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RESUME

Application, d’autres transformations que
la transformation de Fourier,pour le traite-~
ment d’images ressortit de l’exigeance de
diminnation de temps des calculs pour obten~
tion un résultat desiré, ou de la exigeance
d'obtention des meilleurs effets du traite-~
ment sans grand augmentation de temps des
calculs.

La famille des transformations hybrides de
Hadamard-Haar (HHHT) comme, entre autres, la
transformation de Walsh<Hadamard et la tran-~
sformation de Haar, donne les nouveax possi-
bilities dans cette domaine.

Dans cette étude on a montré les divers
modifications des versions hybrides de la
transformation de Walsh<Hadamard et de la
transformation de Haar en systématique natu-
relle. Factorisation des matrices transfor-
mantes des transformations hybrides - modi-

fiées de Hadamard-Haar permet 2 obtention
des algorithmes effectifs pour transforma-
tions rapides du type "in-plage® (FMHHHT) .

On a presenté une nouvelle methode de réso~
lution du probléme de la filtration rapide
non-récoursive en domaine séquentielle. A la
base des algorithmes pour les rapides trans-~
formations hybrides-modifiées de Hadamard-
-Haar on pent obtenir les filtres scalaires
qui sont donne par les equatlons matriciel~
les et qui sont présenté par les graphes de
circulation pour les transformations rapides
Dans ce cas, une matrice filtrante présenté
une caracterlsthue sequentielle avec les
coefficients d'affaiblissement des composan-~
tes dans la groupe dyadique ont les memes
valeurs.

Bidimensionelle filtration a l'aide de
FMHHHT en réalite soit transformation des
undimensionelles séries des lignes et colon-
neg du gldlmen31onelle ensemble. La méthode
-presente utilise seullement les operations
d’addition et de soustraction,donc le nombre
des operations demandées est m01ndre par ra-
pport de la ordinaire filtration séquentiel~
le avec les algorithmes de la transformation
rapide de Walsh-Hadamard (FWHT) . _

Les numeriques filtres rapides a la base
des algorithmes FMHHHT font partie de la
classe des filtres non-récursives ( coupe-
~-bande et multi-passe-bande) et nont utile
pour la réalisation rapide du traitement
d’images numeriquement.

SUMMARY

In image processing applications, the mo-
tivation for using transforms other than
Fourier is either to reduce computation time
for a given resolution or to increase the
resolution without incurring- the penalty of
drastically enhanced computation time.

A family of Hadamard-Haar hybrid trans-
forms (HHHT) including Walsh~Hadamard and
Haar transforms have been used effectively
to satisfy these requirements. The various
modified hybrid versions of the Walsh-Hada~-
mard and the Haar transform in natural order
are defined and developed. Sparse matrix
factoring of modified Hadamard-Haar hybrid
transforms (MHHHT) is utilize in developing
the efficient in-place algorithms for fast
implementations (FMHHHT) .

A new generalized approach to fast non~re-
cursive digital filtering in sequency domain
is presented, Scalar digital filter structu-
res are described by a matrix equation based
on flow graphs which represent the fast mo-
dified Hadamard~Haar hybrid transform algo~
rithms (FMHHHT) . The filter matrix in this
case represents a filter weighting function
in sequency domain with the same weighting
coefficients in dyadic group. The 2-D filte-
ring using FMHHHT is essentially an opera-
tion on the 1-D data series constructed from
succesive subsets (rows and columns) of the
2-D data. The real number additions and sub-
tractions are only required and the number
of operations is reduced compared with the
conventional sequency filtering which uses
the fast Walsh-Hadamard transform algorithms
(FWHT) ., The fast digital filters based on
the FMHHHT algorithms represent a class of
non=recursive filters (bandstop and multie-
band) suggested for high speed implementa=
tion in digital image processing.

5194\/



520

LES FILTRES DYADIQUES-SEQUENTIELLES EN TRAITEMENT D’IMAGES

DYADIC SEQUENCY FILTERS

IN IMAGE PROCESSING

Andrzej Drygajio

N SR S

1. Introduction

A modified version of the discrete Hadamard
~Haar hybrid transforms (HHHT) described ear-
lier [1] is now defined and developed. Seve-
ral natural ordered modified Hadamard-Haar
hybrid transform matrices are particularly
useful for generating the discrete trans-
forms such as Hadamard-Haar transform (HHT)
[2], S=transform (ST) [3], modified Walsh«
~Hadamard transform (MWHT)[4] and the new
ones all called MHHHT. The transform matrix
of MHHHT is sparse compared to the Hadamard
matrix and correspondingly, the matrix fac-
tors of the former are more sparse than tho-
se of the latter. Consequently, computation
of the MHHHT requires fewer arithmetic ope-
rations. This paper is to demonstrate that
algorithms for fast computation of the MHHHT
requires fewer arithmetic operations tor N-N
image processing(only from ANIN = 1)  to
2N21ogoN real additions and subtractions) .
As the concept of application of MHHHT algo-
rithms in designing two~dimensional non-re-
cursive digital filters without multiplica-
tions is the same as in [5] , the more gene-
ral class of the scalar sequency filters can
be developed using both HHHT and MHHHT algo-
rithms.

2, Modified Hadamard-Haar hybrid transforms

The forward orthogonal Hadamard-Haar hybrid
transform (HHHT) or its modification (MHHHT)
of Ny N, image array {x(n,v}} results in
N1 Ny transformed image array {X(m,u)}as de=-

defined [6] by
Ao = 7 b x D

S0 T NN, SN, 2SN,

(1)

where D, is the HHHT or MHHHT matrix of or-
der N , The superscript T denotes the tran-
spose.

A reverse transformation provides a mapping
from the transform domain to the image space
as given by

-1 147
X = NgN, D" X5 (B (2)
1 2
where 2&1 is the matrix inverse of D .
Let N=2P where p=0,1,2,... and
m=0,1,2,.0.,N=1 ; n = 0,1,2,...,N=1 ;

i}

K {0'1'2"'°lkl"'lp_2} b

The Hadamard-Haar hybrid transform matrix EN
of order N can be generated on the follo-
wing way:

Let jeK

il

and Kj {0,1,2,...,ky-eerj}
L, = {kyeoo,p=2} .
m = 0,1,2,...,N=1

_Jk if  kek,
m |p-1 otherwise’

For every
Kk

where k is the index of the last significant
non~zero value bit in the binary representa-
tion of m

For every QEKJ let and

lGLk
1 = k,k+1l,...,p=2 .

Let n. and m, denote the i-th bit in the bi~
nary “represg&ntations of the integers n and
m respectively; that is
My =(np_1 np_2 see Ny NG), (3)
(m)10 =(mp_1 mp_2 oo My mo)2

Then the elements d(m,n) of by can be ge-
nerated as follows [1] :

.
p-1 1 m.ng
(I_I 8m.ni>(I—I(-1) ) for k_#p-1
i=l+1 * i=0

d(m,ﬂ)=4 (4)
p-1

m.n,

I~I(“1) T for k _=p-1
i=1

where 8m n is the Kronecker delta.

i
The equation (4) defines the elements of
the Hadamard matrix (K, and L, are the empty
sets), the elements ofJ the Jnatural ordered
rationalized Haar matrix (K_,L.={0,1,...p~2})
and their hybrid versions which are also
orthogonal matrices [1] .

A development of the modified Hadamard-Haar
hybrid transform matrices is based on eq. 4
and bit-permuted notation of m and n .

A sequence (3) in natural order can be re-

arranged in bit-permuted order as follows:

For an integer expressed in binary notation,

permute the binary form and transform to de-

cimal notation, which is then called bit-per-
muted notation., For example,if an integer is

represented by 3=-bit binary number, then the

bit permutation of m is defined by:

(mymymg) = (mpmyMg) U (MHpRg) ---
cee U (mgmgds) (5)
As an example, for N=8, one of the HHHT ma-

trices and three of the MHHHT matrices result
in the arrays shown in Fig. 1 .

"11111111- [1 4 114 111 1]
11 000000 11 1=1 1-1 1.1
1 1-1-1 1 1~1-1 10-1 00000
001-1 0000 010-1 0000
111 1=1-1-1-1 111 lel=i=l~l
00001-100 1.1 1-1~-1 1~-1 1
1 1-1-i~1=1 1 1 000010-10
O 00000 1-1] |0 000 O 1 O-1]
a) b)
1414111117 [1 21211141 1]
11 000000 1wl 1=1 1=1 i-1
1 l=1~1 1 1=il=1 1 lwi=l 1 1=1=-1
001-1 00O00O0 l=1l=1 1 lel=1 1
1100-1=-1 00 1 000-1 000
0O0001-1 00 01000-200
00110 0=-1-1 001000-10
000000 1-1] 000100 0-1)
c) d)
Fig. 1 a) Kj=Lj=©}, (mgm%mg)=(m2mlm0)
b) Kj=LJ={O},(mgm1m0)=(m2moml) c) KJ=L.={O,1L

(m2m1m0)=(m1m2mo)d) KJ=L.={O},(m2m1m0)=(m0m1m2)
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3. Fast modified Hadamard-Haar hybrid
transforms

The underlying principle for the efficient
implementation of the transformations presen=-
ted here is a high degree of redundancy in
the transform matrix description. Good (7]
has shown that for matrices which have a cer-
tain degree of redundancy and which have re-
solution equal to a highly composite number,
they can be factored into a product of matri-
ces which allow vector-matrix multiplication
on the order of rNlog /N operations as com-
pared to N2 operations where N=rP . Good'’s
paper has laid the foundation for the fast
discrete transforms [8] such as Fourier ,
Walsh-Hadamard and Haar transforms.

The Walsh-Hadamard transform is particularly

suited to digital computation because the
basis functions take only the values +1 and
~1. The rationalized Haar transform takes

the values +1,-1 and O plus scaling of tran-
sform coefficients and is similarly suited
to digital computation. Other discrete tran-
sforms [9], such as the Hadamard-Haar hyb-
rid transforms also have fast algorithms [1}l
Computation for the fast transform algo-
rithms can be described conveniently by
means of the signal flow graphs.They will be
used to depict the organization of the
FMHHHT algorithms for N=8., To illustrate the
presented idea let us consider the exampie
shown in Fig. 2 ; the 6 natural ordered FWHT
algorithms which exist for N=8,The solid li-
nes in the flow graph indicate that the cal-
culated value is to be carried forward to
the addition at the next node with the same
sign, and a dotted line indicates multipli-
cation by -1 before addition takes place.The
flow graphs depicted in Fig. 2 have the in-

-place structure. The memory or storage re-
quirements are therefore considerably redu-~
ced., The number of real additions and sub-

tractions required to implement the 1-D WHT
is NlogzN .

X0 *0 %o
X4 X1 X1
X, X, X,
X3 X3 X3
X4 X, X4
Xs X5 X5
X6 x6 X6
Xz X7 X7
0 ) X0 X0
Xy X1 Xq X1
*2 X2 ) X,
xS X3 Xn X3
X4 X4 X4 X4
Xg X5 Xg X5
X5 Xg Xg Xg
X2 X7 X X7

X X0 Xq XO
X1 Xy X1 Xy
X5 X2 X5 X2
*3 X3 X3 X3
X, x4 X4 X4
Xg X5 Xg X5
X6 X6 *g Xg
Xy X7 Xy Xy
Fig. 2 K =Lj={93} : (mzmlmo)'=’

a) (mymym)) b) (momims)  ©) (mlmzma)

d) (mmim2) e) (mémémi) ) (mémimé)

The fast Hadamard-Haar hybrid transform

algorithms for image processing have been de-

veloped earlier [1][5]
paper is to define and develop
versions of these transforms
FMHHHT,. The transform matrices of these mo-
dified versions based on eq. 4 and bit~per-
muted notation of m and n have a number of
zeros as their elements , and consequently
their matrix factors are more sparse, This
results in flow subgraphs of the Tiow grapns
presented in Fig. 2 . For example, the flow
subgraphs based on the sparse matrix factors
of the transform matrices Fig. 1 are shown
in Fig. 3 . The notation and structure  used
in Fig. 3 are the same as those in Fig. 2 .

. The object of this
the modified
abbreviated as

x

0 X5 0 Xo
X3 Xy Xy Xy
X5 Xo X3 X2
X3 X3 X3 X3
X4 X4 X4 X4
Xg X5 x5 X5
Xg X6 x6 X6
X5 X7 x7 X7

b)
) X5 ) Xg
Xy Xy X4 X
x5 X X5 X5
X3 X3 X3 X3
X4 X4 X4 X4
x5 X5 x5 X5
x6 X6 Xg X6
x7 X7 X X7

Fig. 3 a) Kj=Lj={O} . (mzmlmo)z(mémimé)
b) Kj=Lj={O} . (m2m1m0)=(mgm9m%)
c) Kj=Lj={O,1}. (m2m1m0)=(m1m2mo)
d) KJ=LJ={O} . (m2m1m0)=(m6m£mé)
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An inspection of the flow graphs Fig. 2
and the flow subgraphs Fig. 3 shows that
the FHHHT algorithms are described by the
flow subgraphs of the flow graph in Fig.2a,
and the FMHHHT algorithms are presented by
the flow subgraphs of the permuted flow
graphs in Fig. 2b:te . The number of real ad-
ditions and subtractions required for fast
implementation of MHHHT in N-N image_ proce-
ssing is then from 4N(N - 1) to 2NZlog,N .

4. Dyadic non-recursive digital filters

Non-recursive digital filtering is defined
[10] as linear combination of the entire
transform coefficients to produce a modi-
fied transform of Ny- N, points and is given

by
T T
-1 D T ;D N/a-1
x =By &y By x By (g )(ey (8)
1 TNy TNy 2 VTN N,

are the input and output data

D
» By

are ¢

where x and y

respectively; ED

N are the filter matrie
ces and QN ., D

By the HHHT or MHHHT ma-

trices of ‘ordef Ny and Ny.
Let the non-recursive digital filtering be

defined by

1T T
Y =By By x By B 7
NoNp =Ny =Ny Ny =Np
It can be shown [1] that
2
T o=l (et
By = N By (477 @)

where ﬂh is the diagonal matrix containing

weighting factors consisting of multiplies
of V2 and

C'P.N = JfN EN (9)
where D, is the orthogonal transform matrix

consisting only of +1,-1 and 0, and®, .
the orthonormal transform matrix.

Then
2 2 T
-17 =1 T 1 -1
y = ot (et) oy x oy (a5t (e (10)
) o = ok (05 (o)
Comparison of (10) with (6) reveals that
the filter matrices are the diagonal matri-

ces whose nonzero elements are negative in-
teger powers of 2

2 2
o, = (&) ¢ e = (a5) (12)

It means that every matrix D, "produces"”
the matrix 4} which defines 1-D scalar
non-recursive digital filter.Thus 2-D digi-
tal linear filter is described by two dia-
gonal matrices 4& and 45q . The set of
these filters defified by 2 eq. 7 and based
on FHHHT and FMHHHT algorithms can be trea-
ted as a new class of the scalar sequency
filters [11] using

D p o wl (12)

- -1
Sy = By B\ &y Dy ¥y

=N TSN =N 2N

where W and W":L are the direct and inverse
Walsh ~transtorm [12] and a filter matrix

w . . . . .
G, represents a filter weighting function in
sequency domain, W

In this case, the filter matrix G repre-
sents scalar sequency digital filteM with
discrete coefficient values selected fronm

the negative powers-of-two coefficient space,
It can be shown [1] that &Y is a discrete
filter weighting function 'in sequency do-
main with the same weighting coefficients in
dyadic group - dyadic sequency filter.

The dyadic sequency filters based on FHHHT
algorithms are the lowpass filters [5] .
Using FMMHHT algorithms bandstop and multi-
band sequency filters have been obtained.
For example, the lowpass, bandstop and two
multibandwsequency filters described by ma-
trices Gy which correspond to the four
subgraphs™ in Fig. 3 are represented as
shown in Fig. 4 .

Yot i
i i

01 234567 01234567

01234567 041234567

Fig. 4

In the case of conventional scalar sequ-
ency filtering ogperation on N:N image array
a maximum of 4N21092N additions and sub-

tractions plus 2n2 real products would bS
required, The calculation involving the 2N
real products will generally be the dominant
factor in determining the speed of filtering
operation [13] and can be reduced by a pro-
cess (7) using FHHHT or FMHHHT in-place al=
gorithms,

5. Conclusions

The various modified versions of the dis=-
crete Hadamard-Haar hybrid transforms in na-
tural order are defined and developed.Sparse
matrix factoring of modified Hadamard-Haar
hybrid transforms (MHHHT) is utilize in de-
veloping the efficient in-place algorithms
for fast implementations (FMHHHT) .

A generalized approach to fast non-recur-
sive digital filtering (lowpass, bandstop
and multiband) in sequency domain is presen-
ted., Dyadic digital filter structures are
described by a matrix equation based on flow
graphs which represent the FHHHT or FMHHHT
algorithms. The real number additions and
subtractions are only required and the nunm-
ber of operations is reduced compared with
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the conventional sequency filtering which
uses the fast Walsh-Hadamard transform (FWHT)
algorithms.Presented method is particularly
useful for designing digital non-recursive
filters with the powers-of-two coefficient
grid,suggested for high speed implementation
in digital image processing,

References

[ 11 Drygajto A.: Application of fast trans-
forms based on stepped functions to 1D
and 2-D digital signal processing. (in
Polish), Ph.D. thesis, Silesian Techni-
cal University, Gliwice 1983,

[ 2] Rao K.R. ,Narasimhan M.A, ,Revuluri K.:
Image Data Processing by Hadamard-Haar
Transform. IEEE Trans. Comput., vol.C-24,
no.9, September 1975,pp.888-896.

[ 3lLux P,: A Novel Set of Closed Orthogonal
Functions for Picture Coding. AEU, Band
31, Heft 7/8, 1977, pp.267-274.

[ 4]l Vliasenko V., ,Rao K.R.3 Unified Matrix
Treatment of Discrete Transforms. IEEE
Trans, Comput,.,vol.C-28, no.12, December
1979, pp.934-938.

[ s]1Drygajzo A.,Ihnatowicz J.:3 On the Cons-
truction of Two-Dimensional Digital Fil-
ters by Fast Hadamard-Haar Hybrid Trans-
forms. Proc. of the ECCTD’83, Stuttgart,
September 1983, pp. 450-453.

[ 6] Andrews H.C.: Computer Techniques in Ima-
ge Processing. Academic Press,New York
1970.

[ 71Good I.J.: The Interaction Algorithm and
Practical Fourier Analysis. J.Roy.Statis-
tical Society, vol.B.20, London 1958, pp.
361-372.

[ 81 Andrews H.C, ,Caspari K.L.: A Generalized
Technique for Spectral Analysis. IEEE
Trans, Comput., vol.,C-19, no, 1, Jdanuary
1970, pp.16-25.

[ 91Elliott D.F.,Rao K.R.: Fast Transformse
Algorithms ,Analyses ,Applications. Acade-
mic Press, New York 1982,

[t0] Pratt W.K.: Digital Image Processing.
John Wiley & Sons, New York 1978,

[11) Harmuth H.F.: Sequency Theory - Founda-
tions and Applications. Academic Press,
New York 1977.

[12] Beauchamp K.G.: Walsh Functions and their
Applications. Academic Press, London 1975,

[13] Ahmed N.,Rao K.R.: Orthogonal Transforms
for Digital Signal Processing. Springer-
-Verlag, Berlin-New York 1975.



