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RESUME

Résumé. Dans un premier temps, nous cllons prouver que
lanalyse multiéchelle de formes engendrée par quatre principes
simples est donnée par une équation dépendant de la courbure.
Ensuite, nous illustrons les avantages d'une telle analyse azio-
matique en discutant une théorie psychophysique de la vision
préattentive due & B. Julesz: la théorie de la discrimination de
textures. Le résultat est inattendu : nous montrons que l'ario-
matique de Julesz est trop bonne pour la vision humaine et
conduit & un algorithme qui réalise une hyperdiscriminaiion.

1 Introduction.

Some theories of low level vision happen to be axiomatized.
This is the case for the Julesz Texton theory, which attempts
to give a formal account of how the human perception can dis-
criminate textures in a few milliseconds. In order to confirm
experimentally his theory, Julesz created pairs of simple diffe-
rent shapes, which where taken as building elements for crea-
ting two different but undiscriminable textures.

Axioms of shape analysis can be matched with the (not com-
pletely formal) axiomatic proposed by Julesz for his theory
of preattentive texture discrimination. Therefore, the Texton
theory can be numerically tested, and the result is quite diffe-
rent from the previous attempts and very surprising.

Indeed, the previous attempts of formalization where based
on linear image multiscale filtering followed by nonlinear me-
chanisms compatible with physiological data. One of the most
conclusive attempts in this way is due to Malik and Perona,
whose algorithm matches experimentally the human perfor-
mancein texture discrimination. Now, a faithful implemen-
tation of the texton theory yields hyperdiscrimination!

Julesz created pairs of textures which are undiscriminable
for the preattentive vision but not for the algorithm deduced
from his axioms. This leads to conclude that in the case of
texture discrimination, the shape analysis of texton is inhibi-
ted at a scale much smaller than their size. So the axioms of
texton theory (in particular the notion of A-neighbourhood)
can be mathematically reformulated. Notice that the textual
verification of a psychophysical theory has been possible be-
cause of both the axiomatization by the psychophysicist and
the rigourous mathematical translation of these axioms into
an algorithm.

ABSTRACT

Abstract. In this paper, we first prove that, under four simple
azioms, the multiscale analysis of shapes is given by a curva-
ture motion equation. In a second part, we illustrate the advan-
tages of such an ariomatic analysis to discuss a psychophysical
theory of early vision due to B. Julesz: the texture preatlentive
discrimination theory. The result was unexpected: We prove
that the Julesz awiomatic is too good for human vision and
leads to a hyperdiscrimination algorithm.

2  The four principles of Multiscale
Shape Analysis.

Define a shape or silhouette as a closed set X whose boun-
dary is a Jordan curve of %?. We denote by T,(X) the shape
analysed at scale t. X is identified with its characteristic func-
tion X(z) = 1if z € X and 0 else. We call multiscale analy-
sis any family operators (T3)i>0 acting on shapes and we set
X(t) = T(X). In order to formalize the pyramidal architec-
ture we include Ty = Tio into a family of transition operators
T, indexed by 0 < s <t and satisfying

[Pyramidal architecture] T; = T, T, if 0 < s <¢

Assume that X and Y are two silhouettes and that for some
z € 8Y and some r > 0, one has X N B{z,2r) C Y N B(z, 2r).
Assume further that the inclusion is strict in the sense that
8X and 8Y only meet eventually at z. Then we shall say that
the shape X is included in shape Y around x.

[Shape local inclusion] If X is included in Y around z, then
for A small enough, Thys (X)) N B(z,7) C Tegn(Y) N Bz, 7).

[Basic principle] Let D = D(z, ) be a disk with curvature
x and center 2. Then Ty (D) is a disk with radius p(t, k, &)
and center z. Moreover, the function p(t, h, k) is regular.

The next optional shape preserving principle is the affine in--
variance of shape analysis. Set AX(z) = X(Az) for any linear
map A. The affine invariance can be stated as:

[Affine inv.] For any A and ¢ > 0, there exists a C* function
tl(t7 A) Z 0 such that ATy(g’A),tl(s’A) = Tg,sA.
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3 The fundamental equation of Shape
Analysis.

When a point ¢ belongs to an evolving curve, we denote by
& the time derivative of 2, which is a vector of 2. By curu(z)
we denote the curvature of a curve which is C? at z.

Theorem 1. (i) Under the four principles (pyramidal, {vcal
shape inclusion, "basic” and affine), the multiscale analysis of
shapes is governed by the curvature motion equation (up to
rescaling):

& = y(t.curv(z))ni(z) (1)
where vy is defined as following: v(z)} = a.z'/® if z > 0 and
v(z) = bz if £ <0 and a, b are two nonnegative values.
(i) If we add that T{(X®) = T,(X)¢ [Reverse contrast inva-
riance] then the function g in (1) 1s odd and a = b in (ii).

Existence and regularity of the solution are proved in [10].
Sapiro and Tannenbaum also proved that this equation is geo-
metrically cquivalent to an intrinsic heat equation. It leads us
to use Mackworth and Mokhtarian algorithm [8]. The first use
of such an equation for shape analysis was made by Kimia [4].

We can, as well known in the ”mathematical morphology
school”, associate with a picture u the set of its level sets

Xou={(z,9),u(z,y) > a}

Then, assuming that each level set is a union of silhouettes, we
can simply define Ty(u) as

[morphological principle] For any a, t, h and u: X, Tyyp (1) =
’I‘H—h,t(Xau)

The corresponding multiscale analysis of images is governed
by 5
-5;-‘ = (t.curv(z))/®| Dyl (2)

The equation (2) has been first introduced and axiomatically
Justified (with a more complicated axiomatic however) in [1].

4 How to define Texton Densities.
An Axiomatic Approach.

We can answer to this question by noting that the texton
characteristics indicated by Julesz [3] are shape elements ba-
sed on curvature and orientation. Furthermore, these ele-
ments are multiscale because of the a priori unknown size of
the textons. Therefore texton densities are nothing but
multiscale curvature and orientation densities. And, we
have proved in theorem 1 that there is only one way to compute
multiscale curvature and orientation.

The density of textons at scale ¢ is given by:

Galz) * (curv(u(t, 1))
Gal(z) * (curv™ (u)(t, 2))

where GA(z) is the isotropic gaussian with variance A (related
to the A-neighborhood of Julesz). By a* we mean maz(a, 0)
and by ¢~ maz(—a, 0).

Then we get a formal definition of texton densities at each
scale. Based on the obtained texton density channels, a seg-
mentation of the image can be achieved by using a region gro-
wing algorithm on all the densities.

5 Conclusion.

The basic facts that we discovered by experimentation are
following. The textures prop-med by Julesz, as preattentively
discriminable, are easily discriminated by these texton densi-
ties. Moreover, we obtain an example of hyperdiscrimination
because of the non inhibition [9] of large scale curvature: in
that case, we achicve shape discrimination and not texture
discrimination!
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F1G. 1 - Segmentation of four textnre pairs obtained by using
a region growing method on the multiscale curvature densitios.

We only enter the number of regions and the A-neighbourhood.
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an example of hyperdiscrimination!
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F1G. 4 - Julesz created textures which are undiscriminable for
the human visual system and he thought that this undiscri-
miability was a confirmation of his teory. In fact, the funda-
mental equation (2) allows the discrimination of that textures!
First quadrant (512x512): an undiscriminable textures pair of
Julesz in jreattentive vision. Second quadrant: the image ob-
tained for 7 pixels scale. Third and fourth quadrants: negative
and positive curvature at 7 pixels scale. Fifth quadrant: Seg-
mentation obtained by using a region growing method on the
multiscale curvature densities. We only enter the number of
regions and the A-neighbourhood. The last quadrant shows us
that the negative curvature does not give the result; we need
the multiscale negative and positive curvatures.



