions [Lewis 1995]

prox‖·‖p(X
(`)) = U(`) Diag(prox‖·‖p(s

(`))) V (`)>

Epigraphical projection

1 Pepi ‖·‖p (X
(`), ζ(`)) =

(
U(`) Diag(t(`)) V (`)>, θ(`)

)
2 (t(`), θ(`)) = Pepi ‖·‖p(s

(`), ζ(`))
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prox. operator of spectral functions [Lewis 1995]

prox‖·‖p(X
(`)) = U(`) Diag(prox‖·‖p(s

(`))) V (`)>

Epigraphical projection

1 Pepi ‖·‖p (X
(`), ζ(`)) =

(
U(`) Diag(t(`)) V (`)>, θ(`)

)
2 (t(`), θ(`)) = Pepi ‖·‖p(s

(`), ζ(`))
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Experimental setup

minimize
(x ,ζ)∈C×W

‖Ax − z‖22 subject to (Fx , ζ) ∈ E

degradation: 3× 3 uniform blur, 90% of decimation, AWGN with α = 10

color space: RGB
→ pixels of z have missing colors
→ impossible to work into YCbCr, CIELab, . . .

dynamics range constraint: x (`)
i ∈ [0, 255]

weights ω`,n estimated as in [Foi 2012]

choice of η based on image characteristics
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Qualitatively results (SNR – SSIM)

Original Degraded
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Qualitatively results (SNR – SSIM)

CC-TV-`2: 22.33 - 0.812 ST-TV-`2: 23.10 - 0.823

CC-NLTV-`2: 23.20 - 0.829 ST-NLTV-`2: 23.69 - 0.836
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Qualitatively results (SNR – SSIM)

CC-TV-`∞: 22.00 - 0.803 ST-TV-`∞: 22.68 - 0.817

CC-NLTV-`∞: 23.28-0.827 ST-NLTV-`∞: 23.03 - 0.823
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Convergence speed (‖x [n] − x [∞]‖/‖x [∞]‖ vs time)

blue line: algorithm with epigraphical projections
red line: algorithm with direct projections
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Convergence speed (‖x [n] − x [∞]‖/‖x [∞]‖ vs time)

blue line: algorithm with epigraphical projections
red line: algorithm with direct projections
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Conclusions

Structure tensor

→ natural choice for multicomponent image restoration
→ easily extensible by Non-Locality principle
→ simply defined in terms of matrix norms
Epigraphical technique
→ allows us to handle matrix-norm constraints
→ faster than direct methods (10 to 40 times for `∞-norms)
→ amenable to parallel implementations [Gaetano 2011]

`1,p-norm regularization
→ good choice for defining smoothness constraints
→ `1,2-norm vs `1,∞-norm: trade-off quality-speed
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Thanks for your attention...
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