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RESUME

Les éffets de la précision limitée sont
considérés pour les filtres digitaux récursifs a
deux dimensions. Des erreurs sont introduites dans
la quantification de 1l'entrée, dans les coefficients
et dans 1'évaluation des multiplications des
implantations de filtres. Des modeles de filtres &
1ongueur de registres finl sont développés et
différentes formes de réalisation sont montrées.
Une approche statistique est adoptée, ce qui permet
de calculer la distribution d'erreurs & la sortie
de filtres. L'arrondissement et la coupure sont
comparés comme méthodes de quantification.
Différentes formes d'arithmétique 3 point fixe sont
considérées et quelques examples sont donnés.

* Les recherches rapportées dans cet article ont
été supportées par une subvention du Conseil
de Recherches en Sciences Naturelles et en
Génie Canada (Subvention A7393).

SUMMARY

The effects of finite precision are considered
in two-dimensional recursive digital filters. Errors
are introduced in quantizing the input, the coeffi-
cients and in the evaluation of the multiplications
of the filter implementations. Finite register
length models of the filters are developed and block
diagrams are given for various forms of realizatiom.
A statistical approach is utilized, which allows us
to compute the statistics of the error at the output
of the filters. Rounding and truncation are compared,
as methods of quantization. Various forms of fixed
point arithmetic are considered and some examples
are given.

* The research reported in this paper was supported
by a research grant from the Natural Sciences and
Engineering Research Council of Canada under
Grant A 7397.
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I. INTRODUCTION

The memory requirement and speed of implementa-
tion of two-dimensional digital filters depends, to
a large extent, on the register length used. Long
register length filters produce more accurate results
but have a longer implementation time and require
more memory. Short register length filters, on the
other hand, have lower running cost,but may.result in
an ‘intolerable amount of error [1]. Errors are
caused through input quantization and by rounding or
truncation of signal values and coefficients to fit
the register length exactly. In this paper an
analysis is presented, which allows us to determine
the statistics of such errors at the filter output,
for different methods of realization. From such
statistics the mean square error, the signal-to-noise
ratio or error bounds can be deduced. The ensuing
analysis is based on recursive implementation, which
is known to be more efficient in terms of memory
requirement and speed of implementation than its
counterparts (direct convolution and FFT implementa-
tion [2]).

Quantization error bounds have been developed
in {3], for direct form two-dimensional digital f£il-
ters. The accumulation roundoff error was analysed
for a special direct form filter in [4], in which an
error bound was obtained. However previous published
work has not taken into account the effects of co-
efficient and input quantization to the output signal
and was not concerned with error models that are
easily extended to compute the error statistics
at the output of higher order filters. The designer
is usually interested in an efficient method to pre-
dict the filter quality in terms of known filter
parameters or a method that will allow choice of
the parameters for a desired performance. To our
knowledge such considerations are not found in the
literature and very little exists in the analysis of
quantization errors in two-dimensional digital fil-
ters. In this paper fixed point arithmetic is used
and the different forms, in which the negative num-
bers are represented, are considered. Distinction
between rounding and truncation is made. Different
forms of realization of the two-dimensional digital
filters are studied.

The statistical properties of the quantization
errors are discussed in Section II. The three
different types of errors are separately treated in
Sections III,IV and V. Simulation results are given
in Section VI.

IT. PROPERTIES OF QUANTIZATION ERRORS

To simplify the analysis some assumptions are
made, These assumptions and their limitations are
discussed below:

1) The sequence of error samples is a sample
sequence of a stationary random process.

2) The quantization process is a white noise
process. The random variables representing the error
process are uncorrelated,independent of the sampling
rate.

3) The error sequence is uncorrelated with the
sequence of exact samples. This is intuitively true
if the amplitude of the exact samples varies in a
random fashion, but is generally not a good aséumptial
for one's complement and two's complement representa-—
tions.

4) The quantization error has a uniform.density
function. This implies that the signal is equally
likely to be anywhere within a quantization interval.

With these assumptions, it follows that signals

being discussed exclude impulse, step or sinusoidal
signals. Images and geophysical signals are examples
of signals with the previous properties.

Quantization errors are caused by either trunca-
tion or rounding each mode resulting in a different
error effect. Rounding is defined as follows. If
the wordlength is by+l bits and the available register
length is bp+l bits add 1 to the by+1 bit if the by+2
bit is 1 and take no action otherwise. In the case
of truncation of the b,+1 most significant bits are
taken from the bj+l bits and the rest are omitted.

As in [1] fixed point erithmetic involves binary
numbers with a fixed binary point. Bits to the left
of the binary point represent integers and those to
the right represent fractions. Negative numbers are
represented in any of three forms of fixed peint
arithmetic representation. These forms, which are
defined below, result in different error effects at
the filter output.

1) Sign-and-magnitude representation; the lead-
ing binary digit represents the sign. 0 represents+
and 1 represents - . The remaining b of the b+l bits
represent the magnitude which is a fraction,

2) One's complement representation; positive
numbers are represented as in sign-and-magnitude re-
presentation. Negative numbers are obtained by sub-
tracting the magnitude from 2—2‘b, where b+l is the
register length.

3) Two's complement representation; positive
numbers are represented as in sign-and magnitude
representation and negative numbers are obtained by
subtracting the magnitude from 2.

As shown in [5], each of these arithmetic re-~
presentations has its own error characteristics. On
the basis of the three assumptions made and for the
types of arithmetic representation the quantization
error properties are easily deduced and summarized
in Table I.

III. ROUNDOFF ACCUMULATION ERROR

A. Direct Form Realization (Fig. la)
Consider an infinite register length filter,with

the quantized input represented by iﬁm Its output
Yop 18 given by (1).
Né Mé ~ N§ Mli
Yoo= L L A % - by .. (D
nm =0 §=0 iin-i,m-3 5, 520 ij"n-i,m-j
i+j#0

If q denotes a quantity quantized after multiplication,
the output 3y from the finite length register filter
is given by

N§ Mé _ N]VS M123 |
y = LCax o)~ ) (b,.y_ . ) (2)
nm i=0 j=0 1] n-1i,m-j" q i=0 §=0 ijin-i,m-i"q
i+j#0
Let fnm be the error at the output
A _
fnm_ Yom T Yom 3

From (1)-(3) and Table I the statistics of the error
at the output of a direct realization are deduced

and summarized in Table II. 0« and B correspond to

the number of coefficients in the numerator and the
denominator of the transfer function H[zl,z 1, of the
two—dimensional digital filter,which are nefther 0 nor

1. hy; corresponds to the unit pulse response of the
filter withtransfer function 1
D(zl, ZZ)
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B. Parallel Form Realization (Fig. 1b)

While general two-dimensional filters are not
factorable some recent design techniques have con-
sidered special classes of filters with a denominator
of the transfer function factorable into lower order
polynomials [6,7]. It is sometimes possible to ex—
press the transfer function as a sum of partial frac-
tions and realize the filters by parallel realiza-
tions. In this analysis a second order filter was
used as a basic building block.

The statistics of the filter output are shown in
Table III.

C. Cascade Realization (Fig. lc)

If the basic building blocks are cascaded the
statistics of the error at the output of a cacade
realization are summarized on Table IV, where g%kis the
unit pulse response of the filter after the ith noise.
IV. ERRORS DUE TO COEFFICIENT QUANTIZATION

A. Direct Form Realization (Fig. 2a)

With infinite precision arithmetic and infinite
length registers the filtering process is represented
by the recursion relation

NA My NB MB
v v v

L L4

i=0 j=0

~
N
St

@ = XL~ ) P bow
nm ij"n-1,m-3 42, j=0 13 n-i,m-j

i+j#0

With finite length registers the implementation of
the filtering process introduces errors due to the
quantization of the coefficients, which manifest as a
deviation of the transfer function from the ideal one.
Let the result of quantizing the coefficients a., and
b.. be ’ H

1]
a.. =a,, iy

1] 1] 1]

byy T Byg T My (5)

The finite precision recursion equation then becomes

Nf M§ ~ N\E M}f—
v, = a,.x . .- ) by . . (6)
nm i=0 j=0 ij n-i,m-3 ;24 420 ij'n-i,m~j

i+j#0

A multiplication roundoff term has not been added, as
this has already been taken care of in Section III.
At the filter output the error due to coefficient
quantization is given by

f =0 -y N
nm nm nm

The assumptions made in Section II also hold for
the coefficient quantization error. The validity
of these assumptions is not as good. This is because
for low order filters the coefficients are few and
the errors occupy only a few points on the quantiza-
tion interval. 1In this section the input x, is
assumed to be zero-mean and wide sense statiomary
(w.s.s). It is easy to show that in such a case,
the output y_ of a linear time invariant system is
also zero-mean and w.s.s. [8]. The statistics of
the error at the output as summarized in Table V. In
this table

2 .
% A variance of input signal

2
0 A variance of output signal=g
w N .

g M3 i=0
AA E I bZi.
T i=0 §=0 ¥ (i+j#0)

noN
i 1

B. Parallel Form Realization (Fig. 2b)

The basic building block is now the two-dimen-
sional direct form realized filter with MA=NA= =Np=%.
The error statistics are summarized in Table VI.
oy and By correspond to the number of coefficients in
the numerator and the denominator of the kth component,
of the transfer function, in partial fraction form,
that are not equal to zero or one.

¢. Cascade Realization (Fig. 2¢)

The basic building block is similar to that used
in parallel form realization. The statistics of
these errors are omitted here.

V. INPUT QUANTIZATION ERROR

Quantization of the input occurs at the analog

to digital converter. Further quantization may occur
if the filter register length is shorter than that of
the quantizer. The quantization error €hm is given by
e = -x

mm Cmm  *nm
where x; is the input before quantization and Xy is
the quantized input. The error €,y has the properties
discussed in Section II and the statistics of the
error are shown in Table I.

A. Direct Form Realization (Fig. 3a)

When the input is unquantized and the effects of
coefficient and accumulation roundoff errors are ne-
glected the output is given by

" Mg

Y Y
w = § Ja.x . -} Jb.o . .
o L2 320 ij " n-1i,m-j i20 §20 ij n-1i,m-j (8)
i+j#0
when the input is quantized, the output becomes
N
% ?“ﬁ
y._= 7 L .. X . L b,.y . (9
nm i=0 =0 ij n-i,m-j 120 §=0 ij'n-1i,m~j
i+j#0
The error at the output of the filter is given by
A NA MA NB MB
fom “nmnm - #13%-1,m-3" D) bi5fn-1,mm3
i=0 j=0 ’ i=0 j=0 ?

i+j#0 (10)

The noise statistics at the output are summarized in
Table VII.

B. Paralell Realization (Fig. 3b)

The basic building block is similar to the direct
realized filter with MA=NA=NB=MB=1. The error stati-
stics at the output are given in Table VIII.

C. Cascade Realization (Fig. 3c)

When the basic building blocks are cascaded the
result can be obtained in a similar fashion. The
statistics of these errors are omitted here.

IV, SIMYLATED RESULTS AND APPLICATIONS

Error expressions for the three modes of quanti-
zation were obtained for the three basic realization
structures. The variance of the truncation error was
computed theoretically. Similar results were also
obtained through simulation for particular filters.
These are compared in Figs. 4 and s, where the error
variance at the filter output is plotted against the
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register length. The close agreement between the
theoretical and the simulated results indicates the ¥,z
validity of the error models developed. An example

is shown in Fig. 6.

VI. CONCLUSIONS AGy.2,) - E(z),2,)

1/0(z;,1,) "-*-Y'(:l »2))

The effects of finite precision in the implement- {a) Direct fom realization

ation of two-dimensional recursive digital filters
were analyzed. The statistical properties of the
quantization errors, at the output of the filters
were deduced. These properties include the mean and
the variance, from which the mean square error, the
signal-to~noise ratio as well as error bounds can be
computed. Tables II to VIII give such properties for
different forms of realizations, when fixed point
arithmetic is used with its different representations.
The error variance and the statistical mean, intro-
duced by rounding, are the same for the various
representations of fixed point arithmetic, for each
realization. Truncation results in a larger error %(ﬁ'%)’gx“yzﬂ
variance in sign-and-magnitude and one's complement

representation. The error variance for two's
complement representation is the same in rounding
and truncation.

1/0(z,2,) V12,02

Al(zl,zzl “E i (z),2)

1/01(:1,22)

Eylzpory)

1/0(24.25) "_/Y_A (z,2))

(®) Parallel realization

Simulated and theoretical values of the variance
were plotted against the register length used. The
close agreement indicates the validity of the error
models developed. For each realization the variance
depends on the register length. It is therefore
possible to design a filter with a pre-determined
error-variance, for a required register length on belapmy) - B (zp,zy)
the basis of such diagrams.

K]

Ai(zl':Z) - Ei(:‘l'zz)

{c) Cascads realization
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HEp.z,)

!(lx.tz)

{a) Direct form realizstinn

HGz)o2y) Jy(2y023)

X(zl,zz)—' 2. H!.(z)'lz) }—-——-’Y,’(zl,zz;
"“:‘E(Zi’zz‘) e
2/——--—4- Ry (z),2,) —-/4:2)
L
T k)

() Parallel form realizaticn

Y(_‘r‘z)"(‘x"z) - F(z),2)

Tiz029)

REGISTER LENGTH

Figure 4

Mzpozy Hylz)ezp) pmeve Hy(zg,z)) [2ooodiiy(z)02,) 1o¥(zy,2)
CENER)
{¢)} Cascade form rcalization
Figure 3. Block diagram for recursive
filtering including input
quantization error.
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TABLE 1
STATICS OF THE QUANTIZATION ERROR
Representation Rounding Truncation
Sign-And- ] ] ]
Magnitude
o, a2 a3
One's B 0 0
Complement
<, <nz 3
€ 2
Tvo's ° ° Y
Corplement °2e qz“z q2/12
A. ROUNDOFF ACCUMULATION ERROR
TABLE II
STATISTICS OF THE QUANTIZATION ERROR
AT THE OUTPUT OF A DIRECT ¥ORH FILTER
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Sizn-And ¥ 0 0
Magnitude 2 QZ‘ NN, Si N 2
o (@8 § T W, (8) I} b
£ v izo j=0 * 3 iz0_j=o _*J
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Complement 2 N M 2 NN
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IANT [ZAT IO
TABLE 101 C.  INPUT QUANTIZATION ERROR
STATISTICS OF THE QUANTIZATION ERROR AT TABLE VIT
THE QUTPUT OF PARALLZL REALIZED FILTER. STATISTICS QF THE QUANTIZATION ERROR
AT THE QUTPUT OF A DIRECT FORM FILTER
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B, ERRORS DUE TO COEFFICIENT QUANTITATION

TABLE V

STATISTICS OF THE QUANTIZATION ERROR AT
THE OUTPUT OF A DIRECT FORM FILTER

R
Representation Rounding Truncation
Sign-And- T 0 0
Magnitude P 2 2
a2 2 9 2 2
e 13 (0 @+ 0" B)/8 'y (07,0 + 0" 81/
One's t 0 0
Complement 2 2
2 q_ (42 2 q 2 2
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TABLE VI
STATISTICS 0OF TiE QUANTIZATION ERRCR AT
THE OUTPUT OF A PARALLEL REALIZED FILTER
Representation Rounding Truncation
Sign-and T 0 0
Magnitude 2 2K
a 2 2 x
£l & Twele o’ B8] [g° § .2 2
17,¢ 100 o B/ RRCCRE NS
Cne's T 0 [
Conpletent 2 K 2 X . i . .
clf N (R AN S i L [(G?XQk . °Zw 5,)/8,] Figure 6 Frequency response of a two-dimensional
k=1 k= x digital filter with
wo's ¥ o 0 1) Register Length = 8
Conplensnt e 2) Peak Magnitude = 1.028
W & Ty 3) Cutoff Frequency = 0.08




