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@ Kernel machines
@ Non sparse kernel machines
@ sparse kernel machines: SVM
@ Sparse kernel machines for regression: SVR
@ practical SVM



Interpolation splines

find out f € H such that f(x;) = y;, i=1,..,n

It is an ill posed problem



Interpolation splines: minimum norm interpolation
H 1
min S [I713,
such that  f(x;) =y, i=1,...n
The lagrangian («; Lagrange multipliers)

n

L(F,0) = 21717~ os(Flx) — 1)

i=1
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Interpolation splines: minimum norm interpolation

min 5[/ f]|3
such that  f(x;) = y;, i=1,..,n

g aeey

The lagrangian («; Lagrange multipliers)

n

L(F,0) = 21717~ os(Flx) — 1)

i=1

optimality for £ V(L(f.a) =0 <& f(x)=> ak(x;.x)

i=1

dual formulation (remove f from the Iagrangian):

ZZa ajk(x;, ;) + Za Vi solution:  max Q(«a)

acR"
i=1 j=1



Representer theorem

Theorem (Representer theorem)

Let H be a RKHS with kernel k(s,t). Let ¢ be a function from X to R

(loss function) and ® a non decreasing function from R to IR. If there
exists a function f*minimizing:

f* = argmin Z f(y,-, f(x,-)) + q>(|\f||§{)

fen

then there exists a vector o € R" such that:

n

*(x) = Z aik(x, x;)

i=1

it can be generalized to the semi parametric case: + 7", f;¢;(x)



Elements of a proof
Q Hs = span{k(.,x1), ..., k(-, %), -, k(., %n)}
@ orthogonal decomposition: H =H, GH, = Vf € H;f =f+f,
© pointwise evaluation decomposition
f(xi) = f(xi)+fL(x;)
= (f(), k(o xi)) e + (FL(), k(. xi))n

=0

= fs(x;)
© norm decomposition 1115, = 115 + 1FL 1B, > 1115
——
© decompose the global cost >0
Z i F(xi) + @(IIf15) Z Uyi f(xi) + S(IEN17, + I1£L15)

> Z )/17 s + q)(HfHH)

Q argmin = argmin
feH feHs




Smooting splines
introducing the error (the slack)
(s) min 3 fI5 + 55 D€

i=1
such that  f(x;) = yi + &, i=1,n

)

three equivalent definitions
/ o Ly Vv 4 22
(8 min 2 ’;(f(xl) yi)” + Sl
min  1|f|2 n
e 2T min 3°(F(x) ~ )’
hthat S (F(xi) —y;)? < s
sue Pt ! Y= such that  ||f]|3, < C”
using the representer theorem
1 A
(8")  min §\|Ko¢—y||2 + EaTKoz

acR"
solution: S) e (S)e (S e (K+Aa=y
ridge regression: 1 A
7 ridge reg min  Z[|[Ka—y|” + Za'a
acR” 2 2



Kernel logistic regression
inspiration: the Bayes rule

D(x) =sign(f(x) + ag) = log (H) F(x) + ao

probabilities:
f(x)+ao 1
- exp o o
P(Y =1|x) = 17 opfia P(Y = 1\x)_71+expf(x)+%

Rademacher distribution
‘C(Xiayiaf7a0)zlp( —].|X)

S (1-P(Y = 1[x) =

penalized likelihood

A
J(f,a0) = —Z|0g (x5, i, £, 0)) + §||f\|${

A
Z log ( n expfy:(f(x.-)mo)) 4 5”“\%{



Kernel logistic regression (2)

: 1 2 1 —&i
(R) min 2||I"||H—|—>\Z:log(l%—exp )

i=1
with & = y; (f(xi) + o), i=1n

Representer theorem

i A
J(e,a0) =T log (]I + expd'ag(Y)K“+o‘°y) + > a'Ka

gradient vector anf Hessian matrix:
Vod(a,a0) = K(y — (2p — 1))+ MK

HoJ(a, ap) = Kdiag(p(1 — p)) K + AK

solve the problem using Newton iterations

a"™ = 04 (Kdiag(p(T — p))K + AK) "

K(y—(2p— 1)+ \o)



Let's summarize

@ pros
» Universality
» from H to R" using the representer theorem
» no (explicit) curse of dimensionality

o splines O(n3)  (can be reduced to O(n?))
e logistic regression O(kn®) (can be reduced to O(kn?)

@ no scalability!

sparsity comes to the rescue!



Roadmap

@ Kernel machines

@ sparse kernel machines: SVM
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SVM: the separable case (no noise)

max m i = ;
ne o min 3llflR
with y; (f(x;) + o) > m with y; (F(xi) + ag) > 1

and L|f|2 =1

3 ways to represent function f

d n
f(x) = Z wj ¢j(x) = Zai yi k(x,%;)
. J=1 i=1
in the RKHS # N
d features n data points

min %HWH;\‘, =iw'w min  $ o' Ko
W,xg @, o
with y; (ngb(x,-) + ao) >1 with y;(ozTK(:, i)+ ao) >1



using relevant features...

a data point becomes a function x — k(x, o)

input space representation: x feature space: k(x,.)



Representer theorem for SVM
{ min 3|3

f,a0

with y,-(f(x,-) + ao) >1

Lagrangian

n

L(f.00,0) = I~ Y- ai((F() +ag) ~1) a0

i=1

optimility condition: V¢L(f,ap,a) =0 < f(x) = Z a;yik(x;, x)
i=1

n

1713, = aiajyiyik(xi, x;)

Eliminate f from L: ==

Z aiyif (x;) = Z Z oy yiyik(xi, x;)
i=1

i=1 j=1

1 n n n
Q(avo, ) = ) Z Zaiaj)/iyjk(xhxj) - Zai (vico — 1)

i=1 j=1 i=1



Dual formulation for SVM

the intermediate function

QO‘O7 = ZZQQJYIYJ XI7XJ Za:y, +Zal

I].J].

maxmin Q(wo, cv)

a o

ap can be seen as the Lagrange multiplier of the following (balanced)
constaint >_"_, a;y; = 0 which is also the optimality KKT condition on aq

Dual formulation

n n

12:2:
max aajy,yj x,,xJ +E o
acR

i=1 j=1
n

such that Za;y,- =0

and 0<q;, i=1,n



SVM dual formulation

Dual formulation

n n
1
m —E S aakes) + 3o
i=1 j=1
n
with Za,-y,-:o and 0<a;, i=1,n

i=1

The dual formulation gives a quadratic program (QP)
{ min %aTGa —1" o

acR"”
with aTy =0 and 0< «

with Gj = yiy;k(xi,x;)

with the linear kernel £(x) = Y7 aiyi(xTx;) = S0, Bix;
when d is small wrt. n primal may be interesting.



the general case: C-SVM

Primal formulation

H f 2 C P
(P){ reniters 21T Zf
such that  y;(f(x;) + ao) >1-¢, &>0, i=1,n

C is the regularization path parameter (to be tuned)

p=1,L; SVM
max —1a"Ha+ao'l
e} n
suchthat a'y=0and0<a;<C i=1,n

p=2, L, SVM
max —fa (H+ 1I)a+aT1I
acR”
suchthat a'y=0and0<a; i=1,n

the regularization path: is the set of solutions a(C) when C varies



Data groups: illustration
F(x) = aik(x,x;) + ao
i=1

D(x) = sign(f(x))

useless data important data suspicious data
well classified support
a=0 O<ax<C a=C

the regularization path: is the set of solutions o(C) when C varies




The importance of being support

f(x) = Zai)/ik(xiax)

data constraint
. « set
point value
x; useless aj=0 yi(f(xi)) + ag) > 1| Iy
X; support O<a;<C yi(f(xj) +ag) =1 | Iy
X; suspicious aj=C y,-(f(x,-) + ao) <1\ I

Table: When a data point is « support » it lies exactly on the margin.

here lies the efficiency of the algorithm (and its complexity)!

sparsity: a; =0




Two more ways to derivate SVM

Using the hinge loss

min Zmax yi(f(x )+Oéo)) %Ilfllz

feH,co€ER P 4

Minimizing the distance between the convex hulls
min  flu— v,

with  u(x) = Z aik(xj, x), v(x) = Z aik(x;, x)
{ilyi=1} {ilyi=—1}

and Y =1, Y ai=1 0<a; i=1n

{ilyi=1} {ilyi=—1}

2 _ 2
e (00) = V() and ag = 1Pl
- H

lu = VI3,

f(x) =

the regularization path: is the set of solutions «(C) when C varies



Regularization path for SVM

H(z) = max(0.12)

n

. Ao 2
min 2 max(1 — yif(x;),0) + > [1£11% J

o
2=y9)

o
1 1

30

344,
]

E o 0
aHE),, = o

O d(F) = ciyiK(xi,®) = > yiK(xi,#) + Ao f() with a; € OH(1) =] - 1,0]

i€ly i€l

lo, is the set of support vectors s.t. y;f(x;) = 1;



Regularization path for SVM

min max(1 — yif(x;),0) + - ||f||H } \

= e
I 1 2=yix)
lo, is the set of support vectors s.t. y;f(x;) = 1; 4{’7
O d(F) = ciyiK(xi,®) = > yiK(xi,#) + Ao f() with a; € OH(1) =] - 1,0]
i€ly i€l

Let A, a value close enough to A\, to keep the sets Iy, I, and Ic unchanged

In particular at point x; € Iy (fo(x) = fa(x;) = y;) © O J(f)(x;) =0

Ziela QioyiK(xi,x;) = Z;e/1 yiK(xi,x;) = Ao y;
Dicr, CinyiK(xi, %) = oy yiK(xi; %) — An y;
G(an - 040) = (/\o - /\n)y avec Gij = y,-K(x;, Xj)

a, = Qo+ ()\0 — )\n)W w— (G)_ly



Example of regularization path

0 €] —1,00  yiai €] —1,-1] =2 L
" e va B :
s 0.5! i\EgIm r.:!ﬂféiv/" fé"‘7 ’/’% / 4<// /
>_0:7 wlgw:% E :j\ .\ \ '<*1 —
.1 '§"“ % \\ N \ \\ \ \\ \

«; estimation and data selection



How to choose ¢ and P to get linear regularization path?

one is piecewise quadratic

the path is piecewise linear < .. o
p P and the other is piecewise linear

the convex case [Rosset & Zhu, 07]

min ¢(8) + A\P(B)

Berd

BA+¢e) - BN

3

@ piecewise linearity: lim = constant
e—0

@ optimality VIB(N) +AVP(B(N) =0

VUBA+e)+ (A+e)VP(B(A+¢e)=0

© Taylor expension

lim M —[V2U(B(N) + AV2P(B(\)] -V P(B(N))

V2(B(\)) = constant and  V2P(B(\)) =0




Problems with Piecewise linear regularization path

L|P regression classification | clustering
Ly | L Lasso/LARS L1 L2 SVM PCA L1
Ly | Ly SVR SVM OC SVM
Li | Ly L1 LAD L1 SVM

Danzig Selector

Table: example of piecewise linear regularization path algorithms.

d
P: L= 15l L: Lp:|f(x) =yl hinge (vF(x) — 1)%
j=1

e-insensitive

{ 0 if |f(x)—y|<e
[f(x) —y|—¢ else

{ f(x) — yI? if[f(x) -yl <t

Huber's loss: 2t|f(x) —y| —t2  else



K-Lasso (Kernel Basis pursuit)

The Kernel Lasso .
(51) { min 3lKa -yl + 23 Ja;

acR" ;
i=1

e Typical parametric quadratic program (pQP) with a; =0

@ Piecewise linear regularization path

The dual:
min  1||Kal?
(Dl) * T
such that K'(Ka—y) <t

@ The K-Danzig selector can be treated the same way

@ require to compute KT K - no more function f!



Support vector regression (SVR)
Lasso’s dual adaptation:

. l 2 . l f2
min  3[Ka] min 313
st Ki(Ka—y)<t st [f(x) —yil <t i=1Ln

The support vector regression introduce slack variables
min  Z[fI3 + C X4
such that  |f(x;) —yi| <t+& 0<¢& i=1,n

(SVR) {

@ a typical multi parametric quadratic program (mpQP)
@ piecewise linear regularization path

1 1 1
a(C,t) = a(Co, to) + (E - ?O)U + a(f — to)v

@ 2d Pareto’s front (the tube width and the regularity)



Support vector regression illustration

Support Vector Machine Regression

C large C small

@ there exists other formulations such as LP SVR...



v-SVM and other formulations...
v e [0,1]

min  1||f]3, + Zg”—vm

f,au,ﬁ,m
v
) with  y;(f(x )+ao)>m &, i=1,n,
and m=>0, >0, i=1,n,

for p = 1 the dual formulation is:

max —%aTGa
acR"
with a'y=0et0<aq; <% i=1,n

— n
and v<a'l

3=



SVM with non symetric costs

problem in the primal

o™ BIfRECY >0 g
o {ilyi=1} {ilyi—1}
with  yi(f(xi) +a0) >1-¢&, & >0, i=1,n

for p = 1 the dual formulation is the following:

max —%aT Ga+a'l
aceR”

with a'y=0and0<o;<CtorC~ i=1,n



Generalized SVM

min Z max(O, 1—yi(f(x;)+ Oéo)) + %‘P(f)

%) convexJ

in particular o(f) = |||/ with p =1 leads to L1 SVM.
: T T
pemmin I B+CI ¢

with yi(z Oéjk(X,',Xj) —+ ao) >1-— g,',
j=1
and _ﬁigaigﬁia giZOa i:]-an

with 3 = |a|. the dual is:

a I’
7,6,?*6)(113" 7
with y'v =0, 6 +07 =
21 vk(xi %) = 6; —6f, i=1,n
and 0<6;,0<6,0<~v<C, i=1,n



SVM reduction (reduced set method))

@ objective: compile the model

o f(x) =Y aik(xi,x),ns < n, nstoo big

compiled model as the solution of: g(x Zﬁ, z;,X), ne < ng

53,z; and ¢ are tuned by minimizing:
min lg — flk

where
rg;in lg —flI? ="K+ BTK.8—20"K,.3
Zj

some authors advice 0,03 < Z—Z <0,1
solve it by using use (stochastic) gradient (its a RBF problem)



SVM and probabilities (1/2)

P(Y =1
log ]P((Y_—|lx>2) as (almost) the same sign as f(x) J
P(Y =1|x) B B 1
|Ogm—alf(x)+az P(Y—llx)—l—m
a et ap estimated using maximum likelihood
some facts

@ SVM is universaly consistent (coverges towards the Bayes risk)

@ SVM asymptotically implements the bayes rule

@ but theoreticaly: no consistency towards conditional probabilities (due
to the nature of sparsity)

@ to estimate conditional probabilities on an interval
(typicaly[3 — 1, 3 + n]) to spasness in this interval (all data points have

to be support vectors)



SVM and probabilities (2/2)

An alternative approach

g(x) —e (x) < P(Y =1Jx) < g(x)+e"(x)

non parametric functions e~ and €™ have to verify:

g(x) + et(x) = exp~(1-f(x)—0) i +az
1 g(x) — ™ (x) = exp~ a1+ b)Ta0) +es



logistic regression and the import vector machine

@ Logistic regression is NON sparse
@ kernalize it using the dictionary strategy

@ Algorithm:

» find the solution of the KLR using only a subset S of the data
» build S iteratively using active constraint approach

@ this trick brings sparsity
@ it estimates probability
@ it can naturally be generalized to the multiclass case

o efficent when uses:

» a few import vectors
» component-wise update procedure

@ extention using L; KLR



Multiclass, SVM

@ one vs all” winner takes all
@ one vs one:
> max-wins voting
» pairwise coupling: use probability

o global approach (size ¢ x n),
» formal (differents variations)

(o} C n (o}
min 1 foll3, + — 13
fEH, a0,6€R" 2 ; el p ;z_lzj;,éyi it
with  y;(£,(x;) + by, — fo(xi) — be) > 1— &
and &p>0fori=1,...n £=1,...c; L#Yy;

non consistent estimator but practicaly usefull
» structured outputs

aooroach problem number of
PP size sub problems
all together nxc 1
1vs. all n c
2 c(c—1)
1vs 1 = ==




Multiclass, SVM

@ one vs all” winner takes all
@ one vs one:
> max-wins voting
» pairwise coupling: use probability — best results

o global approach (size ¢ x n),
» formal (differents variations)

(o} C n (o}
min L fl|2, + = 137
oM Z 1l + - zzzi f
with  y;(£,(x;) + by, — fo(xi) — be) > 1— &
and &p>0fori=1,...n £=1,...c; L#Yy;

non consistent estimator but practicaly usefull
» structured outputs

aooroach problem number of
PP size sub problems
all together nxc 1
1vs. all n c
2 c(c—1)
1vs 1 = ==
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Mixture data

@ x:200 x 2
@ y : 100 for each class
@ mixturee model with 10 gaussians

@ the bayes error is known

Py=11%




the kernel effect

C=73;0=175

Noyau rationnel
C=17;6=08

Noyau gaussien



tuning C and o : grid search

forc =05:025:2
for C =0.1 a 10000

3 different error estimate

Span bound

o2s

015

04 06 08 14 16 18 2

1 12
largeur de bande

C (échelle log.)

Estimation de la probabilité d'erreur

04 06 08

10 fold validation croisée

3
04 06 08

1 1.2
largeur de bande

112 14
largeur de bande

o025

015



C and o influence

C=10000;c=1

C=10000;6=5




C grand C moyen C petit

+ classel x classe2 © vecteursupporﬂ



checker board

@ 2 classes
@ 500 examples

@ separable

Stéphane Canu (INSA Rouen - LITIS



a separable case

n = 5000 data points

n = 500 data points

Stéphane Canu (INSA Rouen - LITIS June 29, 2010 43 / 46



tuning C and o : grid search

Estimation de la probabilité d'erreur (échelle log)

C (échelle log.)

02 0.3 0.4 0.5 0.6 0.7 0.8
largeur de bande

Stéphane Canu (INSA Rouen - LITIS June 29, 2010 44 / 46



empirical complexity

Results for C
Left:y=1 Right

Results for C = 1000 Results for C = 1000000
Left:y=1 Righty=0.3 Left:y=1 Righty=03 l

Training
time

results
incpu
seconds
(Iog scale)

—_—

Number of
Support
Vectors

(log scale)

4o

Tate (96) —v— Losw
0O - simplesv
(over 2000
unseen
points)

10
Training size (log)

osli et al JMLR, 2007
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Historical perspective on kernel machines

statistics Statistical learning
1960 Parzen, Nadaraya Watson 1985 Neural networks:

non linear - universal

1970 Splines structural comp.|e>$|ty.
non convex optimization

1992 Vapnik et. al.

theory - regularization -
consistancy

convexity - Linearity
Kernel - universality
sparsity

results: MNIST

1980 Kernels: Silverman, Hardle...

1990 sparsity: Donoho (pursuit),
Tibshirani (Lasso)...

Stéphane Canu (INSA Rouen - LITIS June 29, 2010 46 / 46




what's new since 1995

@ Applications

kernlisation wx — (f, k(x,.))%

kernel engineering

sturtured outputs

applications: image, text, signal, bio-info...

v

v vy

@ Optimization
» dual: mloss.org
» regularization path
> approximation
> primal

e Statistic

» proofs and bounds
» model selection

* span bound
* multikernel: tuning (k and o)

Stéphane Canu (INSA Rouen - LITIS June 29, 2010 47 / 46



challenges: towards tough learning

o the size effect

» ready to use: automatization
» adaptative: on line context aware
» beyond kenrels

@ Automatic and adaptive model selection
» variable selection
> kernel tuning (k et o)
» hyperparametres: C, duality gap, A

o IP change

@ Theory

> non positive kernels
> a more general representer theorem

Stéphane Canu (INSA Rouen - LITIS

June 29, 2010 48 / 46
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