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Non-explicit entropy estimation

Examples of entropy estimation methods that do not use explicit density
plug-in

Data compression (LZ, CWT) entropy estimators (Kontoyanis 1998)

kNN estimators (Leonenko 2008) [10]

Entropic graph estimators (Hero 1998) [9]
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Random Euclidean graph
Uniformly distributed points in plane
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Random Euclidean graph
kNNG on uniform points in plane
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Random Euclidean graph
MST on uniform points in plane
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Geometric graph

A graph G consists of vertices V and edges E between pairs of vertices

For a geometric graph

V is subset of Xn = {xi}ni=1: n points in IRd

Edges e = eij in E have length related to distances between pairs xi , xj

A geometric graph has edge lengths |e| that are constrained:

If there is an edge between xi and xj then eij = eji , edges are undirected

If there are edges connecting xi , xj and xj , xk then |eik | ≤ |eij |+ |ejk |,
edges satisfy triangle inequality
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Geometric graph

The total weight or length of G is the (weighted) sum of its edge lengths

LGγ (Xn) =
∑
e∈G

ψ(e)

where ψ is a monotonic increasing function over IR with ψ(0) = 0.

When ψ(e) = e and e = eij = ‖xi − xj‖ G is a Euclidean graph

When V are random points in IRd G is a random graph
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Geometric graph

A path through a graph is a connected sequence of edges
e1,2, e2,3, . . . , ep,p−1

A cycle exists in a graph if there exists a closed path e1,2, e2,3, . . . , ep,1

An acyclic graph G is a tree T

A graph G spans the points Xn if there exists an edge connecting every
point in Xn
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KNN graph with power weighted edges

Let Nk,i (Xn) denote the possible sets of k edges connecting point xi to all
other points in Xn.
The Euclidean Power Weighted k-NNG is

Lk−NNG
γ (Xn) =

n∑
i=1

min
Nk,i (Xn)

∑
e∈Nk,i (Xn)

|e|γ
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MST with power weighted edges

Let Tn = T (Xn) denote the possible sets of edges in the class of acyclic
graphs spanning Xn (spanning trees).

The Euclidean Power Weighted MST minimizes total length among
spanning trees

LMST
γ (Xn) = min

Tn

∑
e∈Tn

|e|γ .
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Random graphs and statistical estimation

Some previous statistical uses of random graphs

Clustering: Zahn (1971), Toussaint (1980)

Invariant pattern recognition: Duda&Hart (1973)

Two sample matching: Friedman&Rafsky (1979)

Testing for randomness: Hoffman&Jain (1983)

Non-parametric regression: Banks (1993)
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Random graph properties

If random graph satisfies some minimality properties there are
asymptotic results on (Penrose03,Yukich98) [12],[14].

I Average length of edges
I Average length of monotone functionals of edges
I Connectivity and number of components
I The length of maximal length edge

These results require smoothness conditions on the graph construction
and the underlying density

I Density is non-singular wrt Lebesgue measure
I Density is bounded (lower and upper) over its support set
I Graphs are determined by quasi-additive continuous Euclidean

functionals
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MST and entropy
MST for uniform and triangular densities
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MST and entropy
MST total weight curves

Figure: MST and log MST total weight as function of the number of samples.
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Strong convergence result
BHH convergence theorem

Let eij = ‖xi − xj‖ and specialize Ln to weighted norm

Ln =
∑

eγij , γ ∈ (0, d)

Steele’s (1988) version of the Beardwood, Halton, Hammersley (1959)
Theorem

Let {Xi}ni=1 be an i.i.d sequence of random variables with p.d.f.
f (x) having compact support in IRd , d > γ > 0. Then the weight
of the MST satisfies

L∗n/n(d−γ)/d → βL,γ

∫
IRd

f (d−γ)/d(x)dx (w .p.1)

This extends to kNN, TSP, Steiner tree, minimal matching graph
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Strong convergence result
Umbrella convergence theorem

Yukich’s version of the Beardwood, Halton, Hammersley (1959) Theorem
[14]

Let {Xi}ni=1 be an i.i.d sequence of random variables with
Lebesgue p.d.f. f (x) over [0, 1]d , d > γ > 0. If Ln is a
quasi-additive continuous Eucildean functional then

Ln/n(d−γ)/d → βL,γ

∫
IRd

f (d−γ)/d(x)dx (w .p.1)

Or, letting α = (d − γ)/d

lim
n→∞

Lγ(Xn)/nα = βLγ ,d exp ((1− α)Hα(f )) , (a.s.)
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Convergence rate

Question: What is r.m.s. rate of convergence?

Find constant r such that

E 1/2

[∣∣∣∣Lγ(Xn)/n(d−γ)/d − βLγ ,d

∫
f (x)(d−γ)/ddx

∣∣∣∣2
]
≤ O(n−r )
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Convergence rate
Convergence rate for uniform f

(Thm 5.2 Yukich:1998): Let Lγ be a quasi-additive continuous Euclidean
functional which satisfies the add-one bound. Assume that f (x) is uniform
over [0, 1]d . Then for all d ≥ 2 and 1 ≤ γ < d∣∣∣∣E [Lγ(Xn)]/n(d−γ)/d − βLγ ,d

∫
f (x)(d−γ)/ddx

∣∣∣∣ ≤ O(n−1/d)
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Convergence rate
Question: How to extend to non-uniform f ?

1. Extend to piecewise constant “block densities” over a uniform partition
Qm:

f (x) =
md∑
i=1

φi1Qi
(x)

2. Extend to space of densities sufficiently well approximated by block
densities.

3. Obtain worst-case bound on rate over this space of densities.
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Convergence rate
Hölder spaces

The Hölder space of smooth functions on IRd is

Σd(β, L) =
{

g : |g(z)− p
bβc
x (z)| ≤ L|z− x|β, x, z ∈ Rd

}
.

• pk
x(z) is the Taylor polynomial of g or order k expanded about the point

z = x.

• Σd(β, L) is set of Lipschitz functions with Lipschitz constant L and it
contains increasingly smooth functions as β increases.
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Convergence rate in BHH theorem
Costa Thesis, 2005
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Convergence rate in BHH theorem
Comments

Lower bound is minimax bound that is generally not attainable

Density plug-in estimator attains a bound of order n
β

2β+d which is strictly
greater than entropic graph estimator upper bound for certain values of d
and β.

Convergence result can be extended to non-differentiable functions by
considering Sobolev spaces [6],[3]

Convergence result can also be extended to greedy
partitioningapproximations to any quasi-additive continuous Euclidean
minimal graph [6], [3]
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BHH theorem extensions
Support on a lower dimensional manifold

For many natural images and signals the variability might be constrained to
a surface of dimension m < d
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BHH theorem extensions
Support on a lower dimensional manifold

S-curve example

A. Hero (Digiteo and Univ. Michigan) Peyresque08 (Module 2) July, 2008 25 / 60



BHH theorem extensions
Support on a lower dimensional manifold

Euclidean shortest path between points A and B
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BHH theorem extensions
Support on a lower dimensional manifold

Euclidean path vs geodesic minimum distance path
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BHH theorem extensions
Support on a lower dimensional manifold

KNN Graph (k=4)
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BHH theorem extensions
Support on a lower dimensional manifold

KNN Graph (k=4)
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BHH theorem extensions
BHH-type Theorem on a Riemannian manifold

Theorem: (Costa and Hero [4],[5]) Let (M, g) be a compact smooth
Riemann m-dimensional manifold. Suppose Xn = {X1, . . . ,Xn} is a random
sample on M with bounded density f relative to µg . Let Lγ be the total
length of the MST graph or the kNN graph with lengths computed using
the geodesic distance dg . Assume m ≥ 2, 1 ≤ γ < m, and define
α = (m − γ)/m. Then

lim
n→∞

Lγ(Xn)

nα
= βm,Lγ

∫
M

f α(x)dµg (dx)

where βm,Lγ is a constant independent of f and M. Furthermore, the mean
E [Lγ(Xn)]/nα converges to the same limit.
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BHH theorem extensions
Entropic Graphs for Clustering and Outlier Rejection: k-MST

Assume f is a mixture density of the form

f = (1− ε)f1 + εfo ,

where

fo is a known ”outlier” density

f1 is an unknown target density

ε ∈ [0, 1] is unknown mixture parameter

Objective: given realization Xn from f cluster the realizations from f1.

Two-step k-MST procedure:

1 Convert fo to maxent (uniform) density via measure transformation

2 ”Prune” the MST on transformed Xn to eliminate vertices arising from
maxent density
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BHH theorem extensions
Example: Annulus Target Density f1
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BHH theorem extensions
Uniform Outlier Density fo
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BHH theorem extensions
Mixture Density
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BHH theorem extensions
k-point Minimal Spanning Tree (k-MST)

Figure: Clustering an annulus density from uniform noise via k-MST.
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BHH theorem extensions
k-MST Stopping Rule

Figure: Left: k-MST curve for 2D annulus density with addition of uniform “outliers” has a knee in the vicinity of
n − k = 35.
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BHH theorem extensions
Greedy partioning approximation to k-MST

Ravi and 1996 proposed greedy partitioning approach to k-MST

Figure: The case of m = 5 and k = 17.
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BHH theorem extensions
Extended BHH Theorem for Greedy k-MST

Thm: Fix ρ ∈ [0, 1]. If k/n→ ρ then the length of the greedy partitioning
k-MST satisfies (Hero and Michel [9])

Lγ(X ∗n,k)/(ρn)α → βLγ ,d

∫
S

f α(x |x ∈ Ao)dx (a.s.)

where Ao is level set of f which satisfies
∫
Ao

f = ρ. Alternatively, with

Hα(f |x ∈ Ao) =
1

1− α
ln

∫
S

f α(x |x ∈ Ao)dx

1

1− α
ln
(
Lγ(X ∗n,k)/(ρn)α

)
→ βLγ ,dHα(f |x ∈ Ao) + c (a.s.)
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BHH theorem extensions
Waterpouring solution=Level set of density

Figure: Waterpouring contruction of minimum entropy density.

Note: P(X ∈ A0) = ρ
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Anomaly detection
Level set estimation

Consider testing hypotheses on f (x) = (1− ε)f0(x) + εU(x)

H0 : ε = 0

H1 : ε > 0

based on a sample X = [X1, . . . ,Xn] ,Xi ∈ [0, 1]d and ε ∈ [0, 1].

When f0 and U(x) are known, most powerful test of level α = 1− ρ is LRT

Λ(X) =
f (X|H1)

f (X|H0)

H1
>
<
H0

η

where η is a threshold chosen to satisfy P(Λ(X) > η|H0) = 1− ρ
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Anomaly detection
Level set estimation

If U(x) is uniform density then

Λ(X) > 0 iff f0(X) > γ =
η − ε
1− ε

which is equivalent to

Definitions (Level set test)

Decide H1 if X 6∈ A0

where A0 is the level set satisfying
∫
Ao

f0(x)dx = 1− ρ.

Note: The decision region of the most powerful test does not depend on ε

⇒ test is uniformly most powerful over ε

For unknown f0 the level set test can be implemented using K-MST
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Anomaly detection
Greedy K-MST test example

Figure: Bivariate mixture of Gaussians density
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Anomaly detection
Greedy K-MST test example

Figure: K-MST over a training realization from MoG
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Anomaly detection
Greedy K-MST test example

Figure: K-MST fails to capture new point (blue asterisk is outlier)
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Anomaly detection
Greedy K-MST test example

Figure: K-MST capture new point (blue asterisk is inlier)
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Anomaly detection
Greedy K-MST test example

Figure: ROC curves for L1O-kNNG approximation are close to UMP curves for
Gaussian example
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Activity detection
Sensor network activity detection experiment

Figure: Hero [7]
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Anomaly detection
Sensor network detection experiment

Figure: Online activity detector statistic (Left) some anomalies detected (right)
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Application: Dimension estimation

Support set of unknown density f (x) with realizations X = X1, . . . ,Xn

Question: what is dimension of the support set?
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Dimension estimation

Recall form of the Costa’s version of the BHH Theorem for X ∈ IRd whose
density f (x) is supported on smooth surface M of lower dimension m:

Thm: (Costa [5])

Ln/nα → βL,γ

∫
M

f α(x)dµg (x) = βL,γHα(X ) (w .p.1)

α = (m − γ)/m

Another representation For finite n

log Ln = α log n + (1− α)Hα(X ) + log βL,γ + ε(n)

where ε(n)→ 0 w.p.1.

Key observation: Rate of growth of Ln in n provides a consistent estimate
of α that can be used to estimate intrinsic dimension m of M.
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Dimension estimation
Synthetic example
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Dimension estimation
Synthetic example
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Dimension estimation
MNIST Digits

Figure: MNIST digits (48× 64)and “scree” plot of spectrum
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Dimension estimation
NIST Digits

Figure: Hero and Costa [5]
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Dimension estimation
Internet traffic

Figure: Patwari and Hero [11]
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Dimension estimation
Internet traffic
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Dimension estimation
Internet traffic
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Dimension estimation
Internet traffic
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Dimension estimation
Internet traffic

Figure: Carter and Hero [2]
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Dual rooted approach to convergence of MST, kNNG etc: Steele [13]
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Application to anomaly detection: Hero [7]
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