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RESUME

L'importance de la méthode de filtrage numérique &
produits stockés est montrée comme un moyen d'obtenir
une plus grande précision des coefficients de filtra-
ge, parce—~que les produits stockés sont précalculés
avec grande précision,

Les seuls erreurs présentes sont celles des pro-
duits stockés et elles sont controllables par lec cheix
de longeur de mot. En conséquence il n'y a pas une
grande augmentation d'erreur avec celle de facteur de
qualité du résonateur numérique, Ceci nous donne un
avantage en faveur du filtrage 2 produits stockés,
puisqu'il est moins sensible relativement & sa struc-
ture en comparalson avec les filtres utilisant des
multiplicateurs.

SUMMARY

The importance of the Stored-Product Digital Fil-
ter technique is emphasized as a means to achieve high
coefficient accuracy, as the stored products are com-—
puted initially with high precision. This leaves
only the product roundoff errors which can be control-
led by the choice of the product wordlength. As a
consequence the stored-product realization of digital
filter resonators shows little increase in error with
an increasing Q of the pole-pair. This indicates the
stored-product filters to be less sensitive to struc-—
ture than filters with multipliers.
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INTRODUCTION

The stored-product digital filter (SPDF) architec-
ture, as formulated in [1] and [2] is a technique for
achieving the highest possible processing speed [3],
[4] along with reduced power consumption. The archi-
tecture makes use of Read Only Memory element (ROM)
to store all possible products.

The purpose of this paper is to show that in addi-
tion to high speed, the SPDF also has the great ad-
vantage that no errors due to finite coefficient
wordlength are introduced, as the products stored are
based on near infinite wordlength coefficients. This
has its consequences, as coefficient round-off does
not take place, and the transmission function magni-
tude and the pole and zero locations are essentially
unchanged from the given design values.

A similar, but not identical, effect occurs for
the filters with distributed arithmetic [5], [6],
where all binary sums of the coefficients are formed
before the rounding of the sums; and subsequent addi-
tions create the overall sum of products.

For the SPDF the errors in the output are essen—
tially resulting from finite signal and product word-
length and thus can be seen to contribute to the over—
all error accumulation in the regular manner. As the
product wordlength can be increased, at little cost,
further accuracy improvement can be obtained.

COEFFICIENT WORDLENGTH IN BINARY MULTIPLICATION

In software as well as in hardware digital system
implementation, the coefficient and signal values are
both quantized by rounding or truncation. But there
is an important difference in performing a multipli-
cation with a digital multiplier or with the stored-
product technique.
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In a digital multiplier (fig. 1) the output signal
is the trumcated or rounded product of the input sig-
nal represented by L bits and of a coefficient re~
presented by L. bits.

An important problem is to choose the coefficient
wordlength L, as short as possible to minimize the
hardware complexity and simultaneously as long as
possible to minimize the perturbations introduced in
the transfer function,

X +es (LS+LC bits) ) yn+etn
rounding E—d
(_Ls bits (Lp bits)

coefficient (Lc bits)

Fig. 1 - Multiplication operation by a
digital multiplier

For stored-product multiplication the coefficient
wordlength is very long compared to the signal and
product wordlengths and this reduces the requirement
for finding structures of minimal sensitivity to
coefficient wordlength.

The procedure for multiplication in the SPDF is

different, as at the design stage of the filter all
possible products of the input signal of length Lg
bits are calculated, corresponding to a coefficient
of Lo >> Lg bits, rounded to L, bits and stored in
the read-only memory (ROM) for that coefficient.
The procedure used for the computation of these pro-
ducts is shown dn fig. 2. As the computer accuracy
allows L, >> Ly, the coefficient quantization effect
is hereby reduced to an arbitrary low level.

r_-achieved in a general purpose _W

I computer l
X +te -+
I n"
rounding o
(L_ bits
{L =L ]
Constant coefficient (L_ bits) I P
(et ]
N S
Fig. 2 - Multiplication procedure used for
programming the ROM element
Comparing the errors after the product rounding in
each case gives some information on how the stored-
product technique helps in reducing the error. The
total product error of the multiplier of fig. 1 is:
= + +
7n + Ctn (Xn esn)(ck eck) + epn @
and
=~ + + 2
®tn ¥ ®sn “k eck * epn @)
For the stored-product multiplication of fig. 2
the error becomes:
te ! = + +
Yn etn (Xn esn? “x epn S
and
el een Gt ®on 4

In (1) ~ (4) eg, 1s the signal roundoff error, e, the
coefficient roundoff error and €pn the product round-.
off error.

Taking R, = € ° ©t(ntm) In both cases and evalua-
ting the functions at m = 0 ylelds the total mean
square error; for binary multiplication:

2 77 2 77 2

Re(O) =eq X + c et epn (5)

k
and for stored-product multiplication
' 2
RO = ol el v () (6)
The usual assumption has been made regarding the inde-
pendence of the round-off noise sources.

The effect of signal round-off can be considered in-
dependent of the coefficient and product round-off and
is dealt with in the sense that it contributes a known
noise power at a filter's output for a given signal in-
put power. For the single multiplier the term can be
removed, assuming the applied signal of length Lg is

accurate. Then:
_ 2 2 2
Re(O) =ey x F €n @)
and
s 2
R (0) = (epn) (8)

Having neglected the second order error terms in (2)
and (4), the round-off noise processes are additive.
Although for a given coefficient ¢k the ckz term is
deterministic, consider a general ¢k with the a round-
off error ecy that has a uniform probability density

function. 1In that case, for the multiplication (7) the
overall error becomes .
2 2 2 2
= . + =
Re(O) ek X epn e 9)
Fo§ equal wordlength coefficient and product (Lp) and
X, = 1, the overall error (9) becomes
Y -2L
e = 27 (10)
This is twice the mean square error obtainable from (8):
-2L
N2 277
@) = 0 (11

Furthermore, an increase in L_, for the stored-product
case can be seen to yield a reduced overall product
round-off error, as this is the only contributing term
in (11). For the multiplier error (9), an increase in
Lp only reduces the second term in the error, which
wgll then be controlled by the coefficient round-off
error.

To conclude, by examination of (10) and (11) and for
xp = 1, we expect a 3 dB difference between a product
with L, = L, from the binary multiplier, and a product
with Lo >> E , a stored-product. At the same time, for
the stored-product the error will decrease by 6 dB eve-
ry time L; is increased by one bit, as is clear from
(11). The evaluation of the accumulated error for se~
cond order filter sections confirmed these figures for
the single multiplier.

OVERALL FILTER OUTPUT ERROR

The error EZ on the output signal of a filter is de—
fined as: N

P-% 5 (.0 -ym)?
n=0

(12)

where y(n) respectively y,(n), is the rounded, respec~
tively the ideal, output signal of a filter. J.B.
Knowles and E.M. Olcayto [6] used a computational tech-
nique based on this definition for the evaluation of a
coefficient quantization model. The system is repre-
sented in fig, 3; it has been applied to second order
digital filter sections in the direct form.
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¥, (n)
H_(2) =
_ E (LP:Lc)
x(n) = §(n) 1N
W Squarer N2
+ o
H(z)
V\{(n) (Lp bits)

rounded coefficients (Lc) and
products (LP)

Fig. 3 ~ Technique for measuring the
error due to rounding

In fig. 3, H,(z) is the ideal transfer function of
the filter. H(z) has rounded coefficients of length
L, and the product is rounded to L, bits. These word-
lengths can be varied independently. For L.< L,, (H)z
can be considered to be realized with binary multipli-
ers and for L. >> L, with stored-product multipliers,
The input signal x, = §, is of variance one and con-
tributes no error. All computations are performed in
fixed point arithmetic and number quantization is by
rounding.
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Fig. 4 Error E2 on the ig}ulse response

The resulting error Ez, for several values of the
wordlengths L, and L, is shown in fig. 4 for one se-
cond order filter section and in fig. 5 for three se-
cond order sections of different polepair quality
factor (Q). EZ is the result of an accumulation of
errors in five products, In fig. 4 the two regions
indicated separate the "binary multiplier filter"
(region 1) from the "stored~product filter" (region 2).
The points where L, = L, are ~ 3 dB above the hori~
zontal part of the curve for the same LP value.

Increasing L, gives an approximate 6 dB drop in accumu-
lated error, as predicted for the single multiplier in
the preceeding section.

For second order filter sections of different Q, as
shown in figs., 5a~c the same pattern is maintained., 1In
fig. 5d it 1s shown that the higher Q cases are more
sensitive to wordlength for the multiplier realization
than for the stored-product realization,as the horizon-
tal parts of the curve are close in both cases (L, = 12
and Lp = 16) considered. Although a complete anagysis
on the effects of stored-products addition still has to
be made, it can be seen that the storedproduct filter
realization is very useful in the sense of minimizing
overall error accumulation and of reducing the effect
of sensitivity to coefficient wordlength.

CONCLUSTON

The choice of the coefficient wordlength is one of
the most important factors influencing the complexity
and the accuracy in the hardware implementation of a
digital filter using classical digital multipliers.

We have shown that this problem does not apply to
SPDF's where the coefficient quantization effect is re-
duced to an arbitrary low value without any influence
on the complexity of the filter.

This important property is of definite influence on
the design of digital filters: - As the coefficient
quantization effect is eliminated the research for
structures which minimize the sensitivity to wordlength
of the coefficients is of lesser importance. The SPDF
can be used in very simple structures, like the direct
form, allowing for high speed applications [3].

In addition the application of memory elements is
now attractive and will be even more attractive in the
future, to replace digital multipliers.
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