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Supervised learning and regularization

Minimize with respect to functiorf : X 'Y

X
(yis T (i) + Sk k?
i=1
Error on data + Regularization
Loss & function space ? Norm ?

Two theoretical/algorithmic issues:

1. Loss
2. Function space / norm



Regularizations

Main goal: avoid over tting

Two main lines of work :

1. Euclideanand Hilbertian norms (i.e., »,-norms)
{ Possibility of non linear predictors
{ Non parametric supervised learning and kernel methods
{ Well developped theory and algorithms (see, e.g., Wahb&(t9
Schelkopf and Smola, 2001; Shawe-Taylor and Cristiank004)



Regularizations

Main goal: avoid over tting

Two main lines of work :

1. Euclideanand Hilbertian norms (i.e., »,-norms)

{ Possibility of non linear predictors

{ Non parametric supervised learning and kernel methods

{ Well developped theory and algorithms (see, e.g., Wahb&(t9

Schelkopf and Smola, 2001; Shawe-Taylor and Cristiank004)

2. Sparsity-inducingnorms

{ Usually restricted to linear preq:'gctors on vectdrgx) = w” X

{ Main example: ;-norm kwk; = P, jw;j

{ Perform model selection as well as regularization

{ Theory and algorithms \in the making"



"5 VS. 1 - Gaussian hare vs. Laplacian tortoise

First-order methods (Fu, 1998; Wu and Lange, 2008)
Homotopy methods (Markowitz, 1956; Efron et al., 2004)



Lasso - Two main recent theoretical results

1. Support recovery condition (Zhao and Yu, 2006; Wainwright, 2009;
Zou, 2006; Yuan and Lin, 2007): the Lasso is sign-consisiéiaind
only if

kQ JFC)JQJJlsign(wJ)kl 6 1.

whereQ =1lim n +1 = .; XiXj 2 RP P andJ = Supp(w)



Lasso - Two main recent theoretical results

1. Support recovery condition (Zhao and Yu, 2006; Wainwright, 2009;
Zou, 2006; Yuan and Lin, 2007): the Lasso is sign-consisiéiaind
only if

kQ JFC)JQJJlsign(wJ)kl 6 1.
whereQ =1lim n +1 = .; XiXj 2 RP P andJ = Supp(w)

2. Exponentially many irrelevant variables (Zhao and Yu, 2006;
Walinwright, 2009; Bickel et al., 2009; Lounici, 2008; Melaisen
and Yu, 2008): under appropriate assumptions, consistas@ossible
as long as

logp = O(n)



Going beyond the Lasso

“1-norm for linear feature selection irhigh dimensions

{ Lasso usually not applicable directly
Non-linearities
Dealing with exponentially many features

Sparse learning on matrices



Going beyond the Lasso
Non-linearity - Multiple kernel learning

Multiple kernel learning

{ Learn sparse combination of matric&gx; x9) = le i ki (x;x9
{ Mixing positive aspects of;-norms and ,-norms

Equivalent to group Lasso

{ p multi-dimensional features j (x), where
Ki (G x9) =" j(x)7 j(x)

J

. Py .
{ learn predictor pi=1 W, i (X)
{ Penalization by _; kw;k



Going beyond the Lasso
Structured set of features

Dealing with exponentially many features

{ Can we design e cient algorithms for the cadegp n?
{ Use structure to reduce the number of allowed patterns ofazer
{ Recursivity,hierarchies and factorization

Prior information on sparsity patterns

{ Grouped variables with overlapping groups



Going beyond the Lasso
Sparse methods on matrices

Learning problems on matrices

{ Multi-task learning

{ Multi-category classi cation
{ Matrix completion

{ Image denoising

{ NMF, topic models, etc.

Matrix factorization

{ Two types of sparsity (low-rank or dictionary learning)



Sparse methods for machine learning
Outline

Introduction - Overview

Sparse linear estimation with the “;-norm

{ Convex optimization and algorithms

{ Theoretical results

Structured sparse methods on vectors

{ Groups of features / Multiple kernel learning

{ Extensions (hierarchical or overlapping groups)
Sparse methods on matrices

{ Multi-task learning
{ Matrix factorization (low-rank, sparse PCA, dictionarydming)



Why " ;-norm constraints leads to sparsity?

Example: minimize quadratic functio@(w) subject tokwk; 6 T.

{ coupled softthresholding

Geometric interpretation

{ NB : penalizing is \equivalent" to constraining




“1-norm regularization (linear setting)

Minimize with respect tdoadings/weightsw 2 RP:

X

J(w) = (YW Xx) kwky
i=1
Error on data + Regularization

Including a constant ternb? Penalizing or constraining?

square losg basis pursuitin signal processing (Chen et al., 2001),
Lassoin statistics/machine learning (Tibshirani, 1996)



A review of nonsmooth convex
analysis and optimization
Analysis:optimality conditions

Optimization: algorithms

{ First-order methods

Books: Boyd and Vandenberghe (2004), Bonnans et al. (2003),
Bertsekas (1995), Borwein and Lewis (2000)



Optimality conditions for smooth optimization
Zero gradient

X

Example: >-regularization: min (i W X;) + =kwks
W2RP 2

{ Gradientr J(w) = i Ay wTx)x + wo where Yy w” x;)
IS the partial @rivative of the loss w.r.t the second vai@b
{ If square loss, _; “(Vi;W”x;) = 3ky Xwk3
gradient= X~ (y Xw)+ w
normal equationy w=(X>X + 1) X’y



Optimality conditions for smooth optimization
Zero gradient

X

Example: >-regularization: min (i W X;) + =kwks
W2RP 2

{ Gradientr J(w) = i Ay wx)x + wo where Yy w” x;)
IS the partial Qerivative of the loss w.r.t the second vai@b
{ If square loss, _; “(Vi;W”X;) = 3ky Xwk3
gradient= X7 (y Xw)+ w
normal equationd w=(X"X + 1) X’y

“1-norm is non di erentiable!
{ cannot compute the gradient of the absolute value

) Directional derivatives (or subgradient)



Directional derivatives - convex functions on RP

Directional derivativan the direction at w:

Faw;) = iy 0+J(W+")" J(w)

Always exist when) is convex and continuous

Main idea: in non smooth situations, may need to look at all
directions and not simplyp independent ones

A

>

Proposition: J is di erentiable atw, if and only if 7!'r J(w; )
IS linear. Then,r J(w; )= r J(w)”



Optimality conditions for convex functions

Unconstrained minimization (function de ned oRP):

{ Proposition : wis optimalifandonlyif 8 2 RP,r J(w;) >0
{ Go up locally in all directions

Reduces to zero-gradient for smooth problems

Constrained minimization (function de ned on a convex d¢f)

{ restrict to directions so thatw + 2 K for small”



Directional derivatives for “;-norm regularization

X
FunctionJ(w) = “(yi;w”xi)+ kwky = L(w)+ kwk,
i=1
X X
“1-norm: kw+ " ki k wkj = ffw, +" ij | wjg+ i
) W j 60 i W =0
Thus,
X X
rIw; )= rL(w) o+ sign(w;) j + il
j; Wj@O ii Wj:O
X | X
= [r L(w); + sign(w;)] j + [r L(w),
jy w60 i w =0

Separabllity of optimality conditions

i)



Optimality conditions for ;-norm regularization

General lossw optimal if and only if for allj 2f 1;:::;pag,
sign(w;) 60 ) r L(w); + sign(w;)=0
sign(w;) =0 ) Jr L(w);]6

Square lossw optimal if and only if for allj 2 1;:::;pg,

sign(w;) 6 0 ) X7(y Xw)+ signw;)=0
sign(wj) =0 ) | Xj> (y Xw)j6

{ Ford f 1;:::;pg, X3 2 R" JI = X (:;:J) denotes the columns
of X mdexed byJ, l.e., variables indexed hy



First order methods for convex optimization on RP
Smooth optimization

Gradient descent: Wi+, = W; r J (W)

{ with line search: search for a decent (not necessarily best)
{ xed diminishing step size, e.g., = a(t + b) 1

Convergence of (w;) tof =minoref (W) (Nesterov, 2003)

{ f convex andM -Lipschitz: f(w,) f =0 M:pf
{ and, di erentiable withL -Lipschitz gradient:f (w;) f = O L=t
{ and,f -strongly convex: f(w) f =0 Lexp( 4ty)

— = condition number of the optimization problem

Coordinate descent: similar properties

NB: \optimal scheme"f (w;) f = O L minfexp( 4tp =L ):t °g



First-order methods for convex optimization on RP
Non smooth optimization

First-order methods fonon di erentiable objective

{ Subgradient descentw;.; = W; (0, with gt 2 @Jw), l.e.,
such that8 ;g7 6 r J(wy; )
with exact line search: not always convergent (see counter-
example)
diminishing step size, e.g.,; = a(t + b) !: convergent
{ Coordinate descent: not always convergent (show countexraple)

Convergence rated (convex andM -Lipschitz): f (wy) f = O #&



Counter-example
Coordinate descent for nonsmooth objectives




Counter-example (Bertsekas, 1995)
Steepest descent for nonsmooth objectives

5(9x% + 16x35)172 if x1 > jXyj

AXTX2) = oy 16ix00) 172 if X1 6 jXo]

Steepest descent starting from any such that x; > |jxp] >
(9=16)%jx]

7
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Regularized problems - Proximal methods

Gradient descent as a proximal method (di erentiable furtets)

. L
{ Werr =arg min J(Wy) +(w W)™ r J(Wy)+=kw  wik3
w2 RP 2

{ Wi = w21 J(wy)

Problems of the form] min L(w) + ( w)
w2 RP

{ Wieg =arg min L(w)+(w w)7r L(w)+ ( w)+ L Wi k3
w2 RP 2

{ Thresholded gradient descent

Similar convergence rates than smooth optimization

{ Acceleration methods (Nesterov, 2007; Beck and Teboul@)2
{ depends on the condition number of the loss



Cheap (and not dirty) algorithms for all losses

Proximal methods



Cheap (and not dirty) algorithms for all losses

Proximal methods

Coordinate descent (Fu, 1998; Wu and Lange, 2008; Friedman
et al., 2007)

{ convergenthere under reasonable assumptions! (Bertsekas, 1995)

{ separability of optimality conditions
{ equivalent to iterative thresholding



Cheap (and not dirty) algorithms for all losses

Proximal methods

Coordinate descent (Fu, 1998; Wu and Lange, 2008; Friedman
et al., 2007)

{ convergenthere under reasonable assumptions! (Bertsekas, 1995)
{ separability of optimality conditions
{ equivalent to iterative thresholding

\ -trick" (Rakotomamonjy et al., 2008; Jenatton et al., 2009b)
{ Notice that f= W =min 505 7o _j+ j
{ Alternating minimization with respect to (closed-form) andw

(weighted squared,-norm regularized problem)



Cheap (and not dirty) algorithms for all losses

Proximal methods

Coordinate descent (Fu, 1998; Wu and Lange, 2008; Friedman
et al., 2007)

{ convergenthere under reasonable assumptions! (Bertsekas, 1995)
{ separability of optimality conditions
{ equivalent to iterative thresholding

\ -trick" (Rakotomamonjy et al., 2008; Jenatton et al., 2009b)
{ Notice that ;_; jwjj=min 505 -+
{ Alternating minimization with respect to (closed-form) andw

(weighted squared,-norm regularized problem)

Dedicated algorithms that use sparsity (active sets/homotopy)



Special case of square loss

Quadratic programming formulation : minimize

1 XP
éky Xw k?+ (w"+w; ) such thatw = w* w ;w" >0;w >0
j=1



Special case of square loss

Quadratic programming formulation : minimize

1
éky Xw k?+ (wi" +w; ) such thatw = w* w ;w" >0;w >0
j=1

{ generic toolboxes ) very slow

Main property : if the sign patterns 2 f 1, 0; 1g° of the solution is
known, the solution can be obtained in closed form

{ Lasso equivalent to minimizingky X wyk®+ s 7wy w.r.t. w;
whered = f];s; 60g9.
{ Closed form solutiow; = (X7 X;) YX7y s3)

Algorithm: \Guess" s and check optimality conditions



Optimality conditions for the sign vector s (Lasso)

Fors2f 1;0; 10" sign vector,J = f};s; 6 0g the nonzero pattern

potential closed form solutionw; = (X7 X3) Y(XJy s;) and
Wjc = 0

s Is optimal if and only If

{ active variables: sign(w;) = s;

{ inactive variableskX 7.(y Xj;wj)ks 6

Active set algorithms (Lee et al., 2007; Roth and Fischer, 2008)

{ ConstructJ iteratively by adding variables to the active set
{ Only requires to invert small linear systems



Homotopy methods for the square loss (Markowitz,
1956; Osborne et al., 2000; Efron et al., 2004)

Goal: Get all solutions forall possible values of the regularization
parameter

Same idea as before: if the sign vector is known,
wy( )= (X7X35) *(XJy sy)

valid, as long as,

{ sign condition: sign(w;( )) = s;
{ subgradient conditionkX ;c(Xyw;( ) VYy)ki 6
{ this de nes an interval on : the path is thuspiecewise a ne

Simply need to nd break points and directions



Piecewise linear paths

0 01 02 03 04 05 06
regularization parameter



Algorithms for “1-norms (square |oss):
Gaussian hare vs. Laplacian tortoise

Coordinate descentO(pn) per iterations for ; and >

\Exact" algorithms: O(kpn) for “1 vs. O(p?n) for *»



Additional methods - Softwares

Many contributions In signal processing, optimization, afmne
learning

{ Extensions to stochastic setting (Bottou and Bousquet, )0

Extensions to other sparsity-inducing norms

{ Computing proximal operator

Softwares

{ Many available codes

{ SPAMS (SPArse Modeling Software} note dierence with
SpAM (Ravikumar et al., 2008)
http://www.di.ens.fr/willow/SPAMS/



Sparse methods for machine learning
Outline

Introduction - Overview

Sparse linear estimation with the “;-norm

{ Convex optimization and algorithms

{ Theoretical results

Structured sparse methods on vectors

{ Groups of features / Multiple kernel learning

{ Extensions (hierarchical or overlapping groups)
Sparse methods on matrices

{ Multi-task learning
{ Matrix factorization (low-rank, sparse PCA, dictionarydming)



Theoretical results - Square loss

Main assumption: data generated from a certain spavse

Three main problems:

1. Reqgular consistency. convergence ofestimator w to w, i.e.,
kw wk tends to zero whem tends tol
2. Model selection consistency:. convergence of theparsity pattern

of W to the patternw
3. E clency : convergence ofredictionswith W to the predictions

with w, i.e., tkX W X wk3 tends to zero

Main results:

{ Condition for model consistency (support recovery)
{ High-dimensional inference



Model selection consistency (Lasso)

Assumew sparse and denoté = f]; w; 6 0g the nonzero pattern

Support recovery condition (Zhao and Yu, 2006; Wainwright, 2009;
Zou, 2006; Yuan and Lin, 2007): the Lasso is sign-consistéiaind

only If .
y Q23 Q,;'Sign(Wa)ks 6 1

whereQ =1im 1 +1 %.- . XiX7 2 RP P andJ = Supp(w)




Model selection consistency (Lasso)

Assumew sparse and denoté = f]; w; 6 0g the nonzero pattern

Support recovery condition (Zhao and Yu, 2006; Wainwright, 2009;
Zou, 2006; Yuan and Lin, 2007): the Lasso is sign-consisiéiaind

only If .
y inSJQJJlslgn(WJ)kl 6 1

whereQ =1im 1 +1 %.- ", XiX7 2 RP P andJ = Supp(w)

Condition depends oww andJ (may be relaxed)

{ may be relaxed by maximizing osign(w) or J
Valid in low and high-dimensional settings

Requires lower-bound on magnitude of nonzevp



Model selection consistency (Lasso)

Assumew sparse and denoté = f]; w; 6 0g the nonzero pattern

Support recovery condition (Zhao and Yu, 2006; Wainwright, 2009;
Zou, 2006; Yuan and Lin, 2007): the Lasso is sign-consistéiaind

only If .
y Q23 Q,;'Sign(Wa)ks 6 1

whereQ =1im 1 +1 %.- ", XiX7 2 RP P andJ = Supp(w)

The Lasso Is usually not model-consistent

{ Selects more variables than necessary (see, e.g., Lv andZa49)

{ Fixing the Lasso: adaptive Lasso (Zou, 2006), relaxed
Lasso (Meinshausen, 2008), thresholding (Lounici, 2008),
Bolasso (Bach, 2008a), stability selection (Meinshausenda
Bahlmann, 2008), Wasserman and Roeder (2009)



Adaptive Lasso and concave penalization

Adaptive Lasso (Zou, 2006; Huang et al., 2008)

{ Weighted ;-norm: VcrzugpL(w)+ _ W

{ W estimator obtained from, or 1 regularization

Reformulation in terms of concave penalization

. >QJ . . A _z
min L (w) + . g(w; 1) '

>

{ Example:g(jw;j) = jw;j'= or logjw;j. Closer to the o penalty

{ Concave-convex procedure: replaggw;|) by a ne upper bound

{ Better sparsity-inducing properties (Fan and Li, 2001; Zand LI,
2008; Zhang, 2008b)



Bolasso (Bach, 2008a)

Property : for a speci c choice of regularization parameter ¥ n:

{ all variables inJ are always selected with high probability
{ all other ones selected with probability (0; 1)
Use the bootstrap to simulate several replications

{ Intersecting supports of variables
{ Final estimation ofw on the entire dataset

Bootstrap1l J «

Bootstrap 2 b «

Bootstrap 3 J3

Bootstrap 4  Jj « - - —

Bootstrap 5 g « T —

Intersection




Model selection consistency of the Lasso/Bolasso

probabilities of selection of each variable vs. reguldraaparam.

o1
o1

LASSO

[ERY
o

|_\
o
variable index

variable index

15 15

10 15 10 15
-log(m -log(m

BOLASSO

variable index
variable index

0 5 10 15
-log(m -log(m

Support recovery condition satis ed not satis ed




High-dimensional inference
Going beyond exact support recovery

Theoretical rﬁsults usually assume that non-zerp are large enough,
e, jwjj> 9P

May include too many variables but still predict well

Oracle inequalities

{ Predict as well as the estimator obtained with the knowledufe]

{ Assume i.i.d. Gaussian noise with variance
{ We have:

1 %jJdj
ﬁEkX Worade X W k% — r!] J




High-dimensional inference
Variable selection without computational limits

Approaches based on penalized criteria (close to BIC)

min min ky X,w;kZ + C 3Jj 1+log

Jf 1:pg  w;2RIVI JJJ

Oracle inequality if data generated byv with k non-zeros (Massart,
2003; Bunea et al., 2007):

2
%kxw xwk26 c< " 1+10g P

n k
Gaussian noise No assumptions regarding correlations

Scaling between dimensions: “1%92 small

Optimal in the minimax sense



Where does the logp come from?

Expectation of the maximum op Gaussian variables P logp

Union-bound:

. s P s
P(9) 2 3%jX{"j> ) 6 1,5 P(GX["> )

2
6 jJ%e = 26 pe Ariogp =l A



High-dimensional inference (Lasso)

Main result: we only needk logp = O(n)

{ If w Is su ciently sparse

{ and input variables are not too correlated
Precise conditions on covariance matx= X~ X .

{ Mutual incoherence (Lounici, 2008)

{ Restricted eigenvalue conditions (Bickel et al., 2009)
{ Sparse eigenvalues (Meinshausen and Yu, 2008)

{ Null space property (Donoho and Tanner, 2005)

Links with signal processing and compressed sensing (€arahd
Wakin, 2008)

Assume thatQ has unit diagonal



Mutual incoherence (uniform low correlations)

Theorem (Lounici, 2008):

{yy=w’Xx;+ ", " Li.d. normal with mean zero and variani;e2
{ Q = X~ X=n with unit diagonal andcross-terms less tham
{ if kwko 6 k, andA2 > 8, then, with = A " nlogp
| 1= _

P kit wk, 6 5A %) > 1 pt A%

r—

logp

Model consistency by thresholding ||‘n|QO jwjj>C —

Wi

Mutual incoherence condition dependsongly on k

Improved result by averaging over sparsity patterns (Casmdnd Plan,
2009b)



Where does the logp come from?

Expectation of the maximum op Gaussian variables P logp

Union-bound:

. s P s
P(9) 2 3%jX{"j> ) 6 1,5 P(GX["> )

2
6 jJ%e = 26 pe Ariogp =l A



Restricted eigenvalue conditions

Theorem (Bickel et al., 2009):

. . ~Q
L (K)? = >0
1 assume (k) jr?jlers]k -k Jrchrgsk ske ko gk3
{ assume = A pnlogp andA§> 8
{ then, with probabilityl p* A™=8, we have
r_
estimation error kW wk; 6 1262% Kk IO%O
- 1 , 16A2 2k
prediction error ﬁkxw Xwks5 6 2 n logp

Condition imposes a potentially hidden scaling betw&anp; k)

Condition always satis ed foQ = |



Checking su cient conditions

Most of the conditions are not computable in polynomial time

Random matrices

{ SampleX 2 R" P from the Gaussian ensemble
{ Conditions satis ed with high probability for certai(n; p; k)

{ Example from Wainwright (2009); n > Cklogp

Checking with convex optimization

{ Relax conditions to convex optimization problems (d'Asment
et al., 2008; Juditsky and Nemirovski, 2008; d'Aspremontdan
El Ghaoui, 2008)

{ Example: sparse eigenvaluesn;;jsx min (QuJ)

{ Open problem: veri able assumptions still lead to weakesuls



Sparse methods
Common extensions

Removing bias of the estimator

{ Keep the active set, and performunregularized restricted
estimation (Candces and Tao, 2007)

{ Better theoretical bounds

{ Potential problems of robustness

Elastic net (Zou and Hastie, 2005)

{ Replace kwki by kwk; + "kwk3
{ Make the optimization strongly convex with unique solution
{ Better behavior with heavily correlated variables



Relevance of theoretical results
Most results only for the square loss
{ Extend to other losses (Van De Geer, 2008; Bach, 2009b)

Most results only for ;-regularization

{ May be extended to other norms (see, e.g., Huang and Zhang,
2009; Bach, 2008b)

Condition on correlations

{ very restrictive, far from results for BIC penalty

Non sparse generating vector

{ little work on robustness to lack of sparsity

Estimation of regularization parameter

{ No satisfactory solutionl open problem



Alternative sparse methods
Greedy methods

Forward selection
Forward-backward selection

Non-convex method

{ Harder to analyze
{ Simpler to implement
{ Problems of stability

Positive theoretical results (Zhang, 2009, 2008a)

{ Similar su cient conditions than for the Lasso



Alternative sparse methods

Bayesian methods
.. Py
Lasso: minimize ., (yi W xj)?+ kwk;
{ Equivalent to MAP estimatio& with Gaussian likelihood and
factorizedLaplace prior p(w) / ~7°_; e il (Seeger, 2008)
{ However, posterior puts zero weight on exact zeros

Heavy-tailed distributions as a proxy to sparsity

{ Student distributions (Caron and Doucet, 2008)

{ Generalized hyperbolic priors (Archambeau and Bach, 2008)
{ Instance of automatic relevance determination (Neal, 1996

Mixtures of \Diracs" and another absolutely continuous thigutions,
e.g., \spike and slab" (Ishwaran and Rao, 2005)

Less theory than frequentist methods



Comparing Lasso and other strategies for linear
regression

Compared methods to reach the least-square solution

1
{ Ridge regressionmin ky XW K5 + =kwk3

w2 RP 2 : 2
{ Lasso min ky XwWks+  kwkq
W2RP 2

{ Forward greedy
Initialization with empty set
Sequentially add the variable that best reduces the squass |

Each method builds a path of solutions from 0 to ordinary leas
sguares solution

Regularization parameters selected on the test set



Simulation results

I.I.d. Gaussian design matrix =4, n =64, p2 [2;256] SNR =1
Note stability to non-sparsity and variability

09r |—L1 1 0.9¢
—L2
0.8 —greedy 0.8
0.7l oracle 0.7
5 5
o 0.6f o 0.6f
o o
© 0.5/ © 0.5
3 5
c 0.47 c 0.47
& 5
€ 0.3f £ 0.3
0.2 0.2
0.1r 0.1
0, % 5

4 6
lg,,(p)
Rotated (non sparse)




Summary
“1-norm regularization

“1-norm regularization leads taonsmooth optimization problems
{ analysis through directional derivatives or subgradients
{ optimization may or may not take advantage of sparsity

“1-norm regularization allow&igh-dimensional inference

Interesting problems for,-regularization

{ Stable variable selection

{ Weaker su cient conditions (for weaker results)

{ Estimation of regularization parameter (all bounds depewonl the
unknown noise variance?)



Extensions

Sparse methods are not limited to the square loss

{ logistic loss: algorithms (Beck and Teboulle, 2009) andahe(Van
De Geer, 2008; Bach, 2009Db)

Sparse methods are not limited to supervised learning

{ Learning the structure of Gaussian graphical models (Memsen
and Behimann, 2006; Banerjee et al., 2008)
{ Sparsity on matrices (last part of the tutorial)

Sparse methods are not limited to variable selection in a lin ear
model

{ See next part of the tutorial



Questions?



Sparse methods for machine learning
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Penalization with grouped variables
(Yuan and Lin, 2006)

o P NN
Penalization by imzl kwg ko, often called 1- 2 norm

Induces group sparsity

{ Some groups entirely set to zero
{ no zeros within groups

In this tutorial:

{ Groups may have in nite siz¢ MKL
{ Groups may overlap structured sparsity



Linear vs. non-linear methods

All methods In this tutorial ardinear in the parameters

By replacingx by features ( x), they can be madaion linear In
the data

Implicit vs. explicit features

{ "1-norm: explicit features

{ 2-norm: representer theorem allows to consider implicittteas if
their dot products can be computed easily (kernel methods)



Kernel methods: regularization by ,-norm

{ Predictorf (x) = w” ( x) linear in the features

Optimization problem:

min

X

w2 RP

“(yiswT (%)) + Eka%




Kernel methods: reqularization by

{ Predictorf (x) = w” ( x) linear in the features

Optimization problem: min

X

w2 RP

“(yiswT (%)) + Ekag

Representer theore|g1 (Kimeldorf and Wahba, 1971): so
be of the formw =" L, ( xj)
X

{ Equivalent to solving] min

2R

(yi (K )i) + > K

{ Kernel matrixK = k(xi;%)= ( xi)” ( Xj)

“>-norm

ution must



Multiple kernel learning (MKL)
(Lanckriet et al., 2004b; Bach et al., 2004a)

Sparse methods are linear!

Sparsity with non-linearities

P
{ replacef (x) = P_; W x; with x 2 R” andw; 2 R

P
{byf(x)=" . w j(x)withx2X, ;(x)2F;anw; 2F;

P
Replace the';-norm °_; jw;j by \block" “1-norm P_; kw; k>

Remarks

{ Hilbert space extension of the group Lasso (Yuan and Lin,&00
{ Alternative sparsity-inducing norms (Ravikumar et al.,(g)



Multiple kernel learning (MKL)
(Lanckriet et al., 2004b; Bach et al., 2004a)

Multiple feature maps / kernels ox 2 X :

{ Predictor: f (xX) = w;” 1(X) + + Wy~ p(X)

1(X)” wy
% : P &
X | i(x)” wip bowr () + +wg p(x)
& : %
()™ Wy

{ Generalized additive models (Hastie and Tibshirani, 1990)



Regqularization for multiple features

1(X)” wy
% : &
X | i(x)” w bowg a(x)+ +wg p(X)
& : ;%
p(X)” Wy
L P . . . P
Regularization by _; kw;k3 is equivalent to usin& = °_; K;

{ Summing kernels is equivalent to concatenating featurecgsa




Regqularization for multiple features

1(X)” wa
% : : &
X | i(x)” wp bowg () + +wy p(X)
& : %
p(X)” Wp
. P 5 . . _ Py
Regularization by ;_; kw; k5 is equivalent to usind< = K;

j=1
P
Regularization by J!Ozl kw;j ko Imposes sparsity at the group level

Main questions when regularizing by block ";-norm:

1. Algorithms

2. Analysis of sparsity inducing propertigRavikumar et al., 2008;
Bach, 2008Db)

3. Does it correspond to a speci ¢ combination of kernels?



General kernel learning

Proposition (Lanckriet et al, 2004, Bach et al., 2005, Micchelli and
Pontil, 2005):

P, .

G(K) = min iy “(yisw” (X)) + Zkwks
— Pn N >
= max -1 i( i) 5 7K

IS aconvex function of the kernel matrixK

Theoretical learning bounds (Lanckriet et al., 2004, Sreland Ben-
David, 2006)

{ Less assumptions than sparsity-based bounds, but slowtesra



Equivalence with kernel learning (Bach et al., 2004a)

Block ";-norm problem:

X
EwD i)+ wp (X)) + o (kwike + + kwpko)®
=1

Proposition: Block ";-norm regularization Iﬂ's equivalent to
minimizing with respect to the optimal valueG(" {_; ;Kj)

(sparse) weights obtained from optimality conditions
p

dual parameters optimal forK = 7_; jKj,

Single optimization problem for learning both and



Proof of equivalence

X x xP 5
min Yii W j(Xi) + kw; Ko
W1, W p . .
i=1 j=1 ] =1
. X X X 2
= min pmin Yis Wj> j(xi) + kwj ko= |
W1, W p i =1 i=1 J -1 J =1
_ : X < X 1=2 > X 2 \agi 1=2
= pmin  min yii 5w j(xi) + kw ka with wy = wj
| j=1 wiinwp _ -
i=1 j=1 J=1
_ X N ) 1=2 1=2
= pmin  min yisw™ (X)) + kwks with  (xX)=( 177 1(X);::15 5
=1 W
[ i=1

Pp _ Pp
We have:  (x)> (x9= [, jk(xx)with ¥, ;=1 (and > 0)



Algorithms for the group Lasso / MKL

Group Lasso

{ Block coordinate descent (Yuan and Lin, 2006)
{ Active set method (Roth and Fischer, 2008; Obozinski et 2009)
{ Nesterov's accelerated method (Liu et al., 2009)

MKL

{ Dual ascent, e.g., sequential minimal optimization (Bach a.,
2004a)

{ -trick + cutting-planes (Sonnenburg et al., 2006)

{ -trick + projected gradient descent (Rakotomamonjy et akp08)

{ Active set (Bach, 2008c)



Applications of multiple kernel learning

Selection of hyperparameters for kernel methods
Fusion from heterogeneous data sources (Lanckriet et al., 2004a)

Two strategies for kernel combinations:

{ Uniform combination, ,-norm

{ Sparse combination {-norm

{ MKL always leads to more interpretable models

{ MKL does not always lead to better predictive performance
In particular, with few well-designed kernels
Be careful with normalization of kernels (Bach et al., 2004b



Applications of multiple kernel learning

Selection of hyperparameters for kernel methods
Fusion from heterogeneous data sources (Lanckriet et al., 2004a)

Two strategies for kernel combinations:

{ Uniform combination, ,-norm

{ Sparse combination {-norm

{ MKL always leads to more interpretable models

{ MKL does not always lead to better predictive performance
In particular, with few well-designed kernels
Be careful with normalization of kernels (Bach et al., 2004b

Sparse methods. new possibilities and new features



Sparse methods for machine learning
Outline

Introduction - Overview

Sparse linear estimation with the “;-norm

{ Convex optimization and algorithms

{ Theoretical results

Structured sparse methods on vectors

{ Groups of features / Multiple kernel learning

{ Extensions (hierarchical or overlapping groups)
Sparse methods on matrices

{ Multi-task learning
{ Matrix factorization (low-rank, sparse PCA, dictionarydming)



Lasso - Two main recent theoretical results

1. Support recovery condition

2. Exponentially many irrelevant variables: under appropriate
assumptions, consistency is possible as long as

logp = O(n)



Lasso - Two main recent theoretical results
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2. Exponentially many irrelevant variables: under appropriate
assumptions, consistency is possible as long as

logp = O(n)

Question: Is it possible to build a sparse algorithm that ckarn
from more than1C®° features?



Lasso - Two main recent theoretical results

1. Support recovery condition

2. Exponentially many irrelevant variables: under appropriate
assumptions, consistency is possible as long as

logp = O(n)

Question: Is it possible to build a sparse algorithm that ckarn
from more than1C®° features?

{ Some type of recursivity/factorization is needed!



Non-linear variable selection

depends only on a few variables

Sparse generalized additive models (e.g., MKL):

{ restricted tof (x1;:::;Xq) = f1(X1) + + f 4(Xq)



Non-linear variable selection

depends only on a few variables

Sparse generalized additive models (e.g., MKL):

{ restricted tof (x1;:::;Xq) = f1(X1) + + f 4(Xq)

{ restricted tof (X1;:::;Xq) = f1(X3)



Hierarchical kernel learning (Bach, 2008c)

Many kernels can be decomposed as a sum of many \small" kernel
A

indexed by a certain se¥: | k(x;x9% = ky (; X9
v2V
Example withx = (X1;:::;Xq) 2 RY() non linear variable selectign
{ Gaussian/ANOVA kernelsp=#( V) =21
v 1+ e (X] XJQ)2 — % v e (X] XJQ)Z: % e KX ng%
j=1 Jf 1;:599)23 Jf 1;:599

{ NB: decomposition is related to Cosso (Lin and Zhang, 2006)
P
Goal: learning sparse combination ., vky(x;x9

Universally consistent non-linear variable selectionuesg all subsets



Restricting the set of active kernels

Assume one separate predictax, for each kernek,

{ Final prediction:f (x) =,y Wy v(X)

With at structure

{ Consider blockq-norm: ., dykwyko

{ cannot avoid being linear ip=#( V) =21
Using the structure of the small kernels

1. for computational reasons
2. to allow more Irrelevant variables



Restricting the set of active kernels

V Is endowed with a directed acyclic graph (DAG) structure:
select a kernel only after all of its ancestors have been selected




Restricting the set of active kernels

V Is endowed with a directed acyclic graph (DAG) structure:
select a kernel only after all of its ancestors have been selected




DAG-adapted norm (Zhao et al., 2009; Bach, 2008c)

Graph-based structured regularization

{ D(v) is the set of descendantspf2 V: 1.,
X X X
KWp vy Ko = @ kw kaA
v2V v2V  t2D(v)

Main property: Ifv is selected, so are all its ancestors
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Graph-based structured regularization

{ D(v) is the set of descendantspf2 V: 1.,
X X X
KWp vy Ko = @ kw; kaA
v2V v2V  t2D(v)
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DAG-adapted norm (Zhao et al., 2009; Bach, 2008c)

Graph-based structured regularization

{ D(v) Is the set of descendants§f2 V: 1.,
X X X
kWD( V) Ky, = @ KW k%A
v2V v2V  t2D(v)

Main property: Ifv is selected, so are all its ancestors

Hierarchical kernel learning (Bach, 2008c)

{ polynomial-time algorithm for this norm

{ necessary/su cient conditions for consistent kernel selection
{ Scaling between p, g, n for consistency

{ Applications to variable selection or other kernels



DAG-adapted norm (Zhao et al., 2009; Bach, 2008c)

Graph-based structured regularization

{ D(v) Is the set of descendants iz V: 1.,
X X X
dykwp(yy Kz = d, @ kwi k5A
v2V v2V t2D(v)

Main property: Ifv is selected, so are all its ancestors

Hierarchical kernel learning (Bach, 2008c)

{ polynomial-time algorithm for this norm

{ necessary/su cient conditions for consistent kernel selection
{ Scaling between p, g, n for consistency

{ Applications to variable selection or other kernels



Scaling between p, n
and other graph-related quantities

n = number of observations

P = number of vertices in the DAG

deg(V) = maximum out degree in the DAG

num(V) = number of connected components in the DAG

Proposition (Bach, 2009a): Assume consistency condition satis ed,
Gaussian noise and data generated from a sparse functicen the
support is recovered with high-probability as soon as:

logdeg(V) +lognum(V) = O(n)



Scaling between p, n
and other graph-related quantities

n = number of observations

P = number of vertices in the DAG

deg(V) = maximum out degree in the DAG

num(V) = number of connected components in the DAG

Proposition (Bach, 2009a): Assume consistency condition satis ed,
Gaussian noise and data generated from a sparse functicen the
support is recovered with high-probability as soon as:

logdeg(V) +lognhum(V) = O(n)

Unstructured casenum(V) = p) |logp= O(n)

Power set ofg elements:deg(V) = q) |logg=loglogp= O(n)




Mean-sqguare errors (regression)

dataset n p

K #( V)

L2

greedy

MKL

HKL

abalone

abalone 4177

10

rbf

4177 10 pold 107

10°0

44.2 1.3
43.0 0.9

439 1.4
45.0 1.7

445 1.1
43.7 1.0

43.3 1.0
43.0 1.1

boston
boston

506 13 pold
506 13

rbf

10°
102

17.1 3.6
16.4 4.0

24.7 10.8
32.4 8.2

22.2 2.2
20.7 2.1

18.1 3.8
17.1 4.7

8192
8192

pumadyn-32fh
pumadyn-32fh

32
32

pol4
rbof

1072
103

57.3 0.7
57.7 0.6

56.4 0.8
(2.2 22.5

56.4 0.7
56.5 0.8

56.4 0.8
55.7 0.7

8192
8192

pumadyn-32fm
pumadyn-32fm

32
32

pol4
rof

1072
10%

6.9 0.1
5.0 0.1

6.4 1.6
46.2 51.6

7.0 0.1
7.1 0.1

3.1 0.0
3.4 0.0

pumadyn-32nh 8192
pumadyn-32nh 8192

32
32

pol4
rof

1072
1031

84.2 1.3
56.5 1.1

/3.3 25.4
81.3 25.0

83.6 1.3
83.7 1.3

36.7 0.4
35.5 0.5

pumadyn-32nm 8192
pumadyn-32nm 8192

32
32

pol4
rof

1072
10°1

60.1 1.9
15.7 0.4

69.9 32.8
67.3 42.4

775 0.9
/7.6 0.9

5.5 0.1
7.2 0.1




Extensions to other kernels

Extension to graph kernels, string kernels, pyramid matenriels

Exploring large feature spaces with structured sparsigiticing norms

{ Opposite view than traditional kernel methods
{ Interpretable models

Other structures than hierarchies or DAGS



Sparse methods for machine learning
Outline

Introduction - Overview

Sparse linear estimation with the “;-norm

{ Convex optimization and algorithms

{ Theoretical results

Structured sparse methods on vectors

{ Groups of features / Multiple kernel learning

{ Extensions (hierarchical or overlapping groups)
Sparse methods on matrices

{ Multi-task learning
{ Matrix factorization (low-rank, sparse PCA, dictionarydming)



Grouped variables

Supervised learning with known groups:

{ The 1- 2 norm
X ~ X X , 122
kwgk, = Wi
G2G G2G j2G

{ The 1- , norm sets to zeronon-overlapping groups of variables
(as opposed to single variables for the norm)



Grouped variables

Supervised learning with known groups:

{ The 1- 2 norm

X X X .
kwek, = wz o
GRo j

G2G G2G j2G

{ The 1- , norm sets to zeronon-overlapping groups of variables
(as opposed to single variables for the norm).

However, the 1- > norm encodesxed/static prior information
requires to know in advance how to group the variables

What happens if the set of groupS Is not a partition anymore?



Structured Sparsity (Jenatton et al., 2009a)

When penalizing by the;- », norm

X X X
kwgk, = W

G2G G2G j2G

{ The 1 norm induces sparsity at the group level:
Somewg's are set to zero
{ Inside the groups, the, norm does not promote sparsity

Intuitively, the zero pattern ofw Iis given by

[
fj 2f1;:::;pg, wj =0g= G for someG® G:
G2GO

This intuition Is actually true and can be formalized



Examples of set of groups G (1/3)

Selection of contiguous patterns on a sequenpe; 6

-

{ G Is the set of blue groups

{ Any union of blue groups set to zero leads to the selection of a
contiguous pattern



Examples of set of groups G (2/3)

Selection of rectangles on a 2-D grids= 25

{ G Is the set of blue/green groups (with their complements, not
displayed)

{ Any union of blue/green groups set to zero leads to the satatt
of a rectangle



Examples of set of groups G (3/3)

Selection of diamond-shaped patterns on a 2-D grigs; 25
{ It is possible to extent such settings to 3-D space, or morenptex

topologies
{ See applications later (sparse PCA)




Relationship between G and Zero Patterns
(Jenatton, Audibert, and Bach, 2009a)

G ! Zero patterns:

{ by generating theunion-closureof G

Zero patterns | G:

{ Design groupss from anyunion-closed set of zero patterns
{ Design groupss from any intersection-closed set of non-zero
patterns



Overview of other work on structured sparsity

Speci ¢ hierarchical structure (Zhao et al., 2009; Bach, @&kt)

Union-closed(as opposed to intersection-closed) family of nonzero
patterns (Jacob et al., 2009; Baraniuk et al., 2008)

Nonconvex penalties based on information-theoretic crgewith
greedy optimization (Huang et al., 2009)



Sparse methods for machine learning
Outline

Introduction - Overview

Sparse linear estimation with the “;-norm

{ Convex optimization and algorithms

{ Theoretical results

Structured sparse methods on vectors

{ Groups of features / Multiple kernel learning

{ Extensions (hierarchical or overlapping groups)
Sparse methods on matrices

{ Multi-task learning
{ Matrix factorization (low-rank, sparse PCA, dictionarydming)



Learning on matrices - Image denoising
Simultaneously denoise all patches of a given image

Example from Mairal, Bach, Ponce, Sapiro, and ZissermanO&t)




Learning on matrices - Collaborative Itering

Givenny \movies" x 2 X andny \customers"y 2Y,
predict the \rating" z(x;y) 2 Z of customery for moviex

Training data: largenx ny incomplete matrixZ that describes the
known ratings of some customers for some movies

Goal: complete the matrix.

.

LL.III"EE




Learning on matrices - Source separation

Single microphone (Benaroya et al., 2006; Fevotte et alQdD)

Signal x

2

10 20 30 40 30 60 70 80 90 100

Log—power spectrogram

I I I
120 - —
100 - . . i
c ¥ A ..I T I-a-. b ol il A,
S 60l ki LT e ; i
S e\"** """F‘V e M {fr B et b
= 40 i il ||'I.I:' || M! M,-Iﬂl | v n I’,h nl'n ml m w i -\ ¥ b fhikis ||
f i |h R L Lt B ' 'T ul i Al il ,--i jgmmd 1 kL iyl | [
| |‘ i 1 I.III
20 " s 4

1000 2000 3000 4000 5000 6000 ?000 8000 QOOD
frame n



Learning on matrices - Multi-task learning

k linear prediction tasks on same covariate® RP

{ k weight vectorsw; 2 RP

Classical application
{ Multi-category classi cation (one task per class) (Amit @l., 2007)

Share parameters between tasks

Joint variable selection (Obozinski et al., 2009)

{ Select variables which are predictive for all tasks

Joint feature selection (Pontil et al., 2007)

{ Construct linear features common to all tasks



Matrix factorization

- Dimension reduction

Given data matrixX = (Xq;:::;Xp) 2 RP "
{ Principal component analysis :
+ +
+ +
++ 7t
+++"_'|_++
+ +
&+
+
+
{ K-means: |x; dx) X = DA
+ H
P : ++++ '
Fr+ N




Two types of sparsity for matrices M 2 R" P
| - Directly on the elements of M

Many zero elementsM ;; =0

M

M|
|




Two types of sparsity for matrices M 2 R" P
Il - Through a factorization of M = UV ~

Matrix M = UV >, U2 R" KandV 2 RP K

Sparse decomposition: U sparse

Low rank: m small




Structured sparse matrix factorizations

Matrix M = UV >, U 2 R" KandV 2 RP X

Structure on U and/or V

{ Low-rank: U andV have few columns

{ Dictionary learning / sparse PCAJ has many zeros

{ Clustering k-means):U 2f0;1g" ™, Ul =1

{ Pointwise positivity: non negative matrix factorizatiorNMF)
{ Speci c patterns of zeros (Jenatton et al., 2010)

{ Low-rank + sparse (Candes et al., 2009)

{ etc.

Many applications

Many open questions (Algorithms, identi abllity, etc.)



Multi-task learning

Joint variable selection (Obozinski et al., 2009)

{ Penalize by the sum of the norms of rows \&f (group Lasso)
{ Select variables which are predictive for all tasks



Multi-task learning

Joint variable selection (Obozinski et al., 2009)

{ Penalize by the sum of the norms of rows \f (group Lasso)
{ Select variables which are predictive for all tasks

Joint feature selection (Pontil et al., 2007)

{ Penalize by the trace-norm (see later)

{ Construct linear features common to all tasks

Theory: allows number of observations which iIs sublinearthe
number of tasks (Obozinski et al., 2008; Lounici et al., 2p09

Practice: more interpretable models, slightly improvedfeemance



L ow-rank matrix factorizations
Trace norm

Given a matrixM 2 R" P

{ Rank ofM Is the minimum sizen of all factorizations ofM Into
M=UV~,U2R" MandV 2RP ™

{ Singular value decompositionrM = U Diag(s)V~ whereU and
V have orthonormal columns ansl2 RT' are singular values

Rank ofM equal to the number of non-zero singular values



L ow-rank matrix factorizations
Trace norm

Given a matrixM 2 R" P

{ Rank ofM is the minimum sizan of all factorizations ofM into
M=UV~,U2R" MandV 2 RP M

{ Singular value decompositionM = U Diag(s)V~ whereU and
V have orthonormal columns ansl2 RT' are singular values

Rank of M equal to the number of non-zero singular values
Trace-norm (a.k.a. nuclear norm) = sum of singular values
Convex function, leads to a semi-de nite program (Fazel &t 2001)

First used for collaborative ltering (Srebro et al., 2005)



Results for the trace norm
Rank recovery condition (Bach, 2008d)

{ The Hessian of the loss around the asymptotic solution stdog
close to diagonal

Su cient condition for exact rank minimization (Recht et aJ 2009)

High-dimensional inference for noisy matrix completiomg&o et al.,
2005; Candes and Plan, 2009a)

{ May recover entire matrix from slightly more entries thaneth
minimum of the two dimensions

E cient algorithms
{ First-order methods based on the singular value decompms(isee,

e.g., Mazumder et al., 2009)
{ Low-rank formulations (Rennie and Srebro, 2005; Abernethwl.,
2009)



Spectral regularizations
Extensions to any functions of singular values
Extensions tobilinear forms(Abernethy et al., 2009)
(;y) 70 (X)"B ()
on features( x) 2 R'x and ( y) 2 R'Y, andB 2 Rfx Ty
Collaborative ltering with attributes

Representer theorem: the solution must be of the form

Xx Ry
B = i (xi)(y;)

i=1 j=1

Only norms invariant by orthogonal transforms (Argyriouat, 2009)



Sparse principal component analysis

{ Analysis view: nd the projection d 2 RP of maximum variance
(with de ation to obtain more components)

{ Synthesis view: nd the basisdi;:::;dx such that allx; have
low reconstruction error when decomposed on this basis

For regular PCA, the two views are equivalent



Sparse principal component analysis

{ Analysis view: nd the projection d 2 RP of maximum variance
(with de ation to obtain more components)

{ Synthesis view: nd the basisd;:::;dx such that allx; have
low reconstruction error when decomposed on this basis

For regular PCA, the two views are equivalent

Sparse extensions

{ Interpretability
{ High-dimensional inference
{ Two views are di erents
For analysis view, see d'Aspremont, Bach, and El Ghaoui 00



Sparse principal component analysis
Synthesis view

X | XK 20X 5
min  X; (i)jd; = min X; D ; 2is small
_ i2 RM _ _ i2 RM
=1 ] =1 2 =1
{ LookforA =( q1;:::; o) 2 RK "andD =(dq;:::;dy) 2 RP K

such thatD is sparse andkX DA k2 is small



Sparse principal component analysis
Synthesis view

X X 2 X ,
min X (i)d; = min X; D izis small
_ i2 RM _ _ i2 RM
i=1 j=1 2 =1
{ LookforA =( q1;:::; o) 2 RK "andD =(dq;:::;dy) 2 RP K

such thatD is sparse andkX DA k2 is small

Sparse formulation (Witten et al., 2009; Bach et al., 2008)

{ Penalize/constraind; by the ";-norm for sparsity
{ Penalize/constrain ; by the ,-norm to avoid trivial solutions

X0 XK
min KX D |k% + kdj ki s.t. 8k ka6 1
i=1 j=1



Sparse PCA vs. dictionary learning

Sparse PCA: x; D i, D sparse

+ +
+ T + +
_,_+++++ + 7 4t
+++:|:+ —I?I—*
&+ &+

+ +



Sparse PCA vs. dictionary learning

Sparse PCA: x; D i, D sparse

+ +
&+ ¥ &+ ¥
+ +
Dictionary learning : x; D , | sparse
++ T
+
+F
++ N
+ +
+ +I+ ++++ -::l-+
+ ¥




Structured matrix factorizations (Bach et al., 2008)

X XK
min  kx; D k5+ kdik- s.t. 8i;k ik 61
D;A
’ =1 ] =1
Ig]lp KX D ik%+ k ik s.t. 8j; kdj ko 6 1
Ci=l i=1

Optimization by alternating minimization (non-convex)

i decomposition coe cients(or \code"), d; dictionary elements

Two related/equivalent problems:

{ Sparse PCA = sparse dictionary ( 1-norm ond;)
{ Dictionary learning = sparse decompositions ( ;-norm on ;)
(Olshausen and Field, 1997; Elad and Aharon, 2006; Lee et al.

2007)



Dictionary learning for image denoising

#B = ¥ i3

measurements  griginal'image  Noise



Dictionary learning for image denoising

Solving the denoising problem (Elad and Aharon, 2006)
{ Extract all overlapping8 8 patchesx; 2 R%*

{ Solve a matrix factorization problem:

X
... .o i . 2
r[?;lg jiX DA jjg = DI;Q IXi D )35

=1

whereA is sparse and D is the dictionary

{ Each patch is decomposed intq = D ;

{ Average the reconstructiod ; of each patchx; to reconstruct a
full-sized image

The number of patches Is large (= number of pixels)



Online optimization for dictionary learning

X
min ixi D ilis+ i i
A2RK MD2C . _,

CYfD2RP X st 8 =1;::::k; jjdji» 6 1g:
Classical optimization alternates betwe&n and A

Good results, butvery slow!



Online optimization for dictionary learning

X
min jixi D ijig+ i i
A2RK MD2C . _,

CYfD2RP X st 8 =1;::::k; jjdji» 6 1g:
Classical optimization alternates betwe&n and A.

Good results, butvery slow!

Online learning (Mairal, Bach, Ponce, and Sapiro, 2009a) can
{ handle potentially in nite datasets

{ adapt to dynamic training sets

Simultaneous sparse coding (Mairal et al., 2009c)

{ Links with NL-means (Buades et al., 2008)



Denoising result
(Mairal, Bach, Ponce, Sapiro, and Zisserman, 2009c¢)




Denoising result
(Mairal, Bach, Ponce, Sapiro, and Zisserman, 2009c)




What does the dictionary D look like?
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Inpainting a 12-Mpixel photograph

of the Salinas V
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Inpainting a 12-Mpixel photograph




Inpainting a 12-Mpixel photograph



Inpainting a 12-Mpixel photograph



Sparse structured PCA
(Jenatton, Obozinski, and Bach, 2009b)

Learningsparse and structured dictionary elements:

X XP
mlp ) KX D |k% + (dj) s.t. 81; k k> 1

Structure of the dictionary elements determined by the atwiof
overlapping group$ (and thus )

E cient learning procedures through \-tricks"

X 1 X kygkZ
{ Reweighted ,: kygcko= min = ALY N
>0,G2G 2 G
G2G G2G

G



Application to face databases (1/3)

raw data (unstructured) NMF

NMF obtains partially local features



Application to face databases (2/3)

(unstructured) sparse PCA  Structured sparse PCA

Enforce selection ofconvex nonzero patterns) robustness to
occlusion



Application to face databases (2/3)

(unstructured) sparse PCA  Structured sparse PCA

Enforce selection ofconvex nonzero patterns) robustness to
occlusion



Application to face databases (3/3)

Quantitative performance evaluation on classi cation tas

45

''''' raw data
~—=PCA
| == NMF
40 —SPCA
%shared-SPCA
SSPCA
shared-SSPCA

w
a1

w
o

et L

N

0% Correct classification

20 40 60 80 100 120 140
Dictionary size



Dictionary learning vs. sparse structured PCA
Exchange roles of D and A

Sparse structured PCA (sparse and structured dictionagnednts):

X0 XK
mlp ) KX D |k§ + (dj) s.t. 81; k ko 1:

Dictionary learning with structured sparsity for :

X
AgnRipn KX D ik%'l' ( i) S.t. 8j; kdjkz 1
poRp k'



Hierarchical dictionary learning
(Jenatton, Mairal, Obozinski, and Bach, 2010)

Structure on codes (not on dictionaryD)

Hierarchical penalization: ( )= 5,5 K &k, where groupss in
G are equal toset of descendantef some nodes in a tree

Variable selected after its ancestors (Zhao et al., 2009cBa2008c)



Hierarchical dictionary learning
E cient optimization

X

AgnRipn KX D ik%+ ( i) S.1L. 8j; kdjkz 1:
poRp k'

Minimization with respect to ; : regularized least-squares
{ Many algorithms dedicated to the;-norm ()= k kj

Proximal methods: rst-order methods with optimal convergence
rate (Nesterov, 2007; Beck and Teboulle, 2009)
{ Requires solving many timasin ,gpe %ky ks+ ()

Tree-structured reqgularizationt E cient linear time algorithm
based on primal-dual decomposition (Jenatton et al., 2010)



Hierarchical dictionary learning
Application to image denoising

Reconstruction of 100,008 8 natural images patches

{ Remove randomly subsampled pixels
{ Reconstruct with matrix factorization and structured sysary

noise 50 % 60 % 70 % 80 % 90 %
at 193 0:1268 0:136.7/ 01506 00721 0.0
tree|186 01257 0:11350 0:1480 0:0659 0:3

80

70+

60+

50

1 2 3 4 5 6 7 8 9 1011 12 13 14




Application to image denoising - Dictionary tree



Hierarchical dictionary learning
Modelling of text corpora

Each document is modelled through word counts
Low-rank matrix factorization of word-document matrix

Probabilistic topic models (Blei et al., 2003a)

{ Similar structures based on non parametric Bayesian meth(ilei
et al., 2004)

{ Can we achieve similar performance with simple matrix
factorization formulation?



Hierarchical dictionary learning
Modelling of text corpora

Each document is modelled through word counts
Low-rank matrix factorization of word-document matrix

Probabilistic topic models (Blei et al., 2003a)

{ Similar structures based on non parametric Bayesian meth(ilel
et al., 2004)

{ Can we achieve similar performance with simple matrix
factorization formulation?

Experiments:

{ Qualitative: NIPS abstracts (1714 documents, 8274 words)
{ Quantitative: newsgroup articles (1425 documents, 1331&ds)



Modelling of text corpora - Dictionary tree

hidden
units theorem
layer proof
training let
trained class
bounded
cells connection 1
cell patterns an would state
firing pattern on way states
response neurons \ be —1 What control
stimulus system the do current
x does reinforcement
probability matrix
likelihood n performance circuit
distribution t test analog
_models vector experiments chip
distributions r table implemented
| performed implementation
optimal ]
error images
objects




Modelling of text corpora

Comparison on predicting newsgroup article subjects:

100

Bl PCA + SVM
B NMF + SVM
| |LDA + SVM
I SpDL + SVM
B SpHDL + SVM

©
)

00)
)

~
o

Classification Accuracy (%)

(@)
)

3 7 15 31 63
Number of Topics




Alternative usages of dictionary learning

Uses the \code"U as representation of observations for subsequent
processing (Raina et al., 2007; Yang et al., 2009)

Adapt dictionary elements to speci c tasks (Mairal et al.0Q9Db)

{ Discriminative training for weakly supervised pixel clasgion (Mairal
et al., 2008)



Ongoing Work - Digital Zooming



Digital Zooming (Couzinie-Devy et al., 2010)



Digital Zooming (Couzinie-Devy et al., 2010)



Digital Zooming (Couzinie-Devy et al., 2010)



Ongoing Work - Task-driven dictionaries
iInverse half-toning (Mairal et al., 2010)



Ongoing Work - Task-driven dictionaries
iInverse half-toning (Mairal et al., 2010)



Ongoing Work - Inverse half-toning



Ongoing Work - Inverse half-toning



Ongoing Work - Inverse half-toning



Ongoing Work - Inverse half-toning



Probabilistic topic models and matrix factorization

Latent Dirichlet allocation (Blel et al., 2003b)

{ For a document, sample 2 R¥ from a Dirichlet( )

{ For the n-th word of the same document,
sample a topicz, from a multinomial with parameter
sample a wordv, from a multinomial with parameter (z,;:)



Probabilistic topic models and matrix factorization

Latent Dirichlet allocation (Blel et al., 2003b)

{ For a document, sample 2 R* from a Dirichlet( )

{ For the n-th word of the same document,
sample a topicz, from a multinomial with parameter
sample a wordv, from a multinomial with parameter (z,;:)

Interpretation as multinomial PCA (Buntine and Perttu, 2003)

{ Marginalizing over topi,, gi\@n , each woraw,, Is selected from
a multinomial with parameter 5:1 K (z;)= 7~
{ Row of = dictionary elements, code for a document



Probabilistic topic models and matrix factorization

Two di erent views on the same problem

{ Interesting parallels to be made
{ Common problems to be solved

Structure on dictionary/decomposition coe cients  with adapted
priors (Blei et al., 2004, Jenatton et al., 2010)

ldenti ability and interpretation/evaluation of results

Discriminative tasks (Blei and McAulie, 2008; Lacoste-Julien
et al., 2008; Mairal et al., 2009Db)

Optimization and local minima

{ Online learning (Mairal et al., 2009d)



Sparsifying linear methods

Same pattern than with kernel methods

{ High-dimensional inference rather than non-linearities
Main di erence: in general no unique way

Sparse CCA (Sriperumbudur et al., 2009; Hardoon and Shaager,
2008; Archambeau and Bach, 2008)

Sparse LDA (Moghaddam et al., 2006)

Sparse ...



Sparse methods for matrices
Summary

Structured matrix factorization has many applications

Algorithmic issues

{ Dealing with large datasets
{ Dealing with structured sparsity

Theoretical iIssues

{ ldenti ability of structures, dictionaries or codes
{ Other approaches to sparsity and structure

Non-convex optimization versus convex optimization

{ Convexi cation through unbounded dictionary size (Bach al,
2008) - few performance improvements



Sparse methods for machine learning
Outline

Introduction - Overview

Sparse linear estimation with the “;-norm

{ Convex optimization and algorithms

{ Theoretical results

Structured sparse methods on vectors

{ Groups of features / Multiple kernel learning

{ Extensions (hierarchical or overlapping groups)
Sparse methods on matrices

{ Multi-task learning
{ Matrix factorization (low-rank, sparse PCA, dictionarydming)



Links with compressed sensing
(Baraniuk, 2007; Canas and Wakin, 2008)

Goal of compressed sensing: recover a sigm&d RP from only n
measurementy = Xw 2 R"

Assumptions: the signal ik-sparse;n much smaller tharp
Algorithm: miny, 2 re kwk; such thaty = Xw

Su cient condition on X and (k; n; p) for perfect recovery:

{ Restricted isometry property (all small submatricesXf X must

be well-conditioned)
{ Such matrices are hard to come up with deterministically,tbu

random ones are OK witlk logp = O(n)

Random X for machine learning?



Sparse methods for machine learning
Why use sparse methods?

Sparsity as a proxy to interpretability
{ Structured sparsity

Sparsity for high-dimensional inference

{ In uence on feature design
Sparse methods are not limited to least-squares regression
Faster training/testing

Better predictive performance?

{ Problems are sparse if you look at them the right way



Conclusion - Interesting questions/issues

Implicit vs. explicit features

{ Can we algorithmically achievdogp = O(n) with explicit
unstructured features?

Norm design

{ What type of behavior may be obtained with sparsity-indugin
norms?

Over tting convexity

{ Do we actually need convexity for matrix factorization ptems?
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