Signal Processing on
Graphs: Processing
Data over Graphs
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A Few Laplacian Eigenvectors
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Using eigenvectors of L, we define a Graph Fourier Transform (GFT)

L, f=0.14 fILof =131  flLsf =181



Functional calculus

It will be usetul to manipulate functions of the Laplacian

f(L), f:R—R

Lfu, = Muy » polynomials

Symmetric matrices admit a (Borel) functional calculus

Borel functional calculus for symmetric matrices

fL)y= > fv)ung

0eS(L)
Use spectral theorem on powers, get to polynomials
From polynomial to continuous functions by Stone-Weierstrass

e

I'hen Riesz-Markov (non-trivial !)




Example: Diffusion on Graphs

Consider the following « heat » diffusion model

af 0 ; oy ; — f
f (0,t) = e 1 Fo(0) f=etf, by functional calculus
Explicitly: f(i) = S: S: e My (2)ue(7) fo(J)
jev ¥t
e th = Z e~ Mupul — Z e~ My (1) Z ue(7)fo(g)
14 14 jev



Example: Diffusion on Graphs

examples of heat kernel on graph
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Simple De-Noising Example

Suppose a smooth signal fon a graph

IVfI3 <M & f'Lf <M

. VM
f(0)] < oV

Original

But you observe only a noisy version

y(1) = f(i) + n(2)




Simple De-Noising Example

argmin| f —y||3 s.t. f'Lf <M
f

T .
arg?llng\!f—y\@ + L f



Simple De-Noising Example

argmin| f —y||3 s.t. f'Lf <M
f

. T 2 r r Z o _
arg;n1n§\]f—y\\2—l-fr£f > »Cf*‘|‘2(f* y) 0




Simple De-Noising Example

argmin| f —y||3 s.t. f'Lf <M
f

. T 2 r r Z o _
arg]{rlmin—y\bﬂtfrﬁf > Ef*+2(f* y) =0

Graph Fourier

> Ro+3(Ro-iw) =o

vl e {0,1,...,N —1}




Simple De-Noising Example
De-Noising by Regularization

argmin|| f — y|[3 s.t. fILf <M
f

T 2 r r Z _ —
arg]{nm§||f—y\|2—|—f?£ f > L fe+ Q(f* y) =0

Graph Fourier

> TRo+5(Ro-0) =0

vl e {0,1,...,N — 1}

~ T
() = 7(¢)  “Low pass” filtering !
> R0 = i



Simple De-Noising Example

argmin; {||f — yll3 + /" LS}



Simple De-Noising Example

argmin; {||f — yll3 + /" LS}
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Simple De-Noising Example

argmin {||f —yl|5+~/" LS}
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Simple De-Noising Example

argmin {||f —yl|5+~/" LS}
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argmin S|yl + /L] T > L fa 4 S (fe—y) =0

f

~ T
L(0) = 1(/) “Low pass” filtering !
) = it

N-—1

Filtering: fout(Ae) = fin(Ae)h(Ne) fout (i) = Y fin(Ae)h(Ae)ue(i)
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Graph Filters

A Graph Filter is an operator acting on graph signals

It is represented by a tunction of the Laplacian: g(L) c RVXN

fout — g(L)fln

Via functional calculus or an explicit calculation: fout(>\£) = g(>\£)f in()\e)
A graph filter reshapes frequency content

This operation is often called “convolution over graphs”



Graph Filters as Features

Filtering = Correlation with a localised pattern

Zg (Xe)f (Ne)ugli




Graph Filters as Features

Filtering = Correlation with a localised pattern
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Graph Filters as Features

Filtering = Correlation with a localised pattern
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Polynomial Localization

Given a spectral kernel ¢, construct the family of features:
bnlm] = (Tng)[m] dulm] = ) g(Ae)ue[m]ue[n]
¢

Are these features localized ?

Polynomial Kernels are K-Localized
K

pr(Ae) =) arXi  if d(i,n) > K, then (T;px)(n) =0
k=0

12



Polynomial Localization

Given a spectral kernel ¢, construct the family of features:
bnlm] = (Tng)[m] dulm] = ) g(Ae)ue[m]ue[n]
¢

Are these features localized ?

Oplm] = (Om, Prc(L)on)

n m| = 5m7 L 5?7,
Onlm] = (Om, g(11)on) "mi  Should be well localized within

K-ball around n !

13



Polynomial Localization

Given a spectral kernel ¢, construct the family of features:
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Polynomial Localization

Given a spectral kernel ¢, construct the family of features:
bnlm] = (Tng)[m] dulm] = ) g(\e)uelm]ug(n]
¢
Are these features localized 7

Suppose the GFT of the kernel is smooth enough (K+1 different.)

Construct an order K polynomial approximation:

¢/ [m] = <5m, PK(L)5n> Exactly localized in a K-ball around n

n

L|m] = (0,,, g(L)d,,
Onlm] = (Om, g(11)on) "mi  Should be well localized within

K-ball around n !



Polynomial Localization - Extended

fis (K+1)-times differentiable:

b—a
(1~ axcle) < 2

Let Kzn .= d(z,n) — 1

.

(Tig)(n)] < VN inf <
pKin

sup

| AE[0, Amax]

9(A) = Pk, (M)

Regular Kernels are Localized
If the kernel is d(z, n)-times differentiable:

dz’n
) sup
AE[0,Amax]

(Tig)(n)] <

VT

(

L1 K+1

)\max

4

3
+1)

\

/

FETD]

3 (N)

14

= VN inf {]lg - i, o)
Kin
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Remark on Implementation

Not necessary to compute spectral decomposition
K—1
Polynomial approximation : g(tx) ~ Z a (t)pk (3;)

| 02, k=0 ex: Chebyshev, minimax

| aamii

-0.27

0 N 40 0 ) 40

Then wavelet operator expressed with powers of Laplacian:
K—-1

k
g(tL) ~ Z ar(t)L
k=0
And use sparsity of Laplacian in an iterative way

&

(.

SOLs POLY TECHNIQUE
FEDERALE D7 LAUSANNE

L'rs|xm
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Remark on Implementation

Wit 5) = (p(£)f7), Wi (t, ) — Wi(t,j)| < Bl f]

sup norm control (minimax or Chebyshev)

k=1

My,
Wf(tnaj) — (;Cn,Of# + Z Cn,ka(E)f#)

2 (L — as]) (Trr (L)) — TroalL)f

aq

Shifted Chebyshev polynomial

Computational cost dominated by matrix-vector multiply with

(sparse) Laplacian matrix

J
Complexity: O(Z M,|E])  Note: “same” algorithm for adjoint !
n=1

i @ I

FCOLE POLY TECHNIQUE
FEDERALE D7 LAUSANNE
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Spectral Graph Wavelets

Remember good old Euclidean case:

(W 1) @) = 5= [ e () flw)d

We will adopt this operator view

g:RT—R W, =g(L)

I

rer lrr l B NY\T




18

Spectral Graph Wavelets

Remember good old Euclidean case:

(W 1) @) = 5= [ e () flw)d

We will adopt this operator view

Operator-valued function via continuous Borel functional calculus
'é . R_I_ — R Wg — g(ﬁ) Operator-valued function

Action of operator is induced by its Fourier symbol
N—1

W, (0) =g f(0)  (Wef) @) =" g(he) f(Oue(d)

i_tn & : I

rerA[rr l 179 NNI'
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Spectral Graph Wavelets

@ Hammond et al., Wavelets on graphs via spectral graph theory, ACHA, 2011
Generalized translation

» Classical setting:

» Graph setting: N-1

I

FCOLE POLY TECHNIQUE
FEDERALE DZ LAUSANNE
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Spectral Graph Wavelets

@ Hammond et al., Wavelets on graphs via spectral graph theory, ACHA, 2011
Generalized translation

» Classical setting:

(Tag)(t) =gt =) = [ g(pemscmictag
. R
» Graph setting: N—1
(Thg) (@) :== > g(Ae)ug(n)ue(i)
£=0

e (Generalized dilation:

Dsg(\) = §(s))

e Spectral graph wavelet at scale s, centered at vertex n:

I

FCOLE POLY TECHNIQUE
FEDERALE D7 LAUSANNE
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Spectral Graph Wavelets

@ Hammond et al., Wavelets on graphs via spectral graph theory, ACHA, 2011
Generalized translation

» Classical setting:

(Tog)(t) = glt — 5) = / §(£)e2mEs 2migt g

» Graph setting: N—-1

e (Generalized dilation:

Dsg(A) = g(sA) |
e Spectral graph wavelet at scale s, centered at vertex A

I

FCOLE POLY TECHNIQUE
FEDFRALE D LAUSANNE
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Spectral Graph Wavelets

@ Hammond et al., Wavelets on graphs via spectral graph theory, ACHA, 2011
Generalized translation

» Classical setting:

(Tag)(t) = gt =) = [ glepe s comicte
. R Original Image Noisy Image
» Graph setting: N-—1 P

e (Generalized dilation:

Dsg(\) = §(s))

e Spectral graph wavelet at scale s, centered at verte |

Graph Filtered

FCOL= POLY TECHNIQUE
FEDERALE D% LAUSANNEF
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Frames
JA, B > 0, Jh:RT — Ri.e scaling function

0<A<h(u)?+) §(tsu)’ < B < 400

>/

scaling function wavelets

A simple way to get a tight frame:

S(Ae) = / " TatA)? = 50 = VAT — 3200

for any admissible kernel

I

rerA[rr l IBANP\T

e
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Spectral Graph Wavelet Localization

1.5

s1=17.8

¢85,n

I

FEDERA[FD l us NNF
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Spectral Graph Wavelet Localization

wsl,n

Characterizations of this localization

@ Hammond et al., Wavelets on graphs via spectral graph
theory, 2011

¢85,n

I

FCOLE POLY TECHNIQUE
FEDERALE DZ LAUSANNE

B |:=q Shuman et al., Vertex-frequency analysis on graphs, 2013




Scaling & Localization

23
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Scaling & Localization
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Application: Learning over Graphs

Let X be an array of data points 1,29, ...,T, € RY

Each point has a desired class label vy € Y (suppose binary)

At training you have the labels of a subset S of X S|l=1<n

Getting data is easy but labeled data is a scarce resource

GOAL: predict remaining labels

Rationale: minimize empirical risk on your training data such that

- your mod

- your moc

- your mod

e]
e
e]

| 1s predictive

| is simple, does not overfit

| is “stable” (depends continuously on your training set)



Linear Regression Learning

Ex: Linear regression Y =B x4+ 0

Empirical Risk: || X*3 — yH2 :> A= (XX?) Xy

if not enough observations, regularize (Tikhonov):

IX'B—yl3+ Bl == B=XX"+al) ' Xy

Ridge Regression

25



Linear Regression Learning

Ex: Linear regression Y =B x4+ 0

Empirical Risk: || X*3 — y||5 :> A= (XX""'Xy

if not enough observations, regularize (Tikhonov):

X8 =yl +allfl; == 8= XX"+al)" Xy
Ridge Regression
(Questions:

How can unlabelled data be used 7

More general linear model with a dictionary of features 7

argmin [y — M®x |3 + aS(3

dictionary depends on data points simplifies /stabilizes selected model

25
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Learning on Graphs

How can unlabelled data be used ?

Assumption:

target function is not globally smooth but it is locally smooth over regions of

data space that have some geometrical structure

Use graph to model this structure
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Learning on/with Graphs

Example (Belkin, Niyogi)

Affinity between data points represented by edge weights
(affinity matrix W)

measure of smoothness: ||V f||5 = Z W (f(xs) — f(z;))?

Revisit ridge regression: || X483 —y||5 + «||8||5 + 74 XLX'3

V4 4

. Solution is smooth in graph “geometry” (all data)
Regression part on labelled data
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Learning on with Graphs

More general linear model with a dictionary of features 7

P - dictionary of features on the complete data set (data dependent)

M restricts to labeled data points (mask)

argmin ||y — M®x 3|3 + aS(B)

/ Model Selection penalty, sparsity 7

Empirical Risl Smoothness on graph 7

Important Note: our dictionary will be data dependent but its construction

is not part of the above optimization
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Unsupervised Learning: RPCA on Graphs

* We have already encountered Spectral Clustering

* We can also use graphs to approximately model low-

rank matrices in some circumstances:

Low Rank U

Data X with (mruptums
n Sanlplo . Graph of feature simil; mt

—— " - . -
. PO, S .
R — .- — 2
[ 3 - -e
[ Se——, | -« -5 -~ -
. - . — SN \)
- . T o gy g (~'3
. . o
- e i
- P e - o 4 i
v > AN LA
» - » o W N
L —— - oy
W B s
— - ”~ . »
ALY o
~ ‘i
- ” et Y
-
L g

G,: Gr \ph of data similarity

Laplduan Lo

O

Clustering on W

P fgat ures
0 4

Principal Component 2

SVD: U = VW'

X = Ulh + f-.tru.fz:d.f"'} + yate (U7 LoU)

Laplacian £,

Principal Component |

min
T

HCr

Eu:n.a POLY TECHNIQUE
FEDERALE D7 LAUSANNE
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Low Rank
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Low Rank




Application: A Recommender System

30

u\' ’

! : 5 s
/rl E

£0

usoTs

X|movie, user| = movie rating

32
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Application: A Recommender System

Le

Noseless aniica dalaset

£0

X|movie, user| =

00 150 200
usoTs

movie rating

Users structured as communities

Users in community rate

similarly
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Application: A Recommender System

£0

X|movie, user| =

00 150 200
usoTs

movie rating

Users in community rate

Users structured as communities

similarly



32

Application: A Recommender System

Users structured as communities

Noiseless aniica dalaset

c
=~ %
i M
W e
5 o
R
-
-
a8
5
a9
-
15
1
o2 150 200
s

uso

£0

X|movie, user| = movie rating Users in community rate similarly

Movies are clustered in genres.

Similar movies are rated similarly by users
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Application: A Recommender System

Users structured as communities

Movies are clustered in genres.

Similar movies are rated similarly by users



Application: A Recommender System

£0

usoTs

X|movie, user| = movie rating

arg min || Ag o (X — M)|| + 3,-tr (XL, X") + 7. (trX"L.X)
X

33



Application: A Recommender System

30

n\' ’

! : 2 @
/rl E

£0

100 150 200 0.85 . . .
ant 0 1 2 3 4 5 6

X|movie, user| = movie rating

arg min || Ag o (X — M)|| + 3,-tr (XL, X") + 7. (trX"L.X)
X

33



