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We consider the problem of estimating the unknown size, NV, of a popula-
tion. The capture—recapture models were first used in biology and ecology

to estimate the size of animal populations

While our illustrative dataset will be related to a biological problem, we
stress that these capture-recapture models apply in a much wider range

of domains, such as, for instance,
— sociology and demography;

— official statistics for reducing the cost of a census or improving its
efficiency on delicate or rare subcategories;

— finance and marketing ;
— fraud detection and document authentication and

— software debugging.
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In these different examples, the size N of the whole population is unknown
but samples (with fixed or random sizes) can easily be extracted from the

population.

For instance, the total number IV of homeless people in a city like Philadel-
phia at a given time is not known but it is possible to count the number
ny1 of homeless persons in a given shelter on a precise night, to record
their ID, and to cross this sample with a sample of ny persons collected
the night after in order to detect how many persons nis were present in
the shelter on both nights.
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The dataset we consider is related to a population of birds called European
dippers (Cinclus cinclus). The capture-recapture data on the European
dipper covers 7 years (1981-1987 inclusive) of observations in a zone of
200 km? in eastern France.

The data consist of markings and recaptures of breeding adults each year

during the breeding period from early March to early June.

294 birds were captured (and eventually recaptured). The dataset is a

matrix of 294 rows and seven columns.

Each row of seven digits corresponds to a capture—recapture story for a
given dipper, 0 indicating an absence of capture that year and, in the case
of a capture, 1, 2, or 3 representing the zone where the dipper is captured.
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Plan

The Binomial Capture Model

The Two-Stage Capture—Recapture Model
The T-Stage Capture—Recapture Model
Open populations
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The Binomial Capture Model

We start with the simplest model of all, namely the independent observa-

tion or capture of n™ individuals from a population of size N.

While the population size N € N is the parameter of interest, there exists
a nuisance parameter: the probability p € [0, 1] with which each individual
is captured.

This model assumes that catching the ¢th individual is independent of
catching the jth individual and then that

nt ~ B(N,p).
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The corresponding likelihood is
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If we use the (more informative) uniform prior

7T2(N, p) X H{l,...,S}(N)H[o,l] (p) 3

the posterior distribution of IV is

1
Nln™ I :
7T2( \n )OC N 1 S>N>ntV1
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For the european dipper and the year 1981, we have n™ = 22.

The median of w1 (N|nT = 22) is equal to 43 (the expectation does not

exist).

If we use the ecological information that there cannot be more than S =
400 dippers in this region, E™ (N |nt = 22) ~ 131.
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The Two-Stage Capture—Recapture Model

A logical extension to the capture model is the capture—mark—recapture
model, which considers two capture periods plus a marking stage:

i) ny individuals from a population of size N are “captured”, that is,

sampled without replacement.

ii) Those individuals are “marked” and they are released into the popu-
lation.

iii) A second and similar sampling (once again without replacement) is

conducted, with no individuals captured.

iv) me individuals out of the ny’s bear the identification mark and are

thus characterized as having been captured in both experiments.

Juillet 2016 page 10/29



l1leme école d’été de Peresq en traitement du signal et des images

If we assume a closed population, a fixed population size N throughout the
capture experiment, a constant capture probability p for all individuals,

and complete independence between individuals and between captures:
ny ~ B(Na p) )

m2\n1 ~ B(nlap)a

no — m2|n17m2 ~ B(N _ nlap) .
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Let n° = ny + ng and n™ = ny + (ny — mg) denote the total number of
captures over both periods and the total number of captured individuals.

The corresponding likelihood (N, p|ni, no, ms) is

N —m nz2—m N—nji—ngs+m
(n2 — mQ)p 2 2(1 _p) et 2I[{O,...,N—nl}(nQ — mg)

n —m N mn1 — N1
X( 1)19’”2(1—19)”1 2( )p (1—p)" ™1 Ny (n1)

: ni+ns L 2N —nq1—ns
X (N — N1 — N9 + MQ)!p (1 p) HNZn+

N\ e
oc(n+>p 1—p)*" " Insn+

which shows that (n¢, n™) is a sufficient statistic.
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If we choose the prior w(N,p) = w(N)w(p) such that w(p) is a U(|0, 1])

density, the conditional posterior distribution on p is such that
w(p|N,n1,n2,ma) = w(p|N,n°) x p”c(l — p)QN_”C .

That is,
p|N,n¢ ~ Be(n®+1,2N —n“ +1).

If m11(N) o Iy« (N), we get
C + N C C
w1 (N|ny,ne,mo) = n(N|n,n™) o+ B(n“+1,2N —n°+ 1)Ix>p+v1

where B(a,b) denotes the beta function. This distribution is called a
beta- Pascal distribution, but it is not very tractable.
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The intractability in the posterior distribution 71 (N |n1,no, ms) is due to
the infinite summation resulting from the unbounded support of N.

If we have information about an upper bound S on N and use the corre-

sponding uniform prior,
Wz(N) X I[{1,...,S}(N) 5

the posterior distribution of NV is thus proportional to

N\T@2N - n¢ +1)
nt ['(2N + 2)

ra (Nt n?) o ( Lnevt. 51 (N),

and, in this case, it is possible to calculate the posterior expectation of IV

with no approximation error.
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For the first two years of the european dippers experiment, which cor-
respond to the first two columns and the first 70 rows of the dataset,

n1 = 22, ng = 60, and my = 11.
Hence, n¢ =82 and n™ =71

We get E™2(N|nt = 71,n¢ = 82) ~ 165.
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A simpler model used in capture-recapture settings is the hypergeometric

model, also called the Darroch model.

This model can be seen as a conditional version of the two-stage model

when conditioning on both sample sizes n1 and ns:

ma|ni, ng ~ H(N,n2,n1/N). (1)
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If we choose the uniform prior U ({1,...,400}) on N, we get
N — n1 N
T(N|mg) <n2 B m2)/(n2>ﬂ{n+v1,...,400}(N)-

The posterior expectation can be computed numerically by simple sum-

mations.
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Rounded posterior expectation of the dipper population size

under a uniform prior U ({1,...,400})
mo ‘ 0 3 4 7 8 9 10 11 12 15
E™ [N |ms] ‘ 355 329 316 252 224 197 172 152 135 101

Rounded posterior expectation of the dipper population size

under a uniform prior U ({1,...,5}) for my =11
S ‘ 100 150 200 250 300 350 400 450 500
E™ [N |ms] ‘ 05 125 141 148 151 151 152 152 152
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Getting back to the two-stage capture model with probability p of cap-
ture, the posterior distribution of (NN, p) associated with the vague prior

w(N,p) x 1/N is proportional to

(N —1)!
(N —n't)

' pnc(l . p)QN—nC .

If nt > 0, both conditional posterior distributions are standard distribu-

tions since

pln, N ~ Be(n®+1,2N —n°+1)
N —n*lnt,p ~ Neg(n®,1—(1-p)?).
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Therefore, while the marginal posterior in /N is difficult to manage, the
joint distribution of (/V,p) can be approximated by a Gibbs sampler, as
follows:

Initialization: Generate p(®) ~ 2/(]0, 1]).

Iteration ¢ (¢ > 1):

1. Generate N —nt ~ Neg(nT,1 — (1 — pli=1))2),

2. Generate p'¥ ~ Be(n®+1,2N@ —nc 4 1),
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The T-Stage Capture—Recapture Model

A further extension to the two-stage capture—recapture model is to con-

sider instead a series of T' consecutive captures.

If we denote by n; the number of individuals captured at period ¢ (1 <
t < T) and by m; the number of recaptured individuals (m; = 0), under
the same assumptions as in the two-stage model, then ny; ~ B(V, p) and,

conditionally on the j — 1 previous captures and recaptures (2 < j <T),

J—1 J—1
m; ~ B (Z(nt — mt),p> and n;—m; ~B (N — Z(nt — mt),p> :

t=1 t=1
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The likelihood ¢(N, p|ni,ns, mo ..., np, my) is thus

(N)pm(l —p) ™ l_T[ [(N ~Xin mt)) prI T

n e nj —my
x (1 — p)N=2iZ1 (r=m) 11 (ne = my) (1 — p)Zici (ne=me)=m;
p m; p
N! c N—n©
X (N—n+)'pn (1_p)T " I[N2n+
if we denote the sufficient statistics as
T T
nt = Z(nt —my) and nf= Znt,
t=1 t=1

the total numbers of captured individuals and captures over the 1" periods,

respectively.
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For the uniform prior U4 ({1,...,S}) on N and U([0, 1]) on p, the posterior

distribution of N is then proportional to

N\ (I'N —n°)!

7(N|nt,n°) (
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In the european dippers example, for the whole set of observations, we
have T' = 7, nT™ = 294, and n® = 519. Under the uniform prior with
S = 400, we obtain

E™(N|nt = 294, n° = 82) ~ 373

While this value seems dangerously close to the upper bound of 400 on
N and thus leads us to suspect a strong influence of the upper bound S,
the computation of the posterior expectation for S = 2500 gives

E™(N|nt = 294, n® = 82) ~ 374

which shows the limited impact of this hyperparameter S.
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Open Populations

Moving towards more realistic settings, we now consider the case of an
open population model, where the population size does not remain fixed
over the experiment but, on the contrary, there is a probability ¢ for each

individual to leave the population at each time.

We study here a model where only the individuals captured during the first

capture experiment are marked and subsequent recaptures are registered.
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For three successive capture experiments, we have
nlNB(Nap)a Tl‘nlNB(’rL1,Q), T2|n1,T1NB(n1—T1,Q),

for the distributions of the first capture population size and of the numbers
of individuals who vanished between the first and second, and the second

and third experiments, respectively, and
co|ny, 1 ~ B(ny —r1,p), c3lni,r1,m2 ~ B(ny — 711 —712,p),

for the number of recaptured individuals during the second and the third

experiments.
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Here, only nq, ¢, and c3 are observed. The numbers of individuals re-
moved at stages 1 and 2, r; and ry, are not observed.

The likelihood ¢(N, p, q,71,72|n1, C2, c3) is given by

N —n n r ni—ri ny —r Co n1—7r1—C2
( )pm(l—p)N 1(;)611(1—(1) ( ' 1)19 (1-p)

Co

x (m R 741)617“2(1 —q)mT (nl T 7“2)2903(1 —p)TTEes

C3

Juillet 2016 page 27/29



l1leme école d’été de Peresq en traitement du signal et des images

If we use the prior (N, p, q) o< Ity . s1(IN)Ijo,17(p)j0,1(q), the associated

conditionals are

m(p|N, ¢, D*) o< p™ (1 — p)"“*+Tjo.1)(p)

m(q|N,p, D*) o ¢" 72 (1 — ¢)*™ 72" 20 41(q)
N(N —1)!
(N —nq)!
(n1 —r)!g"(1—q) " (1—p)—2"
ril(n1 —r1 —r2 —e3)l(ng —ca — )l

¢ —-p(A -9
rg!(nl — T —T9 — Cg)! ’

m(Nlp, q,D*) (1 —p)Vg>n>n,

7T(’I“1 |p7 q,mn1,C2,C3, TQ) XX

7-‘-(702|p7 q,mn1,C2,C3, 'r'l) X

where D* = (nq, co,c3,71,72) and

up =N —nq,upg =n; —r1 —C2, U3 =N1 — 71 — T2 — C3,

n+:n1+02+03,u+:u1+u2+u3.
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Therefore, the full conditionals are

p|N,q,D* ~ Be(n™ +1,uy +1),
q|N,p,D* ~ Be(r1 +r2+1,2n1 —2ry —ro + 1),

q
r2’p7Q7n17627637T1 ~ B (nl — 71 — C3, ) .
¢+ (1—q)(1—p)

Juillet 2016 page 29/29



