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Etant données les propriétés statistiques du second ordre, T'algorithme
de Levinson, la structure du filtre en treillis et Valgorithme de la
factorisation de matrice todplitz sont hien développés dans 1a littérature
sous forme de versions non normalisées et de versions normalisees.
Les algorithmes des filtres en treillis des moindres carreés sont aussi
bien développés sous forme de versions non normalisées et de
versions normalisées (normalisées en varisnce) pour. le traitement
adaptetif des signaux. Au cas multivoie, ces algorithmes sont valables en
prenant un vecteur comme un scalaire, mais demandent I'inversion de
matrice et la recine carrée de metrice. Ces calculs rendent difficile
TI'implantation en YLSI.

Basé sur V'équation de Yule-Walker multivoie, ce papier donne le
dérivation de 1a version multivoie scalaire de V'algorithme de Levinson,
de la structure en treillis multivoie et de Palgorithme de la
factorisation de matrice toéplitz par bloc sous forme de versions non
normalisées et de versions normalisées.  Aussi, ce papier donne la
dérivation de la structure en treillis multivoie et de la version
multivoie scalaire de 'algorithme des moindres carrés sous forme de
versions non normalisées et de versions normalisées (normalisées en
veriance) pour le traitement adaptatif des signaux vectoriels. Cette
dérivation est basée sur la notion de récursions en espace et utilise
V'approche de la projection.

Nons montrons que les filtres en treillis d'une seule voie et les filtres
triangulaires sont des cas particuliers des filtres en treillis multivoie.
Les résultats obtenus sont a 1a base du traitement statistigue des signaux
vectoriels. Des applications sont données pour montrer la performance
de ces algorithmes.

Oiven the second-order statistics, the Levinson algorithm, the lattice
filter structure and the algorithm factorizing toeplitz matrix have been
well developed in the litersture in both the unnormalized and the
normalized formes. The least-squares lattice algorithms have also
been well developed in both unnormalized and the normalized { variance
normalized) formes for adaptive signal processing. In multichannel
case, they are valid by considering a vector as a scalar, thus require
matrix inversion and square root. These computations make it difficult
to implement in YLSI.

Based on the multichannel Yule-Walker equation, this paper gives the
derivation of the multichannel scaler Levinson algorithm, the lattice
structure and the algorithm factorizing block toeplitz matrix in both the
unnormalized and the normalized formes.  Also, this paper gives the
derivation of the muitichannel scalar adeptive lesst-squares lattice
structure and aigorithm in both the unnormalized and the normalized
(variance normalized) formes. This derivetion is based on the notion
of space recursions and using the projection framework.

We shaw that both the conventional one channel lattice filters and the
trianguler filters are special cases of the multichannel lsttice
structures. The results obtained are at the base of statistical array
signal processing. Applications sre given to show the performance of
these algorithms.
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1. INTRODUCTION

Given the second order statistics of & random process, the Levinson
algorithm, the lattice filter structure and the algorithm factorizing
toeplitz matrix have been well developed in the litterature in both the
unnarmalized and the normalized formes (21,04],[5].[6].
Multichanne! linear prediction algorithms have also been developed for
spectral estimation [7],08]. Al these algorithms require matrix
inversion and matrix square-root for normalized versions.

Least-squares lattice slgorithms have elso been well developed in
both the unnormalized end the normalized (varience normalized)
formes for adaptive signal processing [3},04],[5]). In the multichannel
case, they are valid by considering a vector as a scalar, thus require
sgain matrix inversion ang matrix square-root. These computations
meke it difficult to implement in YLSI [9]. )

Recently, a family of filters called trianguiar lattice fillers are
developed [10],[12],[14). The essential idea of these filters is the
spatial channel decorrelation [ 13]. The algorithms besed on this idea
are scalar. They are applied in array signal processing [ 11] for spetial
spectrum estimation.

This peper is extrected from the thesis [1]. Based on the
multichannel Yule-Walker equation, this paper gives in the section !
the derivation of the multichannel scalar Levinson algorithm, the lettice
structure and the algorithm factorizing block toeplitz matrix in both the
unnormalized and the normalized formes. Here the ward scalar means
that all the operations are scalar.

Also, we give in the section 11! the derivation of the multichannel
scalar adaptive least-squares lattice filter structure and aigorithm in
both the unnormalized and the normalized (variance normalized)
formes. This derivation is based on the notion of space recursions and
using the projection framework which is adopted in [5],[6].

We show that both the conventicnal one channel lattice filters and the
triangular lattice filters are special cases of the multichannel lattice
filters. The results obtained are et the bese of the statistical array
signal processing. Applications sre given to show the performance of
these aigorithms.

I1. Multichannel Scalar Levinson Algorithm,
Lattice Structure and Factorization
Before deriving the unnormatized and the normalized versions of
the multichannel scalar Levinson algorithm the lattice structure and the
algorithm factorizing block toeplitz matrix, we review the multichannel
Yule-Walker equation.

11__1 Multichannel Yule-Walker Equation

Consider the linear prediction of multichannel process {y(i)1.j=1.N
). We define by the (A1),(A2) and (A3),(A4) the p'th order predictor
,prediction error and the backward predictor prediction error. We
define the correlation sequence of matrix by (AS).  SeeFig.li_1. By
using the orthogonal property of least-squares linesr prediction
errors, we abtain the multichanne] Yule-Walker equation of {A6) with
the block toeplitz matrix Rp given by (A7). We note that the p'th order
least-squares forward and backward prediction errors covariance
matrices Ry®, Ry are positive definite.

Suppose that we know the p'th order predictors Ay ;, By 5. By padding
zeres to these two predictors in (A6), we obtain the equation {A8) with
2+ ]e,ap+ 1" given by (A9),(A10).  The p+1'th order solution of the
predictors is obtained by 8 simple linear combination of the two rows
of (A8) which imposes zeros et the places ocoupied by 2y, %24 1"
The algorithm to obtain this solution is called Levinson algorithm. In
multichanne! case. This algorithm involves matrix inversion.

11.2 Multichannel Scalar Levinson Algorithm, Lattice
Structure and Factorization

To do not involve any matrix operations, we must work on the

elements of Rp",Rpr,ap+ 18anday, 1" Now,we try to find the p+ 1'th
order solution of the forward predictor Ay, 1 ;.
At the k stage k=0,...N-1, we pre-multiply the (A8) by Wa(k+1)

of (A11)whaose elements are computed by
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Fig.I_1 Muilichannel Yule-walker Equation and Derivalion of the tultichannel Scalar Levinson Algorithm

KCike 1) 1 7CKD = 2k 1), 18(K) R(k+ ke 1F(K) 7T,

=1, N (11_2)
This operation eliminates the lower elements of the column k of Rpr (k)

and the column k of ap”e(k). The detailed multichannel scalar
slgorithm is given by Figll_2. We have Aj,q ;= Ap',-(N), i=1.p+1
since 3y, 1®(N) = 0. Alsa, we have Ry, 4 =Rp&(N).

To find the p+ 1'th order solution of the beckward predictor Bp +1
we pre-multiply,at stege k,k=0,..N-1, the (A8) by Wg(k+1) of
(A12) whose elements are given by

T( ke Dp8(K) = RO+ 1)p8(K) R(k+1 ke D507,
=k 1, N (1123)
KOk 1,105, 700 = 8k 1,05, PO RCk 1k 1) 800 7T,
i=1,. N (1_4)
One can show that we have ap”rT(N) = 0, Ry, q" = Ry (N) and

Bys 1 =By i» i=1,.p+ 1. The Multichannel lattice (filter) predictor

is given by Fig.l1_3a,b.

Note that both Rpe and Rp" are diagonalized. These diagonalizations

are achieved by the triangular parts of the multichannel lattice filter.
Thus this fiiter gives the factorization of the inverse of the block
toeplitz matrix of (A7). Note that the same lattice structure also
factorizes the block toeplitz matrix and gives a way to compute the
parameters of this filter from the correlation sequence of matrix of
(AS). Detailed algorithm is not presented here.

11.3 Multichannel Scalar Normalized Levinson Algorithm,
Lattice Structure and Factorization
The key for deriving the normalized forme of the multichannel scalar
Levinson algorithm is the definition of the normalized veriables. For
obtaining the p+1'th order solution of the normalized forward
predictor,this definition is given by Fig.1l_5a. The normalized veriables
are comprised within - 1 and + 1. By replacing the variables used in the
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unnormalized algarithm by this definition, one obtains the normalized
version of Fig.11_Sh. Note that in doing this, one obtains

ROLD %K) 1/ 2R(1D k4 1) 112 =

[ 1= KGNy TR Kk Dy "C0OETTZ,
i=1,.N (1_5)
R(1D (R T/2R(LD (ke 1) /2 =

[ 1= TGk D7) Tk R0 I12,
i=k+2,.,N (11_6)
These two expressions mean that the variance of prediction errors along
each channel of the multichannel unnormalized lattice filter is
decreasing.

The structure of the multichannel Normatized lattice  filter )predictor
is given by Fig.i_6. This structure gives the normalized versions of
the factorization of the inverse of the block toeplitz matrix and of itself.
The latter gives a way to compute the parameters of the multichannel
normalized lattice filter from the correlation sequence of matrix.

111. Multichannel Recursive in Space
Least-squares Lattice Algorithms
To derive the unnormalized and the normalized versions of the

multichanne! scaler recursive in space lesst-squeres lattice
algorithms, we introduce the notion of space recursions.

111.1 Space Recursions

The forward /bsckward prediction errors for the pre-windowed
method can be writtenas (B1),(B4). The least-squares solutions qf
the forward/backward predictors are given by (B2),(B5) where Py is
the projector definied by {B7) and Yo 1 is given by (B8). Using the

pinning vector 1, the two last forward/backward prediction errors can
be written as (B3),(B6). See Fig.tl_1.
Note that the order update of Yp,T requires the updates of Yp,T by

v(j) g.17" !j=1,..N and the order-and-time update of Yp 1 requires
that of Yp 1 by v(i)g1i=1,.. N. See(B9)-(BI 2). These updstes are
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Fig.)l.1 Definilions and Space Recursions for Vorisbles Updsling

called here space recursions. The time update of Yp T is given by (B13).

The update formulas of inner products of the unnormalizedvariables,
and of the normalized (variance normalized) variables are summarized
by (B14)-(B16).

111.2 Multichannel Recursive in Space Least-squares
Lattice Algorithms

Define by the Fig.111_2 the variables of the stage k k=0,...,N~1 of the
multichannel least-squares lattice filter. Note that (kP* i ) denotes the
variables of the stage k for order update and (k) denotes that of the stege
k for order-and-time update.

By applying (B14),(B9) and (B11) to these variables, one obtains
the space recursions of Fig.lil_3a for order update and the space
recursions of Fig.l1l_3b for order-and-time updste. The recursions
for time update are summarized in Fig.Hi_3c. The structure of the
multichanne! adaptive least-squares lattice filter is given by Fig.!ll_4a
etb.

Define the multichannel lattice predictors by Figlil_4a. The
recursions of these predictors are sumrmarized in Fig.fli_4b. The
multichannel lattice predictor is given by Fig.I{1_Sc.

H1.3 Multichannel Normalized (Yariance Normalized)
Recursive in Space Least-squares Lattice Algorithms

Define by Fig.111-6 the variables of the multichannel normalized least
squares lattice filter. By applying (B15),(B9) end (B11) to these
variables, one obtains the space recursions of Fig.lll_7a for order
update and that of Fig.l11_7b for order~and-time update. The recursiens
for time update are summarized in Fig.l1l_7c.

Similarly, define by Fig.lil_8 the variables of the multichannel
variance normalized least-squares lattice filter. By applying (B16),
{B9)et (B11)tothese variables, one obtains the space recursions of
Fig!tl_9a for order update and that of Fig.lll..9b for order-and-time
update. The recursions for time update are summarized in Fig.ili_9c.
The structure of the multichannel variance normalized adaptive least-
squares lattice filter is given by Fig.Ili_1taet b,

Definie by Fig.l11_10a the variance normalized predictors. They are
updated by the recursions of Fig.l1l_10b. The multichannel variance
normalized lattice predictor is given by Fig.lil_11c. Note that the
multichannel variance normalized adaptive least-squares lattice filter
and predictor use only the parameters of the lattice filter of the
normalized versions.

1Y¥. Conclusions and Remarks

The conventional one channel lattice filters and the trianguler lattice
filters are special cases of the multichannel lattice filter structure. If
the number of channels is reduced to one, the multichannel lattice
filters become the one channel lattice filters. {f the number of sections
is reduced to one, the triangutar parts have the same structure of the
triangular lattice filters.

The multichannel scalar lattice filters and algorithms are at the base
of the statistical array signal processing. We encourage the studies and
tests of these scalar slgorithms. At the end of this psper, we have no
place to give experimental results. Note that deteiled descriptions and
applications can be found in [1].
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