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Applied Math and Earth sciences

“There is, today, always a
risk that specialists in two
subjects, using languages
full of words that are
unintelligible without study,
will grow up not only, without
knowledge of each other’s
work, but also will ignore the
problems which require
mutual assistance”.

QUIZ
(A) Gilbert Walker

(B) Ed Lorenz

(C) Rol Madden

(D) Patrick Flandrin
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Nous avons anticipé dans la
mesure du possible mais on ne
peut pas prévoir l’imprévisible”
Xynthia’s storm, 25th of Feb,
2010
“Il est impossible que l’improbable
n’arrive jamais”
Emil Julius Gumbel (1891-1966)
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Extreme quotes

1 “Man can believe the impossible, but man can never believe the
improbable” Oscar Wilde (Intentions, 1891)

Extreme events ? ... a probabilistic
concept linked to the tail behavior :
low frequency of occurrence, large
uncertainty and sometimes strong
amplitude.

Region of interest
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Important issues in Extreme Value Theory

An asymptotic probabilistic
concept

A statistical approach for
extrapolation of quantiles

A general framework with “weak”
assumptions (ie no model for the
full data set)

Assessing uncertainties

Applied statistics

Theoritical probability

Non-stationarity

Independence

Univariate

Parametric

Multivariate
Non-parametric



Motivation Basics Applic Rainfall Non-stationarity Entropy EVT Simul Paris

An active statistical and probabilistic field
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Historical perspective

Gumbel (1891-1966) Weibull (1887-1979) Fréchet (1878-1973)

Emil Gumbel was born and trained as a statistician in Germany, forced to move to
France and then the U.S. because of his pacifist and socialist views. He was a
pioneer in the application of extreme value theory, particularly to climate and
hydrology.
Waloddi Weibull was a Swedish engineer famous for his pioneering work on
reliability, providing a statistical treatment of fatigue, strength, and lifetime.
Maurice Frechet was a French mathematician who made major contributions to
pure mathematics as well as probability and statistics. He also collected empirical
examples of heavy-tailed distributions.

Other important names : Fisher and Tippet (1928), Gnedenko (1943), etc
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Return levels and return periods

A return level with a return period of
T = 1/p years is a high threshold zp

whose probability of exceedance is p.
E.g., p = 0.01⇒ T = 100 years.
A Return level interpretation

Number of events : Average
number of events occurring within
a T -year time period is one
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Max-stability

Let Mn = max(X1, . . . ,Xn) with Xi iid with distribution F .

Definition : F max-stable if

P
„

Mn − bn

an
< x

«
= F n(anx + bn) = F (x)

Blackboard
Unit-Frèchet F (x) = exp(−1/x) for x > 0. Then an = n & bn = 0

Gumbel F (x) = exp(− exp(−x)) for all real x . Then an = 1 & bn = log n

Weibull F (x) = exp(−(−x)α) for x < 0 (1 otherwise). Then an = n−1/α,
bn = 0
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Maxima DistributionGumbel (1891-1966) Weibull (1887-1979) Fréchet (1878-1973)

⇓ ↓ ↑ ⇑ Extrêmes? Mesurer Interpoler Régionaliser 6

Distribution du maximum

Normal density ⇒

Uniform density ⇒

Cauchy density ⇒

⇐ Gumbel density

⇐ Weibull density

⇐ Fréchet density

n = 50 n = 100
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Generalized Extreme Value (GEV) distribution

P
„

Mn − an

bn
< x

«
∼ GEV(x) = exp


−
h
1 + ξ

“x − µ
σ

”i−1/ξ

+

ff
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Home work : show that a GEV is max-stable
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GEV and return levels

GEV(x) = exp

−
h
1 + ξ

“x − µ
σ

”i−1/ξ

+

ff

Computing the return level zp such that GEV(zp) = 1− p

zp = GEV−1(1− p)

Hence, zp = µ+ σ
ξ

`
[− ln(1− p)]−ξ − 1]

´
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GEV and return levels estimation

zp = µ+
σ

ξ

“
[− ln(1− p)]−ξ − 1]

”

Estimating the return level zp

ẑp = µ̂+ σ̂

ξ̂

“
[− ln(1− p)]−ξ̂ − 1]

”

Estimating the GEV parameters estimates

Maximum likelihood estimation

Methods of moments type (PWM and GPWM, Ribereau et al., 2010)

Exhaustive tail-index approaches
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GEV and return levels estimation

ẑp = µ̂+
σ̂

ξ̂

“
[− ln(1− p)]−ξ̂ − 1]

”

Maximum likelihood estimates of (µ̂, σ̂, ξ̂)t

Asymptotically distributed as a multivariate Gaussian vector with mean
θ = (µ̂, σ̂, ξ̂)t and covariance matrix that is the inverse of the expected
information matrix whose elements are equal

E
„
−∂

2 log l(θ)
∂θi∂θj

«

where l(θ) is the likelihood function of the GEV distributed sample
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Daily maxima of CH4 at Gif-sur-Yvette (Toulemonde et al., 2009, Environmetrics)
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Maxima of CH4 at Gif-sur-Yvette (Toulemonde et al., 2009, Environmetrics)

Histogram of weekly maxima of CH4
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Peak over Threshold (POT)

Improve Flood
Quantile Estimates

by
Mathieu Ribatet

Intro

Motivations

Extreme Value Theory

Improve Inferences

Modelling All
Exceedances

Justification

Theory

First (Few) Results

Test for Asymptotic

Dependence

Comparison Between All

Markovian Models

Inference on Flood Duration

Conclusions and
Perspectives

Some References

From a time series to. . .

! Annual Maxima

! POT

! Markovian

! Time series⇒ 1 obs/year

! Time series⇒ λ obs/year

! Time series⇒ all exceedances

11/29
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Thresholding : the Generalized Pareto Distribution (GPD)

P{R−u > y |R > u} =

„
1 +

ξ y
σu

«−1/ξ

+

Vilfredo Pareto : 1848-1923

Born in France and trained as an
engineer in Italy, he turned to the
social sciences and ended his
career in Switzerland. He
formulated the power-law
distribution (or ”Pareto’s Law”), as
a model for how income or wealth
is distributed across society.
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GPD : “From Bounded to Heavy tails”

Index
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GPD

Two GPD examples
Exponential F (x) = 1− exp(−x) for x > 0.

Uniform F (x) = x for 0 < x < 1.
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GPD

GPD return level zp

zp = u +
σu

ξ

 »
p

P(R > u)

–−ξ
− 1

!

Estimating the return level zp

ẑp = u +
σ̂u

ξ̂

 »
p × n

Nu

–−ξ̂
− 1

!

GPD parameters estimation

Maximum likelihood estimation (Smith, 1985)

Methods of moments type (PWM and GPWM, Ribereau et al., 2010)

Exhaustive tail-index approaches
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GPD estimators
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Generalized Pareto Distribution (GPD)

P{R− u > y |R > u} =
“

1 + ξ y
σu

”−1/ξ

Parameters

u = predetermined threshold

σu = scale parameter to be estimated

ξ = shape parameter to be estimated

Advantages & Practical issues

Flexibility to describe three different types of tail behavior

More data are kept for the statistical inference

Problem of threshold selection

Stability property
If the exceedance (R− u|R > u) follows a GPD(σu, ξ) then the higher
exceedance (R− v |R > v) also follows GPD(σu + (v − u)ξ, ξ)
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Crete ice core Greenland (ecm)

Time
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GPD diagnostics & models selection for a Crete data
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Intro summary

Modeling maxima : GEV
Stability for the max operator and X0,X1, . . .Xn idd GEV

a max(X1, . . . ,Xn) + b = X

Modeling excedances : GPD
If exceedances (R− u|R > u) follows a GPD(σu, ξ) then higher exceedances
(R− v |R > v) also follows GPD(σu + (v − u)ξ, ξ)
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A few studies dealing with geophysical extremes

Casson and Coles (1999) a Bayesian hierarchical model for wind speeds
exceedances

Stephenson and Tawn (2005) Bayesian modeling of sea-level and
rainfall extremes

Chavez and Davison (2005) GAM for extreme temperatures (NAO)

Wang et al. (2004) Wave heights with covariates

Turkman et al. (2007), Spatial extremes of wildfire sizes

Ribatet et al. (2010), Spatial R package for extremes

Bel, Bacro, Lantujenoul (2010), Spatial extremes

Extreme snow , Blanchet et al., 2010

Special issue of the journal Extremes, 2010

Pratique du calcul bayésien, JJ. Boreux, E. Parent et J. Bernier, 2010

Biodiversity and extreme temperatures, Sang and Gelfand, 2009

Lichenometry, Jomelli et al., 2007
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Weather station of LYON :
1996-2011

Hourly precipitation
Our goal (joint work with Raphael Huser (Kaust) :

Modeling small, moderate and heavy precipitation
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Modeling moderate and heavy precipitation

Desiderata

a GP tail for extreme rainfall

Gamma like behavior for moderate precipitation (Katz et al, 2002)

Very few parameters

Rapid and efficient estimation schemes

Easy to obtain return levels

Simple simulation algorithms

No threshold selection
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Frigessi et al, 2002, Vrac and N. (2007)

c
h
(1− pµ,τ (x)) light tailed density + pµ,τ (x) hξ(x/σ)/σ

i
,

where hξ a GP density with ξ > 0 and the weight function pµ,τ (.)

pµ,τ (x) =
1
2

+
1
π

arctan
“x − µ

τ

”
.

Desiderata

+ a GP tail for extreme rainfall

+ Gamma like behavior for moderate precipitation

- Very few parameters

– Inference rapid and efficient

- Easy to obtain return levels

+ Simple simulation schemes

+/- No threshold selection

- One component has to be heavy-tailed
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Hydrid-Pareto, Carreau and her co-authors (2006 ; 2009 ; 2011)

Desiderata

+ a GP tail for extreme
rainfall

- Gamma like behavior for
moderate precipitation

+ Very few parameters (3)

+ MLE Inference

+ Easy to obtain return
levels

+ Simple simulation
schemes

+ No threshold selection

- Strong dependence
among parameters

- Negative values allowed
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Going back to Extreme Value Theory (second order condition)

Falk M., Husler J., Reiss R.-D. (2010)

1
σ

hξ(x/σ)
“

1 + O
“

H
δ

ξ(x/σ)
””

,

where κ > 0
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What’s about very low rainfall ?

EVT at work

P(−X > −x | − X > −u) ≈ H−1/κ

“−x + u
ν

”

where κ > 0

P(X ≤ x) ≈ cst× xκ, for any small x ≥ 0.

(this condition satisfied by a gamma density f (x) ∝ xκ−1e−x/θ, x ≥ 0,
κ, θ > 0).
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What’s about very low rainfall ?

EVT at work

P(−X > −x | − X > −u) ≈ H−1/κ

“−x + u
ν

”

where κ > 0

P(X ≤ x) ≈ cst× xκ, for any small x ≥ 0.

(this condition satisfied by a gamma density f (x) ∝ xκ−1e−x/θ, x ≥ 0,
κ, θ > 0).
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Full rainfall range

EVT on both sides of the tails

P(X ≤ x) =


1− Hξ

` x
σ

´
, for any large x ,

cst× xκ, for any small x near 0.
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Full rainfall range

EVT on both sides of the tails

P(X ≤ x) =


1− Hξ

` x
σ

´
, for any large x ,

cst× xκ, for any small x near 0.
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Our extended GPD

Random variable definition

X = σH−1
ξ {G

−1(U)},

where G is a continuous cdf on [0, 1].

Constraints on G

(A)

lim
u↓0

G(1− u)

u
= a, for some finite a > 0,

(B)

lim
u↓0

G{u v(u)}
G(u)

= b, for some finite b > 0,

where v(u) is any positive function such v(u) = 1 + o(u) as u → 0,

(C)

lim
u↓0

uκ

G(u)
= c, for some finite c > 0.
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Our extended GPD

Random variable definition

X = σH−1
ξ {G

−1(U)},

where G is a continuous cdf on [0, 1].

Quantiles

xp = F−1(p) =

 σ
ξ

ˆ
{1−G−1(p)}−ξ − 1

˜
, if ξ > 0,

−σ
δ

log{1−G−1(p)}, if ξ = 0,

CDF

F (x) = G
n

Hξ
“x
σ

”o
and F (x) = G

n
Hξ
“x
σ

”o
.
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Examples

Constraints on G

(A)

lim
u↓0

G(1− u)

u
= a, for some finite a > 0,

(B)

lim
u↓0

G{u v(u)}
G(u)

= b, for some finite b > 0,

where v(u) is any positive function such v(u) = 1 + o(u) as u → 0,

(C)

lim
u↓0

uκ

G(u)
= c, for some finite c > 0.
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Examples (Papastathopoulos and Tawn, 2013)
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Examples
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Case G(u) = (uκ1 + uκ2) / 2
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κ1 = 2 , κ2 = 10
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Examples (Falk M., Husler J., Reiss R.-D. (2010))
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Inference

Probability Weighted Moments

E
“

XF
s
(X )
”

=
σ

ξ

„
E
h
{1−G−1(U)}−ξ (1− U)s

i
− 1

1 + s

«
,

Maximum Likelihood Estimation
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Simulations
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Simulations
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Back to Lyon

Spring data − Model 1

Rainfall amounts [mm]
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Spring data − Model 2
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Spring data − Model 4
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Summary of our extended GPD

A distribution in compliance with EVT on both sides

No threshold needed

Very few parameters for the full precipitation range

PWM and MLE inference but Bayesian possible

Work in progress (bivariate)
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Daily precipitation (April-October, 1948-2001, 56 stations)
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Precipitation in Colorado’s front range

Data

56 weather stations in Colorado (semi-arid and mountainous region)

Daily precipitation for the months April-October

Time span = 1948-2001

Not all stations have the same number of data points

Precision : 1971 from 1/10th of an inche to 1/100

D. Cooley, D. Nychka and P. Naveau, (2007). Bayesian
Spatial Modeling of Extreme Precipitation Return Levels.
Journal of The American Statistical Association.
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Pierre Simon Laplace (1749-1827)

“L’analyse des probabilités
assigne la probabilité de ces
causes, et elle indique les
moyens d’accroitre de plus
en plus cette probabilité.”
“Essai Philosophiques sur
les probabilités” (1774)



Motivation Basics Applic Rainfall Non-stationarity Entropy EVT Simul Paris

Pierre Simon Laplace (1749-1827)

“If an event can be produced by a number of n different causes, then the
probabilities of the causes given the event ... are equal to the probability of
the event given that cause, divided by the sum of all the probabilities of the
event given each of the causes.”

P(causei |event) =
P(event|causei)× P(causei)Pn
j=1 P(event|causej)× P(causej)
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Bayes’ formula = calculating conditional probability

[x|y] ∝ [y|x]× [x]

1701( ?)- 1761 “An essay
towards solving a Problem in
the Doctrine of Chances”
(1764)
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Applied Math and Earth sciences

“There is, today, always a
risk that specialists in two
subjects, using languages
full of words that are
unintelligible without study,
will grow up not only, without
knowledge of each other’s
work, but also will ignore the
problems which require
mutual assistance”.
QUIZ

(A) Gilbert Walker
(B) Ed Lorenz
(C) Rol Madden
(D) Patrick Flandrin

CONNECTION BETWEEN EL NIÑO AND STATISTICS 99

ily available. These equations still are popular (e.g.,
used in S-PLUS) for estimating partial autocorrela-
tions and, through a generalization (Whittle, 1963,
page 101), for fitting multiple AR processes.

But how many statisticians (or, for that matter, at-
mospheric scientists) are aware that the “Walker” in
both terms refers to the same individual and, more-
over, that these two appellations arose in conjunction
with the same research? The “Walker” in question is
none other than Sir Gilbert Thomas Walker (Figure 3).
While stationed in India as Director General of Obser-
vatories of that country’s meteorological department,
Walker became preoccupied with attempts to forecast
the monsoon rains, whose failure could result in wide-
spread famine (Davis, 2001). It was in the course of
this search for monsoon precursors that he identified
and named the “Southern Oscillation” (Walker, 1924).

At that time, the approach most prevalent in the
statistical analysis of weather variables was to search
for deterministic cycles through reliance on harmonic
analysis. Such cycles included those putatively as-

FIG. 3. Photograph of Sir Gilbert T. Walker (source: Royal
Society; Taylor, 1962).

sociated with sunspots, the hope being to provide a
method for long-range weather or climate forecast-
ing. Walker was quite skeptical of these attempts, es-
pecially given the lack of statistical rigor in identify-
ing any such periodicities. Eventually, he suggested the
alternative model of quasiperiodic behavior (Walker,
1925). Meanwhile, the prominent British statistician
George Udny Yule devised a second-order autoregres-
sive [AR(2)] process to demonstrate that the sunspot
time series was better modeled as a quasiperiodic phe-
nomenon than by deterministic cycles (Yule, 1927). To
determine whether the SO exhibits quasiperiodic be-
havior, Walker was compelled to extend Yule’s work
to a general pth-order autoregressive [AR(p)] process
(Walker, 1931).

The focus of the present paper is on the connec-
tion between the meteorological and statistical aspects
of Walker’s research. First some background about
Walker’s research on what he called “world weather”
is provided. Then the development of the Yule–Walker
equations is treated, including a reanalysis of the in-
dex of the SO originally modeled by Walker. Reaction
to his research, contemporaneously and in subsequent
years and both in meteorology and in statistics, is char-
acterized. For historical perspective, the present state
of stochastic and dynamic modeling of the SO is briefly
reviewed, examining the extent to which his work has
stood the test of time. Finally, the question of why his
work was so successful is considered in the discus-
sion section. For a more formal, scholarly treatment of
Walker’s work, in particular, or of the ENSO phenom-
enon, in general, see Diaz and Markgraf (1992, 2000)
and Philander (1990) (in addition to the references on
ENSO already cited in this section).

2. WALKER’S RESEARCH ON WORLD WEATHER

2.1 Training and Career

In grammar school, Sir Gilbert Thomas Walker, who
lived from 1868 to 1958, “showed an early interest in
arithmetic and mechanics” (Taylor, 1962, page 167).
After being educated under a mathematical scholar-
ship at Trinity College, University of Cambridge, he
remained there, assuming an academic career as Fel-
low of Trinity and Lecturer. Walker was a “mathemati-
cian to his finger-tips” (Simpson, 1959, page 67) and
was elected Fellow of the Royal Society in 1904 on the
strength of his research in pure and applied mathemat-
ics, including “original work in dynamics and electro-
magnetism before ever he turned his thoughts to me-
teorology” (Normand, 1958). Among his first papers
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Bayesian approach

[x|y] ∝ [y|x]× [x]

Advantages

Integration of expert
information via prior [x ]

Deals with the full
distribution

Non-Gaussian

Non-linear

Drawbacks

Integration of expert information via prior
[x ]

densities are needed

Complex algorithmic techniques (MCMC,
particle-filtering)

Can be slow and not adapted for large
data sets

Adequacy with EVT
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Hierarchical Bayesian Model with three levels

P(process, parameters|data) ∝ P(data|process, parameters)

×P(process|parameters)

×P(parameters)

Process level : the scale and shape GPD parameters (ξ(x), σ(x)) are hidden
random fields
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Our main assumptions

Process layer : The scale and shape GPD parameters (ξ(x), σ(x)) are
random fields and result from an unobservable latent spatial process

Conditional independence : precipitation are independent given the GPD
parameters

Our main variable change

σ(x) = exp(φ(x))
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Our three levels

A) Data layer := P(data|process, parameters) =

Pθ{R(xi)− u > y |R(xi) > u} =

„
1 +

ξi y
expφi

«−1/ξi

B) Process layer := P(process|parameters) :

e.g. φi = α0 + α1 × elevationi + MVN (0, β0 exp(−β1||xk − x j ||))

and ξi =


ξmoutains, if x i ∈ mountains
ξplains, if x i ∈ plains

C) Parameters layer (priors) := P(parameters) :
e.g. (ξmoutains, ξplains) Gaussian distribution with non-informative mean and
variance
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Bayesian hierarchical modelingNotre modèle Bayesien hiérarchique
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Model selection
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the same manner as φ when modeled spatially. The exceedance
rate model is handled analogously.

We ran three parallel chains for each model. Each simula-
tion consisted of 20,000 iterations, the first 2,000 iterations
were considered to be burn-in time. Of the remaining itera-
tions, every 10th iteration was kept to reduce dependence. We
used the criterion R̂ as suggested by Gelman (1996) to test for
convergence and assumed that values below the suggested crit-
ical value of 1.1 imply convergence. For all parameters of all
models, the value of R̂ is below 1.05 unless otherwise noted in
Section 4.1.

3.4 Spatial Interpolation and Inference

Our goal is to estimate the posterior distribution for the return
level for every location in the study region. From (3), zr(x) is a
function of the GPD parameters φ(x), ξ(x), and the (indepen-
dent) exceedance rate parameter ζ(x); thus, it is sufficient to
estimate the posteriors of these processes. Our method allows
us to draw samples from these distributions, which in turn can
be used to produce draws from zr(x).

To illustrate our interpolation method, consider the log-
transformed GPD scale parameter of the exceedance model. We
begin with values for φ, αφ , and βφ from which we need to
interpolate the value of φ(x). We have assumed that the para-
meters αφ and βφ , respectively, determine the mean and co-
variance structure of the Gaussian process for φ(x). Using the
values of αφ and βφ , we are able to draw from the conditional
distribution for φ(x) given the current values of φ. Doing this
for each iteration of the MCMC algorithm provides draws from
the posterior distribution of φ(x).

We do the same for the exceedance rate parameter ζ(x) and
for the GPD shape parameter ξ(x) if it is modeled spatially.
Pointwise means are used as point estimates for each of the pa-
rameters (Fig. 7). The entire collection of draws from the pos-
terior distributions of φ(x), ξ(x), and ζ(x) are used to produce
draws from the return level posterior distribution. The point-
wise quantiles and pointwise means of the posterior draws are
used for the return level maps (Figs. 8 and 9).

4. RESULTS

4.1 Model Selection and Map Results

As in a regression study, we test both the threshold ex-
ceedance and the exceedance rate models with different covari-
ates. To assess model quality, we use the deviance information
criterion (DIC) (Spiegelhalter, Best, Carlin, and van der Linde
2002) as a guide. The DIC produces a measure of model fit D̄
and a measure of model complexity pD and sums them to get
an overall score (lower is better). As the DIC scores result from
the realizations of an MCMC run, there is some randomness
in them, and, therefore, nested models do not always have im-
proved fits. We do not solely rely on the DIC to choose the most
appropriate model. Because our project is product oriented (i.e.,
we want to produce a map), we also considered the statistical
and climatological characteristics of each model’s map, as well
as their uncertainty measures.

We first discuss the model for threshold exceedances. Ta-
ble 1 shows the models tested and their corresponding DIC
scores. We begin developing models in the traditional lat-
itude/longitude space and start with simple models where

Table 1. Several of the Different GPD Hierarchical Models Tested and
Their Corresponding DIC Scores

Baseline model D̄ pD DIC

Model 0: φ = φ 73,595.5 2.0 73,597.2
ξ = ξ

Models in latitude/longitude space D̄ pD DIC

Model 1: φ = α0 + εφ 73,442.0 40.9 73,482.9
ξ = ξ

Model 2: φ = α0 + α1(msp) + εφ 73,441.6 40.8 73,482.4
ξ = ξ

Model 3: φ = α0 + α1(elev) + εφ 73,443.0 35.5 73,478.5
ξ = ξ

Model 4: φ = α0 +α1(elev)+α2(msp)+εφ 73,443.7 35.0 73,478.6
ξ = ξ

Models in climate space D̄ pD DIC

Model 5: φ = α0 + εφ 73,437.1 30.4 73,467.5
ξ = ξ

Model 6: φ = α0 + α1(elev) + εφ 73,438.8 28.3 73,467.1
ξ = ξ

Model 7: φ = α0 + εφ 73,437.5 28.8 73,466.3
ξ = ξmtn,ξplains

Model 8: φ = α0 + α1(elev) + εφ 73,436.7 30.3 73,467.0
ξ = ξmtn,ξplains

Model 9: φ = α0 + εφ 73,433.9 54.6 73,488.5
ξ = ξ + εξ

NOTE: Models in the climate space had better scores than models in the longitude/latitude
space. ε· ∼ MVN(0, &), where [σ ]i, j = β·, 0 exp(−β·, 1‖xi − xj ‖).

φ(x) is modeled as in Section 3.1 and ξ(x) is modeled as a
single value throughout the region. We allow the mean of the
scale parameter to be a linear function of elevation and/or MSP
(Models 2, 3, and 4). To our surprise, we find that elevation
outperforms MSP as a covariate and, in fact, adding MSP does
not improve the model over including elevation alone. Unfor-
tunately, the maps produced by these simple models in the
traditional space seem to inadequately describe the extreme
precipitation. For example, the point estimate maps for φ(x)

show relatively high values around the cities of Boulder and
Fort Collins but do not show similar values for the stationless
region between the cities despite that it has a similar climate
and geography.

When we perform the analysis for the climate space, we ob-
tain better results. Both the model fit score and the effective
number of parameters are lower in the climate space, yield-
ing lower DIC scores for corresponding models (e.g., Models
1 and 5 or Models 3 and 6). However, in the climate space,
adding elevation (or MSP) as a covariate does not seem to im-
prove the model as these covariates are already integrated into
the analysis as the locations’ coordinates. Most important, when
the points are translated back to the original space, we obtain
parameter estimate maps that seem to better agree with the ge-
ography.

We then begin to add complexity to the shape parameter ξ(x).
Allowing the mountain stations and plains stations to have
separate shape parameter values slightly improves model fit
(Model 7), but a fully spatial model for ξ(x) does not improve
model fit enough to warrant the added complexity (Model 9).
Model 7 is chosen as the most appropriate model tested based
not only on its DIC score but also on the posteriors for the
parameters ξmtn and ξplains. Selected posterior densities from
Model 7 are plotted in Figure 6. The left plot in Figure 7 shows



Motivation Basics Applic Rainfall Non-stationarity Entropy EVT Simul Paris

Return levels posterior mean

!106.0 !105.0

3
7

3
8

3
9

4
0

longitude

la
ti
tu

d
e

5

6

7

8

!

!

!

!

!

!

Denver

Boulder

Ft. Collins

Colo Spgs

Pueblo

Greeley

!106.0 !105.0

3
7

3
8

3
9

4
0

longitude

la
ti
tu

d
e

5

6

7

8

!

!

!

!

!

!

Denver

Boulder

Ft. Collins

Colo Spgs

Pueblo

Greeley



Motivation Basics Applic Rainfall Non-stationarity Entropy EVT Simul Paris

Posterior quantiles of return levels (.025, .975)

!106.0 !105.5 !105.0 !104.5

3
7

3
8

3
9

4
0

longitude

la
ti
tu

d
e

4

5

6

7

8

9

10

!

!

!

!

!

!

Denver

Boulder

Ft. Collins

Colo Spgs

Pueblo

Greeley

!106.0 !105.5 !105.0 !104.5

3
7

3
8

3
9

4
0

longitude

la
ti
tu

d
e

4

5

6

7

8

9

10

!

!

!

!

!

!

Denver

Boulder

Ft. Collins

Colo Spgs

Pueblo

Greeley

!106.0 !105.5 !105.0 !104.5

3
7

3
8

3
9

4
0

longitude

la
ti
tu

d
e

1.5

2.0

2.5

3.0

3.5

4.0

!

!

!

!

!

!

!

!

!

!
!

!

!

!!

!

!

!

!

!!

!

!

!

!

!

!!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!



Motivation Basics Applic Rainfall Non-stationarity Entropy EVT Simul Paris

A simple and fast tool to deal with non-stationarity in GPD

Climate

EVTEntropy



Motivation Basics Applic Rainfall Non-stationarity Entropy EVT Simul Paris

EVTEntropy

Climate



Motivation Basics Applic Rainfall Non-stationarity Entropy EVT Simul Paris

Objectives

Detecting changes in time, e.g. are the last 30 year extreme
temperatures different from earlier periods ?

Detecting changes in space, e.g. are extreme temperatures in Paris
different from the ones recorded in Trieste ?

We don’t deal with the attribution problem here (see Francis Z.)



Motivation Basics Applic Rainfall Non-stationarity Entropy EVT Simul Paris

Hemispheric mean temperatures (source GISS-NASA 2010)
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Temperatures anomalies (1961-1990)

Source : Abarca-Del-Rio and Mestre, GRL. (2006)

perature (and hence mean temperature) increase is less
important in the north over most of the XXth century.

4. Variability

[11] The CWT analysis (Figure 3) of the annual mean
time-series over France reveals inter-annual time scales
dominated by a 5-to-8 year periodicity, which is known in
Europe to be highly correlated with the NAO (North
Atlantic Oscillation) [Hurrell et al., 2003]. The France
temperature series also presents a period of high amplitudes
at decadal scales between 1940 and 1960, as well as a
period with greater amplitudes at bidecadal scales between
1880 and 1920. We can also remark that it presents high
amplitudes at 40-to-60 year scales as well as at 60-to-80 year
scales. Because the length of the time span is rather short,
we tested the inter-decadal time scales for significance,
using a red noise (AR(1)) wavelet background spectrum
[Torrence and Webster, 1998]. The variability at inter-
decadal time scales (40–80 years) is significant at the
0.10 level from about 1940 to the end of the period. Those
multi-decadal oscillations are also found to be significant by
means of Multichannel Singular Spectrum Analysis over a
gridded reconstruction of annual temperatures over Europe
[Shabalova and Weber, 1999] and global mean temperature
records [Schlesinger and Ramankutty, 1994]. [Parker et al.,
1992] of the much longer Central England Temperatures
(CET) (not shown here) confirms these features – see also
Benner [1999].
[12] The DWT decomposition reveals that the inter-an-

nual (Figure 4a) and decadal (Figure 4b) timescales (D1-to-
D4) summed together explain more than 60% of the annual
mean 1880–2005 variance, but the sum of these first four
details (not shown here) does not contribute much to the
linear trend over the century (0.0048!C/dec), neither over
the last 30 years (0.056!C/decade). Figure 4c shows inter-
decadal timescales, while the secular component A6 exhib-
its a regular increasing trend that can be linked directly to
climate change (Figures 4d and 5).
[13] When summed (Figure 4d), the inter-decadal time

scales (D5 + D6) explain less than 15% of the total variance,
but they contribute to a great part of the increase after 1980:
0.49!C per decade since 1980, compared with 0.002!C per
decade since 1900. This sum (particularly D5) also contrib-
utes to the negative slope visible from 1950 to 1980

(!0.018!C/decade) in the annual time series (Figure 4d).
The corresponding slope (1950–1980) of the inter-annual
time scales (D1+D2) is equal to !0.03!C per decade. Note
that D5 and D6 are almost in phase opposition from 1900-
to-1950, explaining the lack of significant contribution of
these modes to the secular linear trend over these years.
Comparing the summed D5 + D6 + A6 components to the
original annual mean time series (Figure 5) reveals an
outstanding agreement over most of the observed period
between observations and the reconstructed D5 + D6 +
A6 trend. An examination of the DWT of the CET time
series since 1700 confirms the above result (not shown
here).
[14] Finally, the Empirical Modal Decomposition of the

series (Figure 6) confirms this decomposition and the
different modes obtained through DWT. This demonstrates
that the result is robust to choice of decomposition method.
[15] The spatial patterns of the secular and inter-decadal

timescales (Figure 7) exhibit the same features as those
observed in the spatial temperature linear trends (Figure 2).
Regionally, the A6 component (secular trend) is more
intense in the south of France, therefore explaining the
secular pattern (Figure 7, left, to be compared with Figure 2,
left). On the contrary, the spatial linear trends of the sum of
the inter-decadal time scales (D5 + D6 in Figure 7, right, to
be compared to Figure 2, right) for the most recent period
(1980–2005) are higher in North and East of France,
explaining why the more intense trends of temperatures
are located in these regions over the recent period.

5. Conclusion

[16] As a short conclusion, wavelet analysis (continuous
and discrete) reveals that a significant part of the latest
warming (1980–today) as well as part of the previous
cooling (1950–1980) observed on France temperature time
series are due to the sum of two inter-decadal components.
This is confirmed by the results of an alternative EMD
method. The monotonous secular trend, associated with
global warming is clearly modulated by inter-decadal time
scales. This interdecadal variability has contributed to
additional regional warming in particular since 1980. In

Figure 5. Time series of annual mean temperature
anomalies over France (black), (A6 + D5 + D6)
reconstruction (solid black), and A6 (dashed).

d

c

b

a

Figure 6. Intrinsic Mode Functions (IMF) of the Empirical
Modal Decomposition, (a) IMF1 (solid) and IMF2 (dashed)
interannual details, (b) IMF3 (solid) and IMF4 (dashed)
decada l de ta i l s , (c ) IMF5 (so l id) and IMF6
(dashed) interdecadal details, and (d) secular component
IMF7 (solid) and IMF5 + IMF6 (dashed).
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An illustration

Paris, station Montsouris

Daily maxima of temperatures

Years from 1900 to 2010

40 515 maxima

Urban island effect ( ?)

Temperature maxima are often of Weibull type (precip light Fréchet)

Clustering versus declustering

30 years = the climatology yard stick
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Paris, smooth trend
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Beyond Paris
A non-parametric entropy-based approach to detect changes in climate extremes 3
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Figure 1. Weather station locations described in Table 1 (source: ECA&D database).

that could be implemented to large datasets. Although no large outputs from Global climate models
will be treated here, we keep in mind computational issues when proposing the statistical tools
developed therein.

One popular approach used in climatology consists in building a series of so-called extreme
weather indicators and in studying their temporal variabilities in terms of frequency and intensity
(e.g., Alexander et al., 2006; Frich et al., 2002). A limit of working with such indices is that they of-
ten focus on the “moderate extremes" (90% quantile or below), but not on upper extremes (above the
95% quantile). In addition, their statistical properties have rarely been derived. A more statistically
oriented approach to analyze large extremes is to take advantage of Extreme Value Theory (EVT).
According to Fisher and Tippett’s theorem (1928), if (X1, . . . ,Xn) is an independent and identically
distributed sample of random variables and if there exists two sequences an > 0 and bn ∈ R and a
non degenerate distribution Gµ,σ,ξ such that

lim
n→∞

P
�

max
i=1,...,n

Xi−bn

an
≤ x

�
= Gµ,σ,ξ (x) ,

then Gµ,σ,ξ belongs to the class of distributions

Gµ,σ,ξ(x) =





exp
�
−

�
1+ξ

� x−µ
σ

��− 1
ξ

+

�
if ξ �= 0

exp
�
−exp

�
−

� x−µ
σ

��
+

�
if ξ = 0

which is called the Generalized Extreme Value distributions (GEV). The shape parameter, often
called ξ in environmental sciences, is of primary importance. It characterizes the GEV tail behaviour
(see Coles, 2001; Beirlant et al., 2004, for more details). If one is ready to assume that temperature
maxima for a given block size (day, month, season, etc) are approximately GEV distributed, then
it is possible to study changes in the GEV parameters themselves (e.g. Fowler and Kilsby, 2003;
Kharin et al., 2007).
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European stations with long time series
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Paris, analyzing excesses per season

Winter Paris p=0.95
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A main question about the last “30 year” extremes
Winter Paris p=0.95
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A current approach in the climate community about detecting changes in
extremes

Fitting a GEV or a GPD based model to describe extremes

Investigating how the GEV or GEV parameters change in space or time.

E.g., Jarusková and Rencová (2008), Fowler and Kilsby, (2003), Kharin et al.,
(2007)
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Desiderata of our statistical approach

Very few assumptions (neither imposing a GPD nor a GEV)

Fast computations

Good statistical properties of our estimators

Interpretability

Cross discipline tools (statistics and climatology)
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Our assumptions

Trends and annual cycles have been removed

High detrended excesses can be considered stationary (or even iid)

The two periods of interest belongs to the same domain of attraction

The upper end points of both periods are equal

We do not assume that the two periods have necessarily the same
shape parameter
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Climate

EVTEntropy
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Definitions (Kullback, 1968)

The Kullback-Leibler directed divergence

I(f ; g) = Ef

„
log
„

f (X)

g(X
)

««
,

where f and g pdfs and X random vector with density f .

The Kullback-Leibler divergence

D(f ; g) = I(f ; g) + I(g; f )

a symmetrical measure relative to f and g.
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Kullback-Liebler divergence

Advantages

Interpretability

A single and simple summary

Cross discipline tools (statistics and climatology)

It is not an index

Links with model selection criteria
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Kullback-Liebler divergence

I(f ; g) = Ef

„
log
„

f (X)

g(X)

««
, and D(f ; g) = I(f ; g) + I(g; f )

How to compute and infer the divergence ?

Assume f and g have explicit expressions, e.g. GP

Plug in the mle estimates

Drawbacks

Strong assumptions : f and g have explicit expressions, e.g. GP

Difficult to work with the likelihood when the dimension is large
(composite likelihoods, etc)



Motivation Basics Applic Rainfall Non-stationarity Entropy EVT Simul Paris

Climate

Entropy EVT
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The “Old” life The “Modern” style

Distributions (cdf) Densities (pdf)
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I(f ; g) = Ef

“
log
“

f (X)
g(X)

””

A general comment
The divergence is based on the probability density functions, f and g, but
extreme behaviors are better captured by cumulative distribution
functions, F and G, or their tails, 1− F and 1−G.

..., but what is the question for this application ? It is not

to infer GPD parameters
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Entropy for excesses above u

Notations
Let X and Y be two abs. cont. r.v.’s with identical upper end-points.
For any u, we define the random vector [X | X > u] by its density

fu(x) =
f (x)

F (u)
, for all xF > x > u.

Divergence definition

I(fu; gu) = Efu

„
log
„

fu(Xu)

gu(Xu)

««

=
1

F (u)

Z xF

u
log
„

fu(x)

gu(x)

«
f (x)dx
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Entropy for excesses above u

An approximation of I(fu; gu) = Efu

“
log
“

fu(Xu)
gu(Xu)

””

Under mild assumptions, the divergence D(fu; gu) = I(fu; gu) + I(gu; fu) is
equivalent to the quantity K (fu; gu) = −L(fu; gu)− L(gu; fu) where

L(fu; gu) = Ef

 
log

G(X )

G(u)

˛̨
˛̨
˛X > u

!
+ 1
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Approximation for the GPD

6 Naveau et al.

0 5 10 15 20

0.
1
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|D
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,g
u)−

K(
f u,
g u
)|/
D
(f u
,g
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!f = 0.1,!g = 0.2
!f = 0.1,!g = 0.15
!f = 0.1,!g = 0.12

Figure 2. Relative error between K( fu;gu) and D( fu;gu) in function of different thresholds, see Proposition
1 when f and g correspond to two GP densities with a unit scale parameter and different shape parameters
ξ f = 0.1 and ξg = 0.2,0.15 and 0.12.

then the divergence D( fu;gu) = I( fu;gu)+ I(gu; fu) is equivalent, as u ↑ τ, to the quantity

K( fu;gu) =−L( fu;gu)−L(gu; fu)

where

L( fu;gu) = E f

�
log

G(X)
G(u)

����X > u
�

+1. (3)

For the special case of GP densities, we can explicitly compute from (1) the true divergence
D( fu;gu) and its approximation K( fu;gu). In Figure 2, the relative error |K( fu;gu)−D( fu;gu)|/D( fu;gu)
when f and g correspond to two GP densities with a unit scale parameter and ξ f = 0.1 is displayed
for different threshold values (x-axis). The solid, dotted and dash-dotted lines correspond to shape
parameters ξg = 0.2,0.15 and 0.12, respectively.

As the threshold increases, the relative error between K( fu;gu) and D( fu;gu) rapidly becomes
small. The difference between ξ f = 0.1 and ξg does not play an important role.

The idea behind condition (2) is the following one. If log
�

f (x)·G(x)
F(x)·g(x)

�
tends to a constant rapidly

enough, then the integral
R τ

u cst× ( fu(x)−gu(x))dx equals zero because
R τ

u fu(x)dx =
R τ

u gu(x)dx =
1. Is condition (2) satisfied for a large class of densities? The coming two subsections answer
positively to this inquiry.

2.1. Checking condition (2)
In EVT, three types of tail behaviour (heavy, light and bounded) are possible and correspond to
the GP sign of ξ, positive, null and negative, respectively. Those three cases have been extensively
studied and they have been called the three domains of attraction, Fréchet, Gumbel and Weibull
(e.g., see Chapter 2 of Embrechts et al., 1997). The next two propositions focus on the validity of
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Necessary condition for applying our divergence approximation

Under mild conditions, the divergence D(fu; gu) = I(fu; gu) + I(gu; fu) is
equivalent to the quantity K (fu; gu) = −L(fu; gu)− L(gu; fu) where

L(fu; gu) = Ef

 
log

G(X )

G(u)

˛̨
˛̨
˛X > u

!
+ 1
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Inference

One advantage of Ef

“
log G(X)

G(u)

˛̨
˛X > u

”
over Efu

“
log
“

fu(Xu)
gu(Xu)

””

The Kullback Leibler divergence approximation can be estimated by

bL(fu; gu) =
1

Nn

nX

i=1

log
Gm(Xi ∨ u)

Gm(u)

with Gm is the empirical cdf of the Yi ’s and Nn := # {Xi ,Xi ≥ u}
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Distribution under the null hypothesis : F = G

Suppose n = m

Gn(x) = Fn(x) in distribution

The statistic

bL(fu; fu) =
1

Nn

nX

i=1

log
Fn(Xi ∨ u)

Fn(u)

does not depend on the original F and it is a distribution free statistic.
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Distribution under the null hypothesis : F = G

Suppose n = m

Gn(x) = Fn(x) in distribution

The statistic

bL(fu; fu) =
1

Nn

nX

i=1

log
Fn(Xi ∨ u)

Fn(u)

does not depend on the original F and it is a distribution free statistic.
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Simulations results

Coming tables
Number of false positive (wrongly rejecting that f = g) and negative out of
1000 replicas of two samples of sizes n = m for a 95% level where f and g
GP densities with shape parameter ξf and ξg , respectively.
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Bounded tails

Weibull-Weibull case ξ f =−.1
❍❍❍❍❍❍n

ξg −.2 −.15 −.1 −.08 −.05

50 107 550 54 816 93
100 3 233 58 680 5
200 0 35 45 469 0
500 0 0 62 94 0

1000 0 0 50 5 0

Weibull-Weibull case ξ f =−.1
❍❍❍❍❍❍n

ξg −.2 −.15 −.1 −.08 −.05

50 262 107 691 550 26 54 889 816 241 93
100 42 3 445 233 50 58 824 680 24 5
200 0 0 110 35 30 45 627 469 0 0
500 0 0 0 0 52 62 189 94 0 0

1000 0 0 0 0 42 50 17 5 0 0

1
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Bounded tails : comparing with the Kolmogorov-Smirnov test

Weibull-Weibull case ξ f =−.1
❍❍❍❍❍❍n

ξg −.2 −.15 −.1 −.08 −.05

50 107 550 54 816 93
100 3 233 58 680 5
200 0 35 45 469 0
500 0 0 62 94 0

1000 0 0 50 5 0

Weibull-Weibull case ξ f =−.1
❍❍❍❍❍❍n

ξg −.2 −.15 −.1 −.08 −.05

50 262 107 691 550 26 54 889 816 241 93
100 42 3 445 233 50 58 824 680 24 5
200 0 0 110 35 30 45 627 469 0 0
500 0 0 0 0 52 62 189 94 0 0

1000 0 0 0 0 42 50 17 5 0 0

1
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Heavy-tails : comparing with the Kolmogorov-Smirnov test

Table 1: Number of false positive (wrongly rejecting that f and g are equal)
and negative out of 1000 replicas of two samples of sizes n = m for a 95%
level. f = GP(0,−ξ f ,ξ f ) and g = GP(0,−ξg,ξg) (first row) f = GP(0,1,ξ f ) and
g = GP(0,1,ξg) density, respectively in the last three rows. The bold values = our
divergence approach.

Weibull-Weibull case ξ f =−.1
❍❍❍❍❍❍n

ξg −.2 −.15 −.1 −.08 −.05

50 262 107 691 550 26 54 889 816 241 93
100 42 3 445 233 50 58 824 680 24 5
200 0 0 110 35 30 45 627 469 0 0
500 0 0 0 0 52 62 189 94 0 0
1000 0 0 0 0 42 50 17 5 0 0

Fréchet-Fréchet case ξ f = .1
❍❍❍❍❍❍n

ξg .05 .08 .1 .15 .2

10 986 946 991 939 15 49 986 954 963 950
100 973 935 960 941 43 49 953 930 925 899
1000 937 740 946 926 45 49 943 773 740 285

10000 648 9 911 597 41 55 688 16 14 0
Gumbel-Weibull case ξ f = 0

❍❍❍❍❍❍n
ξg −.5 −.4 −.3 −.2 0

50 804 155 868 377 921 628 949 799 28 48
100 513 3 727 37 896 231 933 599 38 50
200 63 0 348 0 709 12 888 252 37 60
500 0 0 1 0 134 0 616 4 58 53
1000 0 0 0 0 0 0 229 0 36 54

Gumbel-Fréchet case ξ f = 0
❍❍❍❍❍❍n

ξg 0 .2 .3 .4 .5

50 33 63 943 853 945 746 919 589 885 473
100 36 74 923 695 907 470 844 253 733 100
200 30 57 902 412 807 120 606 18 392 1
500 43 55 706 52 335 0 101 0 13 0
1000 45 59 423 1 34 0 0 0 0 0

2
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Gumbel case : comparing with the Kolmogorov-Smirnov test

Table 1: Number of false positive (wrongly rejecting that f and g are equal)
and negative out of 1000 replicas of two samples of sizes n = m for a 95%
level. f = GP(0,−ξ f ,ξ f ) and g = GP(0,−ξg,ξg) (first row) f = GP(0,1,ξ f ) and
g = GP(0,1,ξg) density, respectively in the last three rows. The bold values = our
divergence approach.

Weibull-Weibull case ξ f =−.1
❍❍❍❍❍❍n

ξg −.2 −.15 −.1 −.08 −.05

50 262 107 691 550 26 54 889 816 241 93
100 42 3 445 233 50 58 824 680 24 5
200 0 0 110 35 30 45 627 469 0 0
500 0 0 0 0 52 62 189 94 0 0
1000 0 0 0 0 42 50 17 5 0 0

Fréchet-Fréchet case ξ f = .1
❍❍❍❍❍❍n

ξg .05 .08 .1 .15 .2

10 986 946 991 939 15 49 986 954 963 950
100 973 935 960 941 43 49 953 930 925 899
1000 937 740 946 926 45 49 943 773 740 285

10000 648 9 911 597 41 55 688 16 14 0
Gumbel-Weibull case ξ f = 0

❍❍❍❍❍❍n
ξg −.5 −.4 −.3 −.2 0

50 804 155 868 377 921 628 949 799 28 48
100 513 3 727 37 896 231 933 599 38 50
200 63 0 348 0 709 12 888 252 37 60
500 0 0 1 0 134 0 616 4 58 53
1000 0 0 0 0 0 0 229 0 36 54

Gumbel-Fréchet case ξ f = 0
❍❍❍❍❍❍n

ξg 0 .2 .3 .4 .5

50 33 63 943 853 945 746 919 589 885 473
100 36 74 923 695 907 470 844 253 733 100
200 30 57 902 412 807 120 606 18 392 1
500 43 55 706 52 335 0 101 0 13 0
1000 45 59 423 1 34 0 0 0 0 0

2
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Coming back to our temperatures maxima recorded in Paris
Winter Paris p=0.95

years
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Step A (sliding window of length 30 years)
Winter Paris p=0.95
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Step A (sliding window of length 30 years)
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Figure 5. Paris weather station: evolution of the divergence estimator (black curve), �K( fu;gu), in function of
the years [1900+ t,1929+ t] with t ∈ {1, ...,80}. The reference period is the current climatology, [1981, 2010].
The dotted line represents the 95% significant level obtained by a random permutation procedure.

4.2. Extreme temperatures

In geosciences, the yardstick period called a climatology is made of 30 years. So, we would like to
know how temperature maxima climatologies have varied over different 30 year periods. To reach
this goal, for any t ∈ {1, ...,80}, we compare the period [1900+ t,1929+ t] with the current clima-
tology [1981, 2010]. All our daily maxima and minima come from the ECA&D database (European
Climate Assessment & Dataset project http://eca.knmi.nl/dailydata/predefinedseries.php).
This database contains thousands of stations over Europe, but most measurement records are very
short or incomplete and consequently, not adapted to the question of detecting changes in extremes.
In this context, we only study stations that have at least 90 years of data, i.e. the black dots in Figure
1. As previously mentioned in the Introduction section, a smooth seasonal trend was removed in
order to discard warming trends due to mean temperature changes. This was done by applying a
classical smoothing spline with years as covariate for each season and station (R-package mgcv).
The resulting trends appear to be coherent with mean temperature behaviour observed at the na-
tional and north-hemispheric levels (e.g., see Figure 5 in Abarca-Del-Rio and Mestre, 2006): an
overall warming trend with local changes around 1940 and around 1970.

As a threshold needs to be chosen, we set it as the mean of the 95% quantiles of the two cli-
matologies of interest. We first focus on one single location, the Montsouris station in Paris, where
daily maxima of temperatures have been recorded for at least one century. Figure 5 displays the
estimated �K( fu;gu) on the y-axis and years on the x-axis with t ∈ {1, ...,80}. We are going to use
this example to explain how the grey circles on figures 6 and 7 have been obtained.

Similarly to our simulation study, a random permutation procedure with 200 replicas is run to
derive the 95% confidence level. One slight difference with our simulation study is that instead
of resampling days we have randomly resampled years in order to take care of serial temporal
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Figure 6. The black dots represent the 24 locations described in Table 1 and come from the ECA&D database.
The way the circles are built is explained in Section 4.2.

correlations (it is unlikely that daily maxima are dependent from year to year). From Figure 5, the
Fall season in Paris appears to be significantly different at the beginning of the 20th century than
today. To quantify this information, it is easy to compute how long and how much the divergence
is significantly positive. More precisely, we count the number of years for which �K( fu;gu) resides
above the dotted line, and we sum up the divergence during those years (divided by the total number
of years). Those two statistics can be derived for each station and for each season. In figures 6 and
7, the circle width and diameter correspond to the number of significant years and to the cumulative
divergence over those years, respectively. For example, temperature maxima at the Montsouris
station in Figure 5 often appear significantly different during Spring time (the border of the circle is
thick in Figure 6) but the corresponding divergences are not very high on average. On the contrary,
there are very few significant years during the Fall season, but the corresponding divergences are
much higher (larger diameters with thinner border in Figure 6). This spatial representation tends
to indicate that there are geographical and seasonal differences. For daily maxima, few locations
witnessed significant changes in Summer. In contrast, the Winter season appears to have witnessed
extremes changes during the last century. This is also true for the Spring season, but to a lesser
degree. Daily minima divergences plotted in Figure 7 basically follows an opposite pattern, the
Summer and Fall seasons appear to have undergone the most detectable changes.
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Figure 7. Same as Figure 6, but for daily minima.
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Take home messages for detecting with the entropy

Extremes here mean very rare

Connections between EVT and Kullback-Leibler divergence

No need to choose a explicit density

Fast algorithm

Limited to one question

Significant changes over Europe, especially for minima

More research needed for the multivariate case

More applications to large datasets
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Statistics and Earth sciences

“There is, today, always a
risk that specialists in two
subjects, using languages
full of words that are
unintelligible without study,
will grow up not only, without
knowledge of each other’s
work, but also will ignore the
problems which require
mutual assistance”.
QUIZ

(A) Sir Gilbert T. Walker
(Walker, 1927b, page
321)

CONNECTION BETWEEN EL NIÑO AND STATISTICS 99

ily available. These equations still are popular (e.g.,
used in S-PLUS) for estimating partial autocorrela-
tions and, through a generalization (Whittle, 1963,
page 101), for fitting multiple AR processes.

But how many statisticians (or, for that matter, at-
mospheric scientists) are aware that the “Walker” in
both terms refers to the same individual and, more-
over, that these two appellations arose in conjunction
with the same research? The “Walker” in question is
none other than Sir Gilbert Thomas Walker (Figure 3).
While stationed in India as Director General of Obser-
vatories of that country’s meteorological department,
Walker became preoccupied with attempts to forecast
the monsoon rains, whose failure could result in wide-
spread famine (Davis, 2001). It was in the course of
this search for monsoon precursors that he identified
and named the “Southern Oscillation” (Walker, 1924).

At that time, the approach most prevalent in the
statistical analysis of weather variables was to search
for deterministic cycles through reliance on harmonic
analysis. Such cycles included those putatively as-

FIG. 3. Photograph of Sir Gilbert T. Walker (source: Royal
Society; Taylor, 1962).

sociated with sunspots, the hope being to provide a
method for long-range weather or climate forecast-
ing. Walker was quite skeptical of these attempts, es-
pecially given the lack of statistical rigor in identify-
ing any such periodicities. Eventually, he suggested the
alternative model of quasiperiodic behavior (Walker,
1925). Meanwhile, the prominent British statistician
George Udny Yule devised a second-order autoregres-
sive [AR(2)] process to demonstrate that the sunspot
time series was better modeled as a quasiperiodic phe-
nomenon than by deterministic cycles (Yule, 1927). To
determine whether the SO exhibits quasiperiodic be-
havior, Walker was compelled to extend Yule’s work
to a general pth-order autoregressive [AR(p)] process
(Walker, 1931).

The focus of the present paper is on the connec-
tion between the meteorological and statistical aspects
of Walker’s research. First some background about
Walker’s research on what he called “world weather”
is provided. Then the development of the Yule–Walker
equations is treated, including a reanalysis of the in-
dex of the SO originally modeled by Walker. Reaction
to his research, contemporaneously and in subsequent
years and both in meteorology and in statistics, is char-
acterized. For historical perspective, the present state
of stochastic and dynamic modeling of the SO is briefly
reviewed, examining the extent to which his work has
stood the test of time. Finally, the question of why his
work was so successful is considered in the discus-
sion section. For a more formal, scholarly treatment of
Walker’s work, in particular, or of the ENSO phenom-
enon, in general, see Diaz and Markgraf (1992, 2000)
and Philander (1990) (in addition to the references on
ENSO already cited in this section).

2. WALKER’S RESEARCH ON WORLD WEATHER

2.1 Training and Career

In grammar school, Sir Gilbert Thomas Walker, who
lived from 1868 to 1958, “showed an early interest in
arithmetic and mechanics” (Taylor, 1962, page 167).
After being educated under a mathematical scholar-
ship at Trinity College, University of Cambridge, he
remained there, assuming an academic career as Fel-
low of Trinity and Lecturer. Walker was a “mathemati-
cian to his finger-tips” (Simpson, 1959, page 67) and
was elected Fellow of the Royal Society in 1904 on the
strength of his research in pure and applied mathemat-
ics, including “original work in dynamics and electro-
magnetism before ever he turned his thoughts to me-
teorology” (Normand, 1958). Among his first papers
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