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Outline of Module 2

e Non-explicit entropy estimation
e Random geometric graphs

© Convergence theorem

@ Convergence rates

© BHH theorem extensions
@ Lower dimensional manifolds
@ Pruned MST

© Applications
@ Anomaly detection

@ Dimension estimation
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Non-explicit entropy estimation

Examples of entropy estimation methods that do not use explicit density
plug-in

e Data compression (LZ, CWT) entropy estimators (Kontoyanis 1998)
@ kNN estimators (Leonenko 2008) [10]
e Entropic graph estimators (Hero 1998) [9]
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Random Euclidean graph

Uniformly distributed points in plane
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Random Euclidean graph

kNNG on uniform points in plane
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Random Euclidean graph

MST on uniform points in plane
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Geometric graph

A graph G consists of vertices V and edges £ between pairs of vertices

For a geometric graph

o Vis subset of X, = {x;}"_;: n points in RY

@ Edges e = gjj in £ have length related to distances between pairs x;, X;

A geometric graph has edge lengths |e| that are constrained:
o If there is an edge between x; and x; then e;; = ej;, edges are undirected

o If there are edges connecting x;, x; and x;, X then |ej| < |eji| + |ejk|,
edges satisfy triangle inequality
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Geometric graph

The total weight or length of G is the (weighted) sum of its edge lengths
L(Xn) = 9(e)
ecg
where 1) is a monotonic increasing function over R with 1(0) = 0.
When i(e) = e and e = e;j = ||x; — xj|| G is a Euclidean graph

When V are random points in RY G is a random graph
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Geometric graph

A path through a graph is a connected sequence of edges
€1,2,€23;..-,€p,p—1

A cycle exists in a graph if there exists a closed path e;5,€3,...,€51
An acyclic graph G is a tree 7

A graph G spans the points X, if there exists an edge connecting every
point in X,
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KNN graph with power weighted edges

Let NV i(Xn) denote the possible sets of k edges connecting point x; to all
other points in X,.

The Euclidean Power Weighted k-NNG is

n

LstNG(Xn) — Nmigc Z e[
i=1 ki(%n) eeN,i(Xn)

2-NNG
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MST with power weighted edges

Let 7, = 7 (X)) denote the possible sets of edges in the class of acyclic
graphs spanning X, (spanning trees).
The Euclidean Power Weighted MST minimizes total length among

spanning trees
MST :
L7 (Xa) = min > el
" e€T,
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Random graphs and statistical estimation

Some previous statistical uses of random graphs

o Clustering: Zahn (1971), Toussaint (1980)
Invariant pattern recognition: Duda&Hart (1973)
Two sample matching: Friedman&Rafsky (1979)
Testing for randomness: Hoffman&Jain (1983)

(]
o
o
@ Non-parametric regression: Banks (1993)
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Random graph properties

o If random graph satisfies some minimality properties there are
asymptotic results on (Penrose03,Yukich98) [12],[14].
> Average length of edges
> Average length of monotone functionals of edges
» Connectivity and number of components
» The length of maximal length edge
@ These results require smoothness conditions on the graph construction
and the underlying density
» Density is non-singular wrt Lebesgue measure
» Density is bounded (lower and upper) over its support set
» Graphs are determined by quasi-additive continuous Euclidean
functionals
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MST and entropy

MST for uniform and triangular densities

128 random samples MST
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MST and entropy

MST total weight curves

MST length, Unif. dist. {red), Triang. dist (blue] MET normalized compensated length
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Figure: MST and log MST total weight as function of the number of samples.
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Strong convergence result

BHH convergence theorem

Let e = ||x; — xj|| and specialize L, to weighted norm

Ln:Ze,j., v € (0,d)

Steele's (1988) version of the Beardwood, Halton, Hammersley (1959)
Theorem

Let {X;}"_, be an i.i.d sequence of random variables with p.d.f.

f(x) having compact support in RY, d >~ > 0. Then the weight
of the MST satisfies

L jnd=0/d g /Rd £/ () dx (w.p.1)

This extends to kNN, TSP, Steiner tree, minimal matching graph
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Strong convergence result

Umbrella convergence theorem

Yukich's version of the Beardwood, Halton, Hammersley (1959) Theorem
[14]

Let {Xi}"_, be an i.i.d sequence of random variables with

Lebesgue p.d.f. f(x) over [0,1]9, d >~ >0. If L, is a
quasi-additive continuous Eucildean functional then

Ln/ntd=/d _, BL /Rd Fd=/9(x)dx (w.p.1)

Or, letting o = (d —v)/d

lim L,(Xn)/n% = PB4 exp((1—a)Ha(f)), (a.s.)

n—oo
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Convergence rate

Question: What is r.m.s. rate of convergence?

Find constant r such that

EY? ”Lw(xn)/nw/d B [ 00

2
] < 0(n™)

A. Hero (Digiteo and Univ. Michigan) Peyresque08 (Module 2) July, 2008 18 / 60



Convergence rate

Convergence rate for uniform f

(Thm 5.2 Yukich:1998): Let L, be a quasi-additive continuous Euclidean
functional which satisfies the add-one bound. Assume that f(x) is uniform
over [0,1]9. Thenforalld >2and 1<~y <d

E[L"/(Xn)]/”(diw)/d — BL,.d /f(X)(d'Y)/ddX < O(nfl/d)
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Convergence rate

Question: How to extend to non-uniform f?

1. Extend to piecewise constant “block densities” over a uniform partition

om:

f(x) =) 0ilo(x)
i=1

2. Extend to space of densities sufficiently well approximated by block
densities.

3. Obtain worst-case bound on rate over this space of densities.
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Convergence rate

Holder spaces

The Hélder space of smooth functions on RY is

Ta(5,0) = {e : 1g(@) ~ i (@) < Lz~ x", x,z ¢RI}

e pk(z) is the Taylor polynomial of g or order k expanded about the point

Z = X.

e > 4(5, L) is set of Lipschitz functions with Lipschitz constant L and it
contains increasingly smooth functions as 3 increases.
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Convergence rate in BHH theorem

Costa Thesis, 2005

Corollary 13. Let d > 2 and 1 <~ <d—1. Assume X,..... X, are i.a.d. random
vectors with density f € Fsp. 6 € (0, 1 Assume also that f%’%{ is integrable. Then,
for any continuous quasi-additive Euclidean functional L, of order ~ that satisfies
the add-one bound (2.8), there exist positive constants ¢, C, depending on 3, L,d and

v such that for n sufficiently large

/e

¢ n*(ﬁ) < sup [E‘T.-{Xl ..... )C,,)/‘.'f('i’_"]/'i — ffL.‘.dfftd#‘”d(ﬂ*Mil?
FEFs.L S

< CprdA) (2.49)

. o3 1
1(d, v, 8) = -
nale ad+14d
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Convergence rate in BHH theorem

Comments

Lower bound is minimax bound that is generally not attainable

B D .
Density plug-in estimator attains a bound of order n23+d which is strictly
greater than entropic graph estimator upper bound for certain values of d

and (.

Convergence result can be extended to non-differentiable functions by
considering Sobolev spaces [6],[3]

Convergence result can also be extended to greedy
partitioningapproximations to any quasi-additive continuous Euclidean
minimal graph [6], [3]
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BHH theorem extensions

Support on a lower dimensional manifold

For many natural images and signals the variability might be constrained to
a surface of dimension m < d
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BHH theorem extensions

Support on a lower dimensional manifold

S-curve example
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BHH theorem extensions

Support on a lower dimensional manifold

Euclidean shortest path between points A and B
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BHH theorem extensions

Support on a lower dimensional manifold

Euclidean path vs geodesic minimum distance path

. Geodesic from A to B
i Jis shortest path

EC
h

i’ B
Euclidean Path is
\ % ., poor approximation
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BHH theorem extensions

Support on a lower dimensional manifold

KNN Graph (k=4)
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BHH theorem extensions

Support on a lower dimensional manifold

KNN Graph (k=4)

Dykstra’s shortest
path approximates
geodesic

A. Hero (Digiteo ani v. Michigan) Peyresque08 (Module 2) July, 2008 29 / 60



BHH theorem extensions

BHH-type Theorem on a Riemannian manifold

Theorem: (Costa and Hero [4],[5]) Let (M, g) be a compact smooth
Riemann m-dimensional manifold. Suppose X, = {X1,...,X,} is a random
sample on M with bounded density f relative to 11,. Let L, be the total
length of the MST graph or the kNN graph with lengths computed using
the geodesic distance dg. Assume m > 2, 1 <~ < m, and define
a=(m—-~)/m. Then

lim L(Xn)

n—o00 n<

= Bt /M £ (x)d g (o)

where B, 1, is a constant independent of f and M. Furthermore, the mean
E[L,(X,)]/n™ converges to the same limit.
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BHH theorem extensions

Entropic Graphs for Clustering and Outlier Rejection: k-MST

Assume f is a mixture density of the form
f=(1-¢€)f + efy,
where
@ f, is a known "outlier” density

@ f1 is an unknown target density

@ ¢ € [0,1] is unknown mixture parameter

Objective: given realization X, from f cluster the realizations from fi.
Two-step k-MST procedure:

@ Convert f, to maxent (uniform) density via measure transformation

@ "Prune” the MST on transformed X, to eliminate vertices arising from
maxent density

A. Hero (Digiteo and Univ. Michigan) Peyresque08 (Module 2) July, 2008 31/ 60



BHH theorem extensions

Example: Annulus Target Density fi
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BHH theorem extensions
Uniform Outlier Density f,
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BHH theorem extensions

Mixture Density
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BHH theorem extensions

k-point Minimal Spanning Tree (k-MST)
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BHH theorem extensions

k-MST Stopping Rule

k-MST length as fundion of k selection eriterion
100 30
@ 25
£ 20
S g0
5
- 5
2
40
T —
- 10
20 5
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o 20 40 80 80 100 0 20 40 50 80 100
k k

FIgU re. Left: k-MST curve for 2D annulus density with addition of uniform “outliers” has a knee in the vicinity of
n— k =35.
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BHH theorem extensions

Greedy partioning approximation to k-MST

Ravi and 1996 proposed greedy partitioning approach to k-MST
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Figure: The case of m=5 and k = 17.
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BHH theorem extensions

Extended BHH Theorem for Greedy k-MST

Thm: Fix p € [0,1]. If k/n — p then the length of the greedy partitioning
k-MST satisfies (Hero and Michel [9])

L (X5 )/ (pn)* — BL,.d /S f(x|x € Ap)dx (a.s.)

where A, is level set of f which satisfies on f = p. Alternatively, with

1
Hy(flx € Ao) = 1

—

In/ f*(x|x € Ag)dx
S

I (L) (n)) B aHalflx € A) t e (as)
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BHH theorem extensions

Waterpouring solution=Level set of density

Original density Derived minimum eniropy density

i
TR
v
(TN
A
it
T
SO y

Figure: Waterpouring contruction of minimum entropy density.

Note: P(X € Ag) =p
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Anomaly detection

Level set estimation

Consider testing hypotheses on f(x) = (1 — €)fo(x) + eU(x)

Hy : =0
Hi : €>0

based on a sample X = [X1,..., X,] .X; € [0,1]¢ and € € [0, 1].

When fy and U(x) are known, most powerful test of level « =1 — p is LRT

_f(X[H) 2
f(XIHo) 15

A(X)

where 7 is a threshold chosen to satisfy P(A(X) > n|Hp) =1—p
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Anomaly detection

Level set estimation

If U(x) is uniform density then

/\(X)>Oiﬂ-“f0(X)>7:717:z

which is equivalent to

Definitions (Level set test)

Decide H; if X & A
where Ag is the level set satisfying [, fo(x)dx =1 —p.

Note: The decision region of the most powerful test does not depend on ¢
= test is uniformly most powerful over ¢

For unknown f the level set test can be implemented using K-MST
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Anomaly detection

Greedy K-MST test example

Bivariate Gaussian mixture density
3 T T T T

Figure: Bivariate mixture of Gaussians density
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Anomaly detection

Greedy K-MST test example

K point MST, N=200, p=0.9, K=180
3 T T T T

Figure: K-MST over a training realization from MoG
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Anomaly detection

Greedy K-MST test example

K point M3T, N=200, p=0.9, K=180
3 T T T T

Figure: K-MST fails to capture new point (blue asterisk is outlier)
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Anomaly detection

Greedy K-MST test example

K point M3T, N=200, p=0.9, K=180
3 T T T T

Figure: K-MST capture new point (blue asterisk is inlier)
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Anomaly detection

Greedy K-MST test example

ROGC curves for Gaussian+uniform mixture. k=3, N=1000, Nrep=10
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Figure: ROC curves for LLO-kNNG approximation are close to UMP curves for
Gaussian example
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Activity detection

Sensor network activity detection experiment

Intersersar FSS measurenrents Tan gourd tnuth anonay indicator 2D proedtions of nomird 282D RSS
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Figure: Hero [7]
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Anomaly detection

Sensor network detection experiment
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Application: Dimension estimation

Support set of unknown density f(x) with realizations X = Xj,..., X,

Question: what is dimension of the support set?
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Dimension estimation

Recall form of the Costa’s version of the BHH Theorem for X € RY whose
density f(x) is supported on smooth surface M of lower dimension m:

Thm: (Costa [5])
Ln/n® — Bry /M f(x)dug(x) = BryHa(X) (w.p.1)
o = (m—7)/m
Another representation For finite n
log L, = arlog n+ (1 — o) Ho(X) + log B + &(n)

where £(n) — 0 w.p.1.

Key observation: Rate of growth of L, in n provides a consistent estimate
of o that can be used to estimate intrinsic dimension m of M.
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Dimension estimation

Synthetic example

A. Hero (Digiteo and Univ. Michigan) Peyresque08 (Module 2) July, 2008



Dimension estimation

Synthetic example

Growth rate estimates of GMST

Segment n=745:799 of MST sequence (;=1,m=10) for unif sampled Swiss Rol Segment of logMST sequence (y=1,m=10] for unif sampled Swiss Aol
B15 6.70
B14)
- 5702
B12]
s7l y=0.53'x+3.2
BN
o ; - Yy = ar + b
809 H
408 5.695 .
—_ Tog 1
807
5.604 — Led
BOS)
/ugﬂ 9 5 oo 6.692
. e T ET T T
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Trth Ha( ) = l0a(1869) = 7.53
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Dimension estimation
MNIST Digits
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Dimension estimation

NIST Digits

Local Dimension/Entropy Statistics
o =

2

. = 170
]
E 1680 - !
| -
s 1401 -
) Eiao—
I 1
| | |
L=l - |
T PN e =
i 1ok 4
7 100 + | 1
o e
I I ok J
T i & 0 1 2 3 4 5 B 7 a8 9

e diot

=
-

[T

F_ !F.
FEmCE B

-
Nim S
-}~

Figure: Hero and Costa [5]
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Dimension estimation

Internet traffic

Figure: Patwari and Hero [11]
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estimation

Dimension

Internet traffic
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Dimension estimation

Internet traffic

« 11 routers and 21 applications = each sample lives in 231 dimensions
« 24 hour data block divided into 5 min intervals = 288 samples
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Dimension estimation

Internet traffic

Abilene Netflow data (traffic measured at 11 routers)
k=NN Dimension Estimates

8 !
6 m
-
4 ke
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0 100 200 300 400 500 600
% 10° Actual Data

0 100 200 300 400 500 600

A. Hero (Digiteo and Univ. Michigan) Peyresque08 (Module 2) July, 2008 58 / 60



Dimension estimation

Internet traffic

kNN Dimensaim Fstmates kNN Dhimension Estimales

Fig. 3. Zoom shown on two non-obvious complexity changes from data in Fig. 2

Forensic analysis: Atlanta (n=244) and Seattle (n=178,179) had high flows
(almost 50% of all packets) from/to IP 128.223.216.xxx on port 119.

Figure: Carter and Hero [2]
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Bibliographic references for Module 2

Convergence results presented here: Hero and Costa [8], Hero and Costa [5],
Hero and Michel [9]

Other relevant references

Random Euclidean graphs: Yukich [14], Penrose [12]

Original reference for BHH theorem: [1]

Dual rooted approach to convergence of MST, kNNG etc: Steele [13]
Application to dimension estimation: Costa and Hero [4], [5]

Application to anomaly detection: Hero [7]
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