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Coherent imaging
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Light propagation model

@ Coherent imaging
@ Light propagation model
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Huygens-Fresnel principle (scalar theory)

The Huygens-Fresnel principle states that each point of a medium (disturbed
by passing wave) becomes source of disturbance which propagates from this
point in all directions indiscriminately. (Indeed, when a uniform medium is
disturbed at some point then due to directional symmetry this disturbance
propagates in all directions equally and without any path/direction
discrimination). The interference (=addition) of all disturbances then results
in a certain amplitude of detected wave.
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Simulation of light propagation in free space

13 T
P(z,y)
M(€,n)
_—
plane wave
0 z €,
A\
P\ y
amplitude wave U(E,7,0) U(z,y,z)

R=|[MP||=/(x — &2+ (y —n)2 + 22
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Simulation of light propagation in free space
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plane wave
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amplitude wave U(&,n,0) Q(ﬁb,y,z)

R=|MP| =/ [x—&)2+ (y —m)2 + 22
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Simulation of light propagation in free space

N @ = A

LY
tt i THHH‘ﬁ‘H

&)~

Spherical Paraboloidal Planar
Rayleigh Sommerfeld > Fresnel > Fraunhofer
KR =K/ (x — £)2 N2+ 22 ()
2
KR ~ Kz X =82+ (y—m)?
2z

x2 +y? _k2x£+2yn

kR ~ k k
z 2z 2z

(*) with k = n 2t %, M is the refractive index of the medium.

Corinne Fournier — Unconventional imaging and co-design 8/ 63



Coherent imaging

Rayleigh Sommerfeld model

Light propagation model

——
plane wave
—_—

—p

Q
P

amplitude wave U(,,0)

u(x.y,z)j;”m

—0o0

R=IMP|l = yx— 87+ [y —m)” + 2

and

oIkR

U(é,n,0) Tcosedédn

U(,y, 2)

-

cos@ = cos(€;,R) = %

* Goodman, "Introduction to Fourier optics", Roberts and Company Publishers, 2005
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Rayleigh Sommerfeld model

1 +00 eIkR
Ux,y,z) = ]7\ J'J' U(é,m, O)Tcosedédn

@ Replace cos(0) by its expression
@ Replace R by its expression
@ Use the convolution product definition to simplify the expression
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Rayleigh Sommerfeld model

1 +00 eIkR
Ux,y,z) = ]7\ J'J' U(é,m, O)Tcosedédn

@ Replace cos(0) by its expression
@ Replace R by its expression
@ Use the convolution product definition to simplify the expression

U(x,y,z) = Aff+oouaﬂ0)e] —d&dn

%) k £)2
Uk y,2) = & [ U(Em, 0 VD b g g

Reminder convolutlon product :
foy) = [ S g hix— &y —n)dédn =g + h

U,(x,y)=U * h, with h,(&n) =% eikV/e2in2 422

Xy JA T E24m2+z2
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Rayleigh Sommerfeld model

In space domain :

£24n2422

U,(xy)=U* h, with h(&n)=Z
x,y

TN E24m2+z?

h, is called :

@ the propagation kernel
@ the impulse response
@ the PSF (Point Spread Function)

In Fourier domain (Angular Spectrum) :

gz(um Hy) :Qo(}lw U'y)-]iz(ux: U'y)

2 2
_ oo -

Wlth Ez(”xr Uy)

h, is called :

@ the Transfer Function
o the amplitude Transfer Function
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Fresnel approximation

U (xy) = & J 75 Ug(e,m) 25O 22 g

(x—&)2+(y—m)2+z2

For large z, cos(0) ~ 1 and the phase expression of the spherical wave kR
can be simplified in (2.1) using a Taylor's serie expansion of order 1.

l
KR =kz (14 D5 4 o) oz (14 DR o L)

222

@ Replace cos(0) by 1 and kR by its approximation
@ Use the convolution product definition to simplify the expression
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Fresnel approximation

+00 ejky/(x—&)2+(y—m)2+2z2
u (X y) TN ff UO &m) [l/fé)zﬂyfn)%zz dédn

For large z, cos(0) ~ 1 and the phase expression of the spherical wave kR
can be simplified in (2.1) using a Taylor's serie expansion of order 1.

kR = kz (1+ (7‘;72&)2_1_(927;1)2)5 ~kz (1+ (x;;;ﬂ)z I (y;;;)z)

@ Replace cos(0) by 1 and kR by its approximation
@ Use the convolution product definition to simplify the expression

(x a) (y—m)?
Wby = b 112 Up(eme™ (555 agan
Note : In the denominator R has been replaced by z.
This simplification cannot be done in the phase term because a small change in R in
the phase term leads to a big change in the phase (e.g., SR =A/2, 8¢ = m).
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Fresnel approximation

(x )2 (y—m)?
W.(xy) = 53z [ 25 Ug(Em)e (e B ) g
Using the convolution product :
F F £24n?
U (x,y)=UuUu >x< h,” with h;"(&n) = )?\Zelkze]k 2z

Fresnel assumption is valid if the second order term in the Taylor series of R

is negligeable : z3 > 10.%{[(x — &) + (y — 1)1 P max = 2°°7F"
For a diffractive area and a observation area squared of width W :
23 >10.Fw*

In most many practical cases, a less restrictive condition can be applied : z > 647A
* Goodman, "Introduction to Fourier optics", Roberts and Company Publishers, 2005
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Fraunhofer approximation

(x a) e —n)2

2z ) dé&dn

U (xy) = ik [ 72 Ugle me =5

@ Expand (x — &)? and (y —mn)? in the phase and simplify the expression

o simplify the expression by neglecting the term k%’”
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Fraunhofer approximation

ez i (x2+y2) ) X ) 2
U, (x,y) ~ &2 TE I g (g, e TR B I S g

eikz ik %) ([0 o 4 )
W (x,y) = e 2 [0y (e peianti i dom ey

—00

Fourier Transform F

2+2)

PIELEE _
U,(xy) ~ %fﬂtx,uy Uy (&, m)] with py = %Z and py = %

Fraunhofer assumption is valid if :
o Fresnel approximation is valid, i.e. 2> > 10. Z{[(x — &) + (y —m)**}max

° 7[(£2+n2) <1

Az
max
If D is the width of a circular aperture in the transmittance plane :

DZ
z > WH
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Simulation of light propagation in free space : summary

“‘\\\\‘\\}\\\\u\\\\m\m\\\\\\\‘\\\‘mmm\mmu

\\\‘\“HH‘\\\”\‘mmm ARIRARRARARARRARARRAY i

i

L //\\\\\\“\\f il

||
[T
wH © ©)) i R -
‘ \/uuw""’"//\‘H‘\‘)J}HJ\H“HJ\J\‘\HH\‘HH\‘\H\‘\‘\‘\‘H‘\‘H‘\‘HH\‘HHHHHH\H\HHHWH 4
\\\\\ //////////////////// | ‘“f/‘“"/‘“H,‘;"JJ,‘wJJ/H\“,“/‘\“\“J‘\“J‘\“J‘\“J‘\“J\“J‘\“\“JJJJJJ
Spherical Paraboloidal Planar
Rayleigh Sommerfeld > Fresnel > Fraunhofer
Qz(x,y):gox*yhfs \ Qz(x,y)zgx*yhzr | QZ(XVU)ﬁdg(ﬁ,%,O)
RES(Em) = F et | RET(E ) = el TET | e inln it
Interferences of Spherical | Interferences of Paraboloidal | Interferences of Plane

waves | waves | waves

Note 1 : Fraunhofer propagation is called "far field" propagation whereas
Rayleigh-Sommerfeld and Fresnel propagation are called "near field propagations".
Note 2 : For z < lambada, scalar approximation is no more valid
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Propagation models properties

The propagation operators have properties linked with physical properties of
light propagation.

In the case of Fresnel propagation :

the Fresnel kernel, which is a chirp function, has a Gaussian form?!, its
Fourier Transform (FT) is also a Gaussian :

ikz T

hz((t-nrl) = eiTze%(£2+n2) <~ ?ux.uy (hz) :hz(uX' Hy)
_ eikze—in?\z(ui—o—ui)

'X.z ~
1. FT of a Gaussian function : f(x) =e a2 < () = aﬁe*az(ﬂux)z
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Propagation models properties

Additivity = Propagation

hh * hZZ = hzl+22 AN hzi -hzz = hziJrzz
Inverse = Inverse wave propagation
hz *h—z = 5 < hz.h_z = 1
Neutral element/ldentity element
=propagation of a plane wave
Axh, =A > Adh, =Ad

Comment 1 : Fresnel transform is redundant, all information is in each
plane z.

Comment 2 : These properties are true in a perfect analog world, with an
infinite number of pixels and pixel size equal to zero.

PhD Thesis of Loic Denis, "Traitement et analyse quantitative d’hologrammes
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Implementation of the free space propagation

@ Coherent imaging

@ Implementation of the free space propagation
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(@l ki Implementation of the free space propagation

Implementation of the free space propagation

Let us consider the near field propagation. Whatever is the model, RS’s one
or Fresnel’s one, the propagation can be expressed in a convolution form.
U, (x,y) = Uy L™

Using the convolution theorem, Fourier Transforms F can be used to
compute the convolution :

U, = F 1F(Up) F(h,)] (1)

F(h,) = & can be computed analytically in Frequency domain :

U, = 5 F(Uy) 1] (2)

The complexity is less in eq(2)...
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(@l ki Implementation of the free space propagation

Sampling Issues

Several points have to be considered when implementing a propagation
operator :

@ Physical Issue
validity of the optical approximation
@ Numerical Issue
Sampling of the Fresnel function
Kernel separability
Borders effects
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Implementation of the free space propagation

Sampling of the propagation kernel

The spatial frequencies of the propagation kernels increase with the radial
distance
In the case of Fresnel kernel :

sin(%fz}

AR,

‘HH

il w
U,U} v \Jk\ ‘

i

Spectrogram

Spectrogram :
gives the frequency as a func-
tion of the space variable

Frequency (pix-1)

- B
Space (pix)
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(@l ki Implementation of the free space propagation

Sampling of the propagation kernel

Re(h,) , =100 microns.  radial profile
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(@l ki Implementation of the free space propagation

Sampling of the propagation kernel

. L radial profile
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(@l ki Implementation of the free space propagation

Sampling of the propagation kernel

radial profile
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(@l ki Implementation of the free space propagation

Sampling of the propagation kernel

radial profile
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(@l ki Implementation of the free space propagation

Sampling of the propagation kernel

The low threshold value of z below which the kernel is badly sampled can be
estimated by considering the Shannon-Nyquist theorem

The instantaneous frequency fins¢ of the signal should be lower than the
Nyquist-Shannon frequency (equal to i where p,, is the pixel pitch of the
digital sensor).

1 90

Reminder : fxinst = 5~ 5, where ¢ is the signal phase.
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(@l ki Implementation of the free space propagation

Sampling of the propagation kernel

The low threshold value of z below which the kernel is badly sampled can be
estimated by considering the Shannon-Nyquist theorem

The instantaneous frequency fi,s¢ of the signal should be lower than the
Nyquist-Shannon frequency (equal to % where p, is the pixel pitch of the
P

digital sensor).

Reminder : fxinst = i% where ¢ is the signal phase.

In the case of the Fresnel kernel (implementation : eq(1) slide 23)
hr(x,y) = eJkZeJk , the phase is ¢(x,y) = —m/2 + kz + k%ﬁ
fxmax — ";zx < i thus z > Lm;xpp

As x™9* = p,N/2 with N the columns number on the sensor

2
Fr _ Np3
z> Ziim sampling = A
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Coherent imaging

Implementation of the free space propagation

Sampling of the transfer function

In frequency domain (implementation : eq

of the Fresnel kernel is :

(2) slide 23) the Fourier Transform

— ok TIAZ

?ux,uy (hz) h (l‘LXv Uy) elkze) (h3+w3)

max _ ,max 1
fxlnst = Hy Az < W thus z < W

max _ _1
M = 2p,

Npd _ _Fr
z< X~ Zlim sampling

Corinne Fournier —
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(@l ki Implementation of the free space propagation

Sampling and propagation summary

z range where ~RS
Rayleigh-Sommerfeld approximation f /hRS
is valid —z —z
z range where z range where Fresnel
Fresnel approximation approximation
is NOT valid is valid
. T ettt >

z range where z range where
= 1Ay hFr
h, n,

sampling is sampling is
correct correct
P [
T
ZRS—Fr Zlim sampling

ZRS=FT = 10% [(X - 6)2 + (U 71’])2}2}111(17(
Np2

ZFT _ NPy
lim sampling — A
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Image formation model

@ Coherent imaging

@ Image formation model
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Image formation by a lens

The model of thin lens assumes that a lens simply delays the incident
wavefront by an amount proportional to the thickness of the lens A(x, y).
Phase shift : ¢(x,y) = nikoA(x,y) + kolAo — A(x, y)] (propagation in air and

Ny the refractive index of the lens material)

A Awe
NPV

Ql(”"a .'U) Q;(=1f~ y)
Front view Side view

The transmittance of the thin lens is : t,(x,y) = elketoeiko(mi—1)AxY)

The complexe wave behind the lens is : Q{(X,y) =t (x,y)U(x,y)
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Thin lens model

In paraxial approximation (rays make a small angle 6 to the optical axis) :
2 2
Alxy) = 8o — 2 (L - 1)
flx,y) = elkemaegTkelmi-D =3 ()
Keeping only the phase term that depends on (x,y) and introducing the lens
g only Y
focal length f :

tixy) = e %052 | with £ = (ny —1) (RL - Riz)

1
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Thin lens model

Application : Use the Fresnel propagation and the lens model to find the thin
lens formula.

1e) f

21

obj QO - Q()+ Qimg
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Thin lens model : Numerical aperture

The thin lens model is equivalent to an optical setup that includes 2 thin lens
of focal length zy and z; and same focal point.

Fok rier
plane
0 3 0
z0 [~ z <0 Zo 21 ! z
1 L'm ZI
Ug; Up- Uy+ Uing Uej Uy Qub] Uy Uing
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Image formation : holography
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Coherent imaging

Inline Holographic setups

Image formation model

Most simple and low cost setups in coherent imaging :

(a) lensless microscopy,
magnification G =1
lensless microscopy,
magnification

+ S
G==*=>1
inline holographic
microscopy
magnification
G = 40,60, 100

(b)

(c)

Note : Colors are used in the figure for visualization reasons. The light is although

monochromatic.

Microscope Object

objective

Sensor

Trou de
filtrage

Microscope

objective

gl

Sensor

Trou de
filtrage

2s z

Microscope
Tube lens Image

Ob],ed objective \

(© :

:{[j> ez

Sensor
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Coherent imaging Image formation model

Inline Holography : Lensless microscopy model

—
plane
—

‘wave

Yy
U(&,n,0) amplitude wave U(z,y,z)

XY X,y
L. (x,y) = [U,(x,y)[? the intensity model is not linear.

U, (x,y)=Uy * h, =A. (1 * LLZ), the amplitude model is linear.
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Inline Holography : Lensless microscopy model

Introducing the complex opacity function d suchas 3 =1—1t:
W) =l o= A (1-9) )
Lxy)oc1—=9 * hJ?
Xy
=1+ * h,|? incident wave intensity and diffracted wave intensity
Xy
—9 * h, wave diffracted by the object
x,y
—0* x h} wave diffracted by a virtual object (located at -z) of conjugate

Xy
phase

Corinne Fournier — Unconventional imaging and co-design 42 / 63



Coherent imaging Image formation model

Inline Holography : Lensless microscopy model

Before being sampled on the pixel grid, the signal is low-pass filtered on the
pixel photosensitive area.

Pixel pp X pp

Model of the sensitive area effect : \ > T
I%(x, = DI .
X+KPP Y+Kpp Photo-
jx KPp f Y—Kpp L(x, y)dXdy S S e- sensitive
I¥(x,y) = Zx*y” B I Kppa)r(ezpp
' e
k2 is called the fill factor (=pixel's : : : : : :
light sensitive area to its total
area). Yy e

Sampling step
pixel_pitch Pp
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Coherent imaging Image formation model

Inline Holography : Lensless microscopy model

After being low-pass filtered by the pixel photosensitive area, the intensity is

sampled.
Pixel \pp X Pp
> T

Sampling of the signal : IR N
I (m,n) = I5(x,y).MLp, (%, y) L L AL 1T I ettt
Filtering + Sampling EENNNN KDy X p

P P
< _ i
fz (m.m) - OOOooD
(Iz & W(K.pp,K.pp)) M, 5, (xY) CICICICICIC

Yy : l—]

Sampling step
pixel_pitch DPp

ly, p(,y)= 1  ifx=mp, and y =np,

0 else
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Inline Holographic Microscopy setup

Object  Microscope Tube lens
' objective

Sensor

Ue Uy,
U,(x,y)=Uu x h

img Xy 2z
Taking into account only the magnification of the image :
uimg (x, U) = éuob]‘ (X/G:U/G) with uob]‘ (va) = uinciob]‘ (va)

Taking into account the numerical aperture of the objective :

Q{mg(x,y) = Ui, X*y PSF
1
QZ(X:U) = EuinC'iobj(E-/Gvn/G) * (PSF * hz)
Xy &m
Magnified object New PSF
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(@elylsdeie eyl Image formation model

Inline Holographic Microscopy model

Object  Microscope Tube lens
objective

Sensor

|

U U

inc ~ obj

L(x,y) = U (xy)?=|

1

Euinciob]’ (E,/G, ﬂ/G) xfy (PSF Ej(n hz) |2

Magnified object New PSF

In the case of z=0, and a point source object (modeled by a Dirac function) :
L(x,y) = [PSF(x, y)I?
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(@elylsdeie eyl Image formation model

Off-axis Holographic microscopy setup

BS
_____ AN _._,_,_._._,_,_._._,_x

i !

| Microscope

| Objective T

| .

i Ob]lect i

i :

X ________ E_[I:I__—— Sensor o

Microscope BS Fon,
Objective Y

The interferences between the object wave (in blue) and the reference wave
(in red) are modeled by :

[=Uppj + Ugesl? = Uop;? + [Ugesl + UopjUger™ + Uger-Uop;*
uRef(va) = eii(kEefXJrkyREfy)

uObj (X’ y) = uz (X’ y) = uinciimg X>,ky (PSF E*ﬂ hz)
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(@elylsdeie eyl Image formation model

Off-axis Holographic microscopy model

To simplify and shorten the mathematical notations let us assume
kRefx + kefy = kex

I(x,y) =
[Uo; (x, Y + e P + Uov; (x,y).etxx +g0bj*(xvy)-eiikxx

(0) (+1) (-1)
g:ux,p,g [I(XIUH =

Uy (s 1ty )P + F(L) 4 Uo * (1, ) % 81y + KX, 1y

(0) (+1)

+gc\)/bj(uxv y) * 8 — kX, 1y)

(-1)
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(@elylsdeie eyl Image formation model

Off-axis Holographic microscopy model illustration 1

H Ref _ 1 Ref .
Images examples in the case kg =k :

I(Qf,y) fu$,;¢y [I(x,y)]
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Image formation model

Off-axis Holographic microscopy del illustration 2

* Verrier, Nicolas, et al. "Holographic microscopy reconstruction in both object and image
half-spaces with an undistorted three-dimensional grid." Applied optics,2015.
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(@elylsdeie eyl Image formation model

Tomographic Diffractive microscopy setup

Microscope
Objective

I

Object i
<\'\~4:=,- . —. .= Sensor
Rotating&/ :
miror Microscope BS
Objective
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(@elylsdeie eyl Image formation model

Tomographic Diffractive microscopy model

Yo ) = Lsl U] = (Une 1) img E1)  (PSF 2 1)
uObj(xvyvO) (uO nc€ ‘“Catlmg(ﬁ ﬂ)) * PSF(EHT])

Uop; (Hx, by) = (U?ncf)(km/zn,o) " *u mg) PSF(uX, Hy)
x1Hy

Shift of the transmittance spectrum in Fourier domain —Super-resolution
(numerical aperture is multiplied by 2).

ky Domaine de fréquences
e spatiales de O(r) accessible
/ﬁ\ S \7 avec lincidence n°3
7 T\
/| Kinc1/ A= Kincay '
i
- Do\ \ . .
NA de l'objectif <= - {_ \ - AR + 3D information...
T T X
\ i
N\ /
klnc2// - kmc4// !
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Image formation : Phase masks and aberrations
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Phase masks (setup)

Using a 4f setup, and a phase mask, it is possible to co-design a 3D PSF —>
give accurate positioning of objects in 3D.

/ 532 nm laser - 4f system

s
,/ _ ~Fourier plane

A

ardweg
2a1322[qQ0

FL el
Phase .@g’
mask_~~F§ &
! 2Is B
v E I
-l -
Lens1 Lens2 Phase Mask Ref -

Shuang, Bo, et al. "Generalized recovery algorithm for 3D super-resolution microscopy
using rotating point spread functions." Scientific reports 6.1 (2016) : 1-9.
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Image formation model

Phase masks : 3D PSF

Example of 3D PSF

(a (b) (c)
0.8+ 0.84 0.8+
0.4 0.4 0.4+
E +
0 04 faw = 04
§ ® L
-0.4 0.4+ 0.4+

Tos 05 Ref :
Shuang, Bo, et al. "Generalized recovery algorithm for 3D super-resolution microscopy
using rotating point spread functions." Scientific reports 6.1 (2016) : 1-9.
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Phase masks : model

The phase mask acts in Fourier Domain of the image. Taking into account
only the magnification G of the image :

U (x,y) = Uy (x/G,y/G)/G

Taking into account the numerical aperture (NA) of the objective :

uPsk (x,y) =US__ % PSFya

=img =img .y

ufnsm]; (xy) = ?;13 (gimg(uw Uy)-PSFNA(HXx uy))

Taking into account the mask in Fourier space :
UMaSk(X,y) :uPSF * PSFMaSk

=img =img Yo

1 (PSF =
U™ (x,y) = Ty (Ui (e, y) PSFatasi (1 1y )
UMask = US - * PSFya * PSFMmask

=img =img
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Phase masks : codesign

Phase mask can be used to record 3D information in the image, to improve
axial localization/resolution ? of an image.
See Pauline Trouvé's lecture.

2. Verrier, Nicolas, et al. "Co-design of an in-line holographic microscope with enhanced
axial resolution : selective filtering digital holography." JOSA A, 2016
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Model of aberration

Vocabulary : a diffraction limited system assume that there is no aberration.

Aberrations distort the exit-pupil wavefront. It is no more a truncated
spherical wavefront.

It can lead, e.g. to defocus error (spherical aberration).

The aberrations can be modeled by a phase mask located in the exit-pupil

plane.
Exit
/ pupil
Ideal
w (xy) » image
(x.y) point
Zj
'~ Actual
wavefront
Gaussian
reference
sphere
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Model of aberration

Distortion of the exit-pupil wavefront can be modeled by a "virtual" shifting
phase plate in the aperture deforming the wave front that leaves the pupill.
Let's consider the path-length error We™"(x,y) at point (x,y). The complex
transmittance of the imaginary shifting plate, called the generalized pupil
function is given by :

P (x,y) = P(x, y)el W xy)

The coherent PSF is given by :

PSF = F(PeTT)

In Fourier domain the aberrations can be modeled by Zernike polynoms.

o
SO
C®O
OO
COOOO
OOCOOO
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Incoherent imaging

Incoherent imaging

@ Incoherent imaging
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Incoherent imaging M [ilele] 1AM =) =

Incoherent PSF

© Incoherent imaging
@ Incoherent PSF
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Incoherent PSF and Optical Transfer Function

When using incoherent illumination, the various impulse responses in the
image plane vary in uncorrelated fashions. They must therefore be added on
intensity basis.

In space domain :

Iimg(xyy) = Iobj * |M|2
x,y
In Fourier domain :

ﬂ;;(ux,uy):ﬂ;(ux,uy).(w \ PSFh)
(er”y]

Transfer Function
The normalized incoherent Transfert function is called the Optical Transfer

function OTF)
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Incoherent PSF and Optical Transfer Function

For a diffraction limited incoherent system :
PSFeoh (., uy) = P(Azipy, Azipy)

PSFIneon (py, py) =P(7\zwx,7\zwy)( ” )P(AZiHXvAZiHy)
Hx,Hy
,/yAE Pg"F”"' normalized =OTF

PSFine normalized= OTF

0.5

0.5 1 Vo
2vn
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