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Data models

» Model-based statistical methods
» Definition of a statistical model describing the data generating process

» Based on an interpretation of the data, motivated by the problem at
hand, and not an explanation of the data.

“Essentially, all models are wrong, but some are useful.”
George E.P. Box

» Necessary reduction of the problem, oriented to the problem to solve

F. Caron 5/97



Data models

F. Caron

Bayesian methods
Probability distribution of the data m(y)

m(y) = L (¢ y)deb

where ¢ € ® denotes the set of parameters of the model, which are
themselves treated as random variables.

Bayesian data modeling: specification of 7 (¢, y)

Graphical models

6
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Inference

» Posterior distribution

)
m(Ply) = “my)

which represents the uncertainty on the model parameters given the
data.
» Various numerical methods

» Markov Chain Monte Carlo
» Sequential Monte Carlo
» Variational Bayes methods

F. Caron
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Building Bayesian data model

» Construction of (¢, y) dictated by several antagonistic desiderata

>

vV vy vy VvYYyYy

> Key

F. Caron

Fit to the data

Predictive power

Elegance and simplicity; existence of remarkable statistical properties
Interpretability of the parameters

Simplicity and automaticity of inference

Computational tractability and scalability

point: model complexity, related to the number of parameters
Too simple model will suffer from under-fitting and have poor
predictive performances

Too complicated model will loose in interpretability and computational
tractability



Bayesian nonparametrics

» Bayesian parametrics: dim(¢) < oo
» Bayesian nonparametrics: dim(¢) = oo
» Advantages
» Distribution of the data has a wider support than that provided by a
parametric model
» Model complexity increases with the number of data
» Robust and adaptive framework
» Conjugacy: Inference algorithms often as simple as for parametric
models
> Interesting statistical properties: power-law behavior, sparsity

» Limitations

» Requires more advanced mathematical tools (stochastic processes)
» Some counter-examples for consistency of Bayesian estimators with
BNP priors

F. Caron
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Bayesian nonparametrics

Historical background

F. Caron

Stochastic processes used in a Bayesian framework: Dirichlet
processes (Ferguson, 1973), Gaussian processes (O'Hagan 1978), beta
processes (Hjort, 1990), Polya tree priors (Lavine, 1990) but
applications rather limited
With the development of MCMC algorithms in the early 90's, those
models can now be used in hierarchical models

» MCMC for Dirichlet process mixture models (Escobar and West, 1995)
Increased interest in statistics and machine learning, with the
development of novel models, algorithms and applications
Now standard tools of the Bayesian toolbox

» A workshop every two years in statistics
> A workshop on average every two years in machine learning

10/97



Bayesian nonparametrics
Rough cartography of BNP models

Application Basic model

More advanced /flexible models

Clustering Dirichlet Process
Density estimation

Pitman-Yor, normalized CRMs, Poisson-Kingman,
Polya trees, log-Gaussian processes
dependent DP, hierarchical DP, Nested DP

Latent feature Beta process Stable BP, dependent BP, GGP-Poisson
Hidden Markov models HMM-HDP ‘sticky’ HDP-HMM, reversible HMM
Regression Gaussian process DPMs and others

Survival analysis Beta processes Neutral to the right processes

F. Caron
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Introduction
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» Cluster/partition a set of items ¢ = 1,...,n into clusters
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Example: Spike sorting
» Brief voltage spikes recorded by a microelectrode
» Goal: Sort signals to assign particular spikes to putative neurons

» Unknown number of neurons, background noise
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Example: Spike sorting

» Brief voltage spikes recorded by a microelectrode
» Goal: Sort signals to assign particular spikes to putative neurons

» Unknown number of neurons, background noise

Frame 15 Frame 32 Frame 52

Frame 72 Frame 101 All Frames

[Bar-Hillel et al., 2006, Gasthaus et al., 2008]
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Example: Topic modeling

» Words in documents

» Objective: find topics within documents

» ‘Bag of words’ assumption within documents

Topics
gene 0.04
dna 0.02

genetic 0.01

—

life  0.62
evolve 6.01
organism 0.01

data 0.02
number  0.62
computer 0.61

\_/_

F. Caron

Topic proportions and

Documents X
assignments

Seeking Life’s Bare (Genetic) Necessities

jolds an ost

Stripping dowin. Compulcr analysi v
mate of the minimum modern and ancion! genomes.

[Blei, 2012]
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Example: Multiple-object tracking

» Track an unknown and varying number of objects over time

» Joint data association and tracking problem
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[Caron et al., 2016]
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Example: Image segmentation

» Segment an image into homogeneous regions

[Xu et al., 2016, Sodjo et al., 2016]
F. Caron 17 /97
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Introduction
Clustering

» Partition
Hn = {An,la ceey An,Kn}

where A, j, 3 = 1,..., K, non-empty and non-overlapping subsets
; K, _
of [n] := {1,...,n} with U; Ay ; = [n]
» A, j are clusters, K,, < n is the number of clusters
» Example

Ilg = {{17 4, 5}7 {29 3}7 {6}}

» Notations: often convenient to represent the partition using allocation
variables, e.g.

(c1 =1,c2 =2,c3 =2,c4 = 1,c5 = 1,c6 = 3)

/\ The cluster labels are irrelevant!
(Cl = 3,62 = 1,C3 = 1,64 = 3,05 = 3,66 = 2)

F caron €ncode the same partition 00



Introduction
Clustering

v

Model-based: fy defines the parametric shape of a cluster

» Example: fy is a Gaussian where U = (u, X) is the mean and
covariance matrix of that Gaussian

» Cluster locations Uj, 3 =1,..., K,
» Partition II,, of the data
» Likelihood
Ky
P(Y15- -y Yn|Urk,, IIn) = H H .ij (yi)
J=1i€A;
F. Caron
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Introduction
Clustering

» Bayesian approach: (Uj) and II,, treated as random variables

» Nonparametric approach: K,, can increase unboundedly with the
number of items n

» Exchangeable random partition
» For any n, the distribution is invariant w.r.t. any permutation of [n],
e.g.

Pr({{1,2},{3}}) = Pr({{2,3}, {1}}) = Pr({{1,3},{2}})

» Labelling/ordering of the items is of no importance

F. Caron 21 /97



Introduction
Clustering

» Assume additionally that

Pr(cn—i-l = nercla R Cn) = .f(n) (1)
i.e. the probability of creating a new cluster only depends on the

sample size n (and not on the cluster sizes nor the number of clusters)

» The two properties of exchangeability and (1) characterize a class of
partition models

» Chinese restaurant process: generative process for this class of
exchangeable partitions

F. Caron 22 /97



Chinese restaurant process
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» Customern + 1
» Joins an existing table 5 = 1,..., K, w.p. %
» Sits at a new table w.p. n_%[

F. Caron 23 /97



Chinese restaurant process
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» Customer n + 1
» Joins an existing table j = 1,..., K, w.p. 7:_;_‘;

» Sits at a new table w.p.

F. Caron
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Chinese restaurant process
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» Customern + 1
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» Joins an existing table 5 = 1,..., K,, w.p. e
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Chinese restaurant Process
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Chinese restaurant Process
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Chinese restaurant Process
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Chinese restaurant process

> Rich-gets-richer process

IT,, ~ CRP(a, n)

» Parameter a« > 0

» Logarithmic growth of the number of clusters

n—1
o
E[Kn] =) ——
ot

n
— 1 almost surely as n — oo

alogn

F. Caron
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Hierarchical model

I1,, ~ CRP(a,n)
forg=1,...,K,,
U; ~ Gy

Fore=1,...,n

yi|Hn,U1, R 7UKn ~ fUci

F. Caron 28 /97



Posterior inference
» Conjugate DPM model

Kn

p(ylznlnn) = H qA,, ; (ylzn)
Jj=1

where

ar@in) = [ ] fow)Go(d0)

i€EA
can be computed analytically.
» Marginal posterior
Pr(Il,|y1:n)
» Gibbs sampler
» At each iteration
» Fori=1,...,n,sample ¢;|C1,...,Ci—1,Cit1s+++3CnsY1:in

F. Caron 29 /97



Posterior inference
» Let TI_; = {A_;1,...,A_; Kk_,} be the partition of [n]\{¢}
obtained by removing item ¢ from II,,, and m_; ; the size of the
clustersj =1,..., K_;
» By exchangeability, for j = 1,..., K_;,

. m_; ;
PI' C; = H_' LR
(e =dll-0) =
and
o
Pr(c; = new|Il_;) = ———
r(c; w|II_;) atn_1

» Full conditional

. qa_; ;u{iy (Y1:n)
PI‘(C,’ = JlH—'ia ylzn) XX m_i,j 7 (i} "
qA_;,; (Y1:n)

PI‘(Ci = neW|H—ia yl:n) X aq{i}(yl:n)

F. Caron
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Dirichlet distribution

» Distribution on the d — 1 simplex
(m1y...,mq) ~ Dirichlet(ai,...,aq)

where 7; > 0, Z;-izl w; =1,a; > 0.
» Density (w.r.t. to the Lebesgue measure on the d — 1 simplex)

F(Z;'l:1 a;) ﬁ a;—1

p(m1, T2,y .00y Ta—1) = d T,
Hj:l I'(aj) j=1

where ; > 0, Zj 17&'J <1and wdzl—zg;:llﬂ'j.

F. Caron
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Dirichlet distribution

» Parametrization
aj = QPoj

where o > 0 and Z?:1 poj = 1.
» Properties

E[m;] = poj

Var[w;] = T a

F. Caron

poj (1 — Poj)
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Dirichlet distribution
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Dirichlet distribution

» Let z; € {1,...,d} be categorical random variables such that

Pr(z; = jlm1.a) = m;

> Let my, j = card{i =1,...,n|z; = j}

d
Pr(zl:nlﬂ'l:d) = H W;nn’j
Jj=1

» Conjugacy

(71y+ -+ ma)|21:n ~ Dirichlet(apoi + mn.1,-...

s &Pod + mn,d)

apo1

~ ~ My, j a
where @ = a + n and po; = aifl ainPoj

F. Caron

aPod
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Dirichlet distribution

» Predictive

Pr(z’n-i-l = jlzl:n) = atn

» Proof

Pr(zn+1 = j|z1_n) = Eﬂ'l:dlzlzn [Pr('zn+1 - ler].Id’ Zl.n)]
= IE""'l:dlzl:n [Pr(zn+1 == jlﬂl‘d)]

= Eﬂ'l:dlzlzn [71-.7]

F. Caron
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Dirichlet Process
» Distribution over probability distributions on ©

G ~ DP(a, Go)
where

» Gy is the base probability distribution
» a > 0 is the scale parameter

Definition
For all partition A1, ..., Aq of ®

(G(A1),...,G(Aq4)) ~ Dirichlet (aGo(A1), ..., aGo(Aqd))

where Dirichlet (b1, ..., bg) is the standard Dirichlet distribution.

Ay
A v
A
[ T W
AL P

[Ferguson, 1973]
36 /97

Caron



Dirichlet Process

» © = [0, 1], G uniform distribution, o = 5

0.9
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Dirichlet Process

» © = [0, 1], G uniform distribution, o = 5
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Dirichlet Process

» © = [0, 1], G uniform distribution, o = 5

F. Caron
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Dirichlet Process

» © = [0, 1], G uniform distribution, o = 5

F. Caron
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Dirichlet Process
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Dirichlet Process

» © = [0, 1], G uniform distribution, o = 5

0.9
08
07k
06
05
04
03
02+

01

F. Caron 37 /97



Dirichlet Process

» From the properties of the Dirichlet distribution

E[G(A)] = Go(A)
Go(A)(1 — Go(A))

Var(G(A)) = o

for any measurable A subset of ®

F. Caron
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Dirichlet Process

> Let
GNDP(a,Go)
fore=1,...,n

;|G < @

» Conjugacy

o 1
G|64,...,6, ~ DP (a—i—n, Go + Z%)

a+n a—l—ni:

» Blackwell-MacQueen urn scheme

o
G do.
a+n 0+a—|—n§ 0

O i1|01,. .. 00 ~

F. Caron
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Dirichlet Process

» Proof

» Consider an arbitrary partition Aq,..., Aq of ©®

PI‘(O,' € Ale) = G(Ak)

> Let sy = D i 06, (Ak) be the number of 6; falling in Ay

(G(A1)y ..., G(AQ)) |O1:n ~
Dirichlet(aGo(A1) + Sn,15 -y @Go(Ad) + Sn.d)

aGo(A1) aGo(Aq)

where @ = a« + 1 and Gg = %_MGO + ﬁ o, de,.

F. Caron
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Dirichlet Process and Chinese restaurant process

» Let Uy,...,Uk, be the different values taken by 61, ..., 8, with
multiplicities m, ;
» Blackwell-MacQueen urn revisited

+Z ’Ja

0n—|—1|017 s 7071

> Let IT,, = {An,l’ N aAn,Kn} where Aj = {z|91 = Uj}
> Then

II,, ~ CRP(a,n)

and

U; < G

F. Caron 41 /97



Dirichlet Process

» Realization of a DP is a.s. discrete and admits the following
stick-breaking representation

oo
G = Z widu;
Jj=1

] iid
with ; = 3; Hk<j(1 — Bk), Bj ~ Beta(1,a) and U; ~ Go.

[Sethuraman, 1994]
F. Caron 42 /97
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Dirichlet Process

» Realization of a DP is a.s. discrete and admits the following
stick-breaking representation

oo
G = Z widu;
Jj=1

] iid
with ; = 3; Hk<j(1 — Bk), Bj ~ Beta(1,a) and U; ~ Go.
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[Sethuraman, 1994]
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Dirichlet Process

» Realization of a DP is a.s. discrete and admits the following
stick-breaking representation

oo
G = Z 7rj5Uj
Jj=1

. iid

(A

B Ba(1-m1) Bs(1-m2)
U 1

[Sethuraman, 1994]
F. Caron 42 /97



Dirichlet Process

F. Caron

=2
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Dirichlet Process Mixture

» The data y; are supposed to be distributed from the following

mixture model
iid

v % [ fo()Gav)
where the mixing distribution G is unknown

G ~ DP(a, Go)

» Using the stick-breaking representation

/mwww=2mmm
o) i

» Infinite mixture model

F. Caron
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Dirichlet Process Mixture

F. Caron
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Dirichlet Process Mixture

» Hierarchical model
G ~ DP(O[, Go)

fore=1,...,n
0;|G ~G
yil0i ~ fo,

» This model is equivalent to
I1,, ~ CRP(a,n)

fory =1,...,Kp,
Uj; ~ Gy

Fore=1,...,n

yi|Hn, Ul, ey UKn ~ fUci

F. Caron
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Slice sampling for Dirichlet Process Mixtures

» The previous sampler was a marginalized sampler, as G is
marginalized out

» One drawback: does not scale well with the number of data (no
parallelization possible)

» Hierarchical sampler: full posterior p(G, ¢1:n|Y1:n)

F. Caron

47 /97



Slice sampling

» Suppose we want to sample from a distribution f(x)/Z where
Z = [ f(x)dx.

> Introduce a latent slice variable u > 0

» Joint distribution

_[1/Z fo<u< f(x)
p(z,u) = { 0 otherwise

» Marginal distribution over x

p(x) = /p(a:,u)du — /Of(z) ; _ f(Z‘B)

Neal, 2003
F. Caron 48 /97



Slice sampling

v

v

v

v

F. Caron

Slice sampling: MCMC algorithm with target distribution p(x, u)
At each iteration

» Sample u|x ~ Unif ([0, f(x)])

» Sample z|u ~ Unif ({z|f(x) > u})

Example: We want to sample from the discrete distribution
G = Z;il Tr](sUJ
At each iteration

» Sample u|x = U; ~ Unif ([0, 7;])

» Sample z|u ~ Unif ({Uj|7; > u})

49 /97



Slice sampling for Dirichlet process mixtures

» Latent slice variables ug, k =1,...,n

> Let m; be the number of allocation variables taking value
jed{L,...,K}

> At each iteration

Sample (71, ..., Tk, Ts) ~ Dirichlet(mq,...,mg, @)
For k =1,...,n sample ug ~ Unif ([0, 7,,])

Set £ = K. While Zﬁ:l 7; < (1 —min(gy...,Uyn))
Setl=¢+1

Sample B¢ ~ Beta(1, )

Set me = mufBe [ [ gea (1 = B5)

Sample U ~ Go

Fori=1,...,n sample ¢; from

vy

v
vVvyyYyy

v

p(ei = j) o< 1(m; > u;) f(yilUj)

v

For j =1,..., K sample Uj|rest

Walker (2007), Kalli et al. (2011), Fall and Barat (2012)
F. Caron 50/97



Two-parameter Chinese

restaurant process

o)
o}

O

&

» Customer n + 1

» Joins an existing table k = 1,..., K,, w.p.

» Sits at a new table w.p.

F. Caron

Moy o — O
n+ao
Kpota
n+o
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Two-parameter Chinese restaurant process
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» Customer n + 1
» Joins an existing table k = 1,..., K,, w.p.

» Sits at a new table w.p. %
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Two-parameter Chinese restaurant process
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» Customer n + 1
mn,k—a'

» Joins an existing table k = 1,..., K,, w.p. e
» Sits at a new table w.p. %

F. Caron



Two-parameter Chinese restaurant process
> Rich-gets-richer process

I1,, ~ CRP(o, a, )

Two parameters 0 < o <1, a > —0o
o = 0: One-parameter CRP
Exchangeable random partition
Growth of the number of clusters
K — { O(logn) ifo=0
" O(n) ifo>0

v vyYyYyy

a.s. asn — oo

v

Power-law behavior for & > 0
» Let K, ; be the number of clusters of size j

Knvj
— — pj almost surely as n — oo
K,
where p; is of order j =177
» Various applications in natural language or image processing

F. Caron

52 /97



Two-parameter Chinese restaurant process
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Two-parameter Chinese restaurant process

F. Caron

Number of clusters
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Outline

Indian buffet process and beta processes
Indian buffet process
A parametric beta Bernoulli model
Beta-Bernoulli process
Inference
Stable Indian buffet process
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Introduction
Clustering

» Cluster/partition a set of items ¢ = 1,...,n into clusters

F. Caron
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Introduction
Clustering

» Random partition
Hn == {An,la ceey An,Kn}
where A, j, 3 = 1,..., K, non-empty and non-overlapping subsets
of [n] :={1,...,n} with U™, A, j = [n]

» A, j are clusters, K, < n is the number of clusters

» Example

Ilg = {{17 4, 5}’ {2? 3}7 {6}}

F. Caron 56 /97



Introduction
Clustering

» Nonparametric approach: K,, can increase unboundedly with the
number of items n

» Exchangeable random partition: Distribution is invariant w.r.t. any
permutation of [n], e.g.

P({{1,2},{3}}) = P({{2,3}, {1}}) = P({{1,3},{2}})

» Labelling/ordering of the items is of no importance

» Chinese restaurant process is an example of a generative process for
an exchangeable partition

F. Caron 57 /97



Introduction

Latent feature models

> Set of objectst =1,...,n

» Objects 7 have a set of features/attributes, shared amongst objects

> Example:
Image 1
Image 2 Tree Human
Image 3 Human
Image 4 Tree Human
Image 5 Road Animal

F. Caron 58 /97



Introduction

Latent feature models

» Dynamic state-space models
» Collection of time series with shared dynamical behaviors

Object 5 I

Object 4

i| Object3

Object 2

Observations

Object 1

L L
0 200 400 600 800 1000

[Fox et al., 2009]
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Introduction
Latent feature models

» Application to dynamic state-space models

» Collection of time series with shared dynamical behaviors
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Introduction

Latent feature models

» Dictionary learning for image inpainting
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[Zhou et al., 2009, Dang and Chainais, 2016]
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Introduction

Latent feature models
» Collaborative filtering: predict missing entries in a user/items matrix
from a subset of its entries

» Low-rank assumption: matrix can be decomposed with a small
number of latent features

» User/feature association matrix

W v

[Meeds et al., 2007]
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Introduction

Latent feature models

v

Random feature allocation

v

Representation as a multiset of [n] = {1,...,n}

f'n = {An,17 oo 7A'n,Kn}

where A, ;, 7 = 1,..., K, are non-empty (possibly overlapping)
subsets of [n]

\4

A, . j=1,..., K, are sets of objects sharing a given feature j

v

Example:

.f5 = {{27 3, 4}7 {23 4}7 {5}’ {5}}

Image 1

Image 2 Tree Human

Image 3 Human

Image 4 Tree Human

Image 5 Road  Animal

[Broderick et al., 2013a]
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Introduction

Latent feature models

» Multisets often graphically represented by a binary matrix

» Beware that feature labelling does not matter!

Features Features

Object 1

Object 2

Object 3

and

represent the same multiset

fs = {{1,2,3},{1,3}, {1, 2}, {2}, {2, 3}, {3}, {3}}
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Introduction

Latent feature models

» Nonparametric approach: the number of features K,, can increase
unboundedly with n

» Exchangeable latent feature model: distribution of f,, invariant w.r.t.
any permutation o of [n], e.g.

Pr({{2,3,4},{2,4},{5},{5}})
= Pr({{3,4,5},{3,5},{1},{1}})
=Pr({{0(2),0(3),0(4)},{c(2),0(4)},{c(5)},{c(5)}})

for any permutation o of {1,2,3,4,5}
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Indian buffet process

» Generative model for multisets
» Single parameter a« > 0
> First customer picks K~ ~ Poisson(a) dishes
» Then each customer z = 2,...
» chooses a dish j previously chosen m;_4_ ; times with probability

Mi—1,j/1
» picks an additional set of dishes Kj' ~ Poisson(a/1)

Dishes

Customer 1

[Griffiths and Ghahramani, 2005, Griffiths and Ghahramani, 2011]
F. Caron 66 /97



Indian buffet process

Generative model for multisets
Single parameter a > 0
First customer picks K5~ ~ Poisson(c) dishes
Then each customer 2 = 2,...
» chooses a dish j previously chosen m;_4_ ; times with probability
mi_1,5/1
» picks an additional set of dishes Kj' ~ Poisson(a/1)

vvyVvyy

Dishes

Customer 1

fi= {{1}a {1}3 {1}}

[Griffiths and Ghahramani, 2005, Griffiths and Ghahramani, 2011]
F. Caron 66 /97



Indian buffet process

Generative model for multisets
Single parameter a > 0
First customer picks K5~ ~ Poisson(c) dishes
Then each customer 2 = 2,...
» chooses a dish j previously chosen m;_4_ ; times with probability
mi_1,5/1
» picks an additional set of dishes Kj' ~ Poisson(a/1)

vvyVvyy

Dishes

Customer 1

fi= {{1}a {1}3 {1}}

[Griffiths and Ghahramani, 2005, Griffiths and Ghahramani, 2011]
F. Caron 66 /97



Indian buffet process

» Generative model for multisets
» Single parameter a« > 0
> First customer picks K~ ~ Poisson(a) dishes
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» chooses a dish j previously chosen m;_4_ ; times with probability
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» Generative model for multisets
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Indian buffet process
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Indian buffet process
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Indian buffet process

F. Caron

Rich gets richer process: more popular dishes are more likely to be
chosen by new customers

New dishes can always be picked as new customers arrive, but at a
decreasing rate a /1

Number of features/dishes for n customers follows a Poisson
distribution with rate

"1
o — ~ alog(n
;z g(n)

Number of dishes picked by each customer (degree of a customer)
follows Poisson(a)

Degree distribution of features follows a heavy tail distribution

68 /97



Indian buffet process
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Indian buffet process

» Multiset fr, = {An,1,--.,An K, } With my, ; = |Ay ;|

> Let {Avn,l, ceny Avn 7. } be the set of unique values in f,, and
K1,...,K7= be their multiplicities, then
9

Kn
K Kn
atn a5 1 (mp,; — 1N (n — my ;)!
Pr(fn) = ;(,76 oYl H 7J o 7J
h—1 Kh! j=1 ’

» Does not depend on the ordering of the customers

» Exchangeable latent feature model
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Indian buffet process

» How to derive the IBP?

» Limit of a parametric beta Bernoulli model
» Completely random measures

F. Caron 71/97



Parametric beta Bernoulli model

» Binary matrix z = (z;,5) of sizen X p
» Fory=1,...,p
o
m; ~ Beta <, 1>
p

» Forte=1,...,nandj=1,...,p

z;,j|m; ~ Ber(m;)

F. Caron



Parametric beta Bernoulli model

Pr(z) = H / H 5 “I(1 — m;)17%4 Beta(wj; a/p, 1)dr;

F. Caron 73 /97



Parametric beta Bernoulli model

p

Pr(z) = H / Hw"”u — mj)' =% Beta(j; o/p, 1)dr;

p 1

=11 / ’TJZ (1 — )" 2 % Beta(mj; o/p, 1)dm;
j=1"0

F. Caron
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Parametric beta Bernoulli model

P 1m
Pr(z) = H / H ﬂ';i’j(l — m;) % Beta(m;; a/p, 1)dm;

j=1 =1

p 1
= H /0 wjzz' (1 — wj)"_zi *ii Beta(m;; o/p,1)dm;
Jj=1

_ ﬁ B(Y; zij + a/pyn — Y ; zi5 + 1)
j=1 B(a/p,1)

F. Caron 73 /97



Parametric beta Bernoulli model

p

Pr(z) = H/O sz”u — mj) 7% Beta(w;; o/p, 1)dr;

1

= H oy zij(l — ﬂj)"_Zi *ii Beta(m;; o/ p, 1)dm;

J

B>, zij +a/pyn— 3, 2ij + 1)
B(a/p,1)

1
f[ a/pr(Y; zij + a/p)T(n — 3, zij + 1)

I'n+ 1+ a/p)

where B(a, b) = Fl,(?a)_l;g) is the beta function, using

I'(a+ 1) = al'(a).

F. Caron
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Parametric beta Bernoulli model

v

Let fn = multiset(z) denote the multiset corresponding to z

multiset(z) = {{¢|z;; = 1},7=1,...,pst. Zzij > 0}
i

» Many matrices z correspond to the same multiset
Let E(frn) = {z|fr. = multiset(z)} be the set of matrices
corresponding to the same multiset fy,

Cardinality of E(fn)

v

v

B(f) =2

K
ko! [[524 Kn!

where kg is the number of all-zero columns.
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Parametric beta Bernoulli model

» Due to column exchangeability, all matrices z € E(f,) have the
same probability

Pr(fa)= Y Pr(2)
2€E(fn)

p! Xan a/pl'(mnj + a/p)L'(n — my,; + 1)

RO!HfIfN;l Iﬁ',h!jzl I‘(n—l—l—l—a/p)
a/pl'(a/p)T'(n + 1)\ "
“(“Tattram )
_ o p! ( n!T(a/p+1) >p
'(n+ 1+ «a/p)

Kn .y Ko!pKn
h=1 Kh: 0*p

Kn

I‘('n"/'n,,j + a/p) (n - mn,j)!
% H I'a/p + 1)n!

j=1
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Parametric beta Bernoulli model

» Taking the limit as p — oo

akn p! ( n!T(o/p+1) )p _akn 1 a1/
HhK;Ll Hh!lﬂ‘/o!pKn I'(n+14a/p) HhK;Ll ro !
—
p — O
Kn F(mn, +a/p)(n— Mn,j )! Kn (mn, —!(n— Mn,j )!
X H %‘(a/p-i—l)n' : X H : n! :

F. Caron 76 /97



Beta-Bernoulli process

» Now assume that each feature 5 = 1,..., K,, has some location
0;‘;’3. in a feature space ©
» Feature locations are assumed to be i.i.d from some distribution Gg

(density go)
» Represent the feature model as a collection of point processes

o
Z; = Z zij(sgj
j=1

where 4, is the dirac delta mass and
» z;; = 1 if object 2 possesses feature 6;
» {05 ;} = {0k|Fi € [n] s.t. 2z > 0}
50
40

12
3 30
2,
8 20

10

0 0.2 0.4 0.6 0.8 1
F. Caron Feature space ® 7/97




Beta-Bernoulli process
» Let fn(Z1,...,Zy) be the multiset induced by the point processes

fn(Zla oo ’Zn) = {{’lez(e:L,J) = 1}’j =1,.. "Kn}

» Distribution over (Z;)i=1,....n is obtained by setting independent
priors over the feature allocations and their locations

K, K
P(Z1s. ey Zn) = Pr(fn(Za,s--- 5 Z0)) || 90065 ) T] #n!
j=1 h=1

» Using the IBP prior for the feature allocations

p(Z1,...,2Z,) =afre*2i= 5 H( »J )X( i)

!
j=1 .

Ky
x I 90(67)
j=1
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Beta-Bernoulli process
» Exchangeability over the feature allocations f,, carries over

(Zi)i=1,...n
» Infinite exchangeability: for any m > 1 and any permutation o of [n]

P(Z1,...52Z,) = p(Za(1)7 ceey Za'(n))

» De Finetti representation theorem implies
p(Z1y.. ey Zy) :/Hp(Zi|B)P(dB)
=1

where B is some latent process with distribution P

» de Finetti measure P(dB): beta process

[Hjort, 1990, Thibaux and Jordan, 2007]
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Beta-Bernoulli process
> Let
oo
B = Z 06,
j=1
be a completely random measure characterized by its Lévy measure
v(dr,df) = ar (1 — 7)* 1drGo(d)

defined on [0, 1] X ©.

» B is called a beta process and we write

B ~ BetaP(a, Go)

» A draw from a beta process is discrete a.s. with an infinite number of
atoms

[Hjort, 1990]
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Beta-Bernoulli process

» Beta process
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Beta-Bernoulli process

» Conditional Bernoulli process

Z;|B ~ BeP(B)

oo
Z,L' = E Z,;j(ng where Zig ™~ BeI'(Tl'j)
j=1
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Beta-Bernoulli process

Stick weights
=)
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0| | \I
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F. Caron
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Beta-Bernoulli process

» Conjugacy

> Let 0;; 15+ 05 g be the number of support points in Z1, ..., Z,
and my, thelr occurences

» Posterior

B\|Zy,...,Z, ~ BetaP a—l—n,

0+Z ’]5*’

» Predictive distribution

Zn+1|Z1, ceey Z'n, ~ BeP

n,J

[Hjort, 1990, Kim, 1999, Thibaux and Jordan, 2007]
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Chinese restaurant vs Indian buffet

Application

Clustering

Latent feature

Combinatorial object
Generative model

de Finetti measure
Stick-breaking
Conjugacy
Power-law extensions

F. Caron

Partition

Chinese restaurant proc.

Dirichlet process
Yes

Yes

Pitman-Yor

Multiset

Indian buffet proc.
beta process

Yes

Yes

stable beta process
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Inference

Latent variable model
Data X of size n X d
(Marginal) Likelihood

v

v

v

Pr(X]|f) = /@ Pr(X|fn, 0)P(6)d0

» Prior

Pr(fn)

» Posterior
Pr(fn|X) o< Pr(X|fn) Pr(fn)

» Inference can be carried out using IBP
» MCMC with Metropolis-Hastings within Gibbs updates
» Sequential Monte Carlo

[Meeds et al., 2007, Wood and Griffiths, 2007]
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Stable Indian buffet process

» Three parameters « > 0, 0 € [0,1) and ¢ > —0o
> First customer picks K~ ~ Poisson(a) dishes
» Then each customer z = 2,...
» chooses a dish j previously chosen m;_; ; times with probability
mi;—1,;7 — O
c+1—1

» picks an additional set of dishes

(14 )T (z — 1+c—|—0')>
't + c)T'(c+ o)

Kj' ~ Poisson (a

» Reduces to the one parameter IBP when ¢ =1 and o = 0

[Teh and Goriir, 2009]
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Stable Indian buffet process

sigma=0

80
Features

F. Caron
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Stable Indian buffet process

Power-law behavior for & > 0

v

v

Number of features grows in O(n?)

v

Proportion of features associated to m objects is, for n > m large,
- 1
in O (5ies)

Similar to the Pitman-Yor process for mixture models

v
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Stable Indian buffet process

=
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Distribution
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Outline

Conclusion
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Conclusion

Bayesian nonparametrics offers a robust and adaptive framework

v

Mathematically more involved, but inference algorithms are often as
simple as the parametric ones

v

v

Many other models and applications of BNP

v

Standard tools for Bayesian modeling

F. Caron 92 /97
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