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Construction d’une cascade Poisson composée

Qr (x , y) ∝
∏

(xi ,yi ,ri )∈Cr (x ,y)

Wi

(xi , yi ) uniformes
⇒ homogénéité

ri : 1/r3 ⇒ scaling
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Cascades Poisson Composées (CPC)
Version de base

Différentes descriptions :

Q`(x) =

∏
(xi,ri)∈C`(x) Wi

IE
[∏

(xi,ri)∈C`(x) Wi

]
En prenant le logarithme :

log Q`(x) =
∑

(xi,ri)∈C`(x)

log Wi + K

=⇒ superposition de cylindres transparents en 3D !

modèle multiplicatif pour l’intensité I(x) ≡ Q`(x)
m

modèle additif pour le contraste φ(x) ∝ log I(x) ≡ log Q`(x)
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Cascades Poisson Composées (CPC)
Version de base

Différentes descriptions :

Q`(x) =

∏
(xi,ri)

W
I1D(xi,ri)

i

IE
[∏

(xi,ri)
W

I1D(xi,ri)

i

]
En prenant le logarithme :

log Q`(x) =
∑

(xi,ri)

log Wi·I1D(xi,ri) + K

=⇒ superposition de cylindres transparents en 3D !

modèle multiplicatif pour l’intensité I(x) ≡ Q`(x)
m

modèle additif pour le contraste φ(x) ∝ log I(x) ≡ log Q`(x)
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Cascades Poisson Composées (CPC)
Version générale

On introduit un motif géométrique f (x) :

Q`(x) =

∏
(xi,ri)

W
f((x−xi)/ri)
i

IE
[∏

(xi,ri)
W

f((x−xi)/ri)
i

]
En prenant le logarithme :

log Q`(x) =
∑

(xi,ri)

log Wi·f
(

x− xi

ri

)
+ K

=⇒ superposition d’objets transparents en 3D !

f(x) permet d’introduire de l’anisotropie et de la régularité.
(⇒ effets visuels 2D)
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Du 1D au 3D (voire plus...)
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Exemples 2D
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Exemples 2D
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Animation multifractale (en espace et en temps !)
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Propriétés d’invariance d’échelle

6 Pierre Chainais: Multidimensional infinitely divisible cascades - EPJB 2006

−2 −1 0

0

1

2

log10 r

lo
g 10

 E
 ε rq

q=5

q=1

slope τ(q)

0 1 2
5

6

7

8

9

slope~ −1.84 ~ −(2+tau(2))

lo
g 10

 S
pe

ct
ru

m
(Q

l)

log10(k)
(a) (b)

Fig. 4. (a) Box averages of a 2D IDC obey scaling laws of the form given by (17). (b) Power law spectrum of Q!(x)
in 2 dimensions as a function of k = ‖k‖ over 2 decades: the observed slope is prescribed by the choice of τ(2) = ϕ(2) here.
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Fig. 5. Estimate of correlation functions on 2D cascades. (a) IE[Q!(0)Q!(x)] ∝ |x|τ(2) over nearly 2 decades: the
observed slope exponent is prescribed by the choice of τ(2) = ϕ(2) here. (b) IE[log Q!(0) log Q!(x)] ∝ log |x| betrays a multi-
plicative correlation structure. The slope is prescribed by ϕ′′(0) sometimes called the intermittency coefficient.

power law spectrum of the form 1/kd+τ(2) (τ(2) < 0) as
illustrated on figure 4(a) in a 2D case (averaging over all
directions).

The scaling properties of the most general IDCs as
defined by (8) take the same form except that ϕ(q) is
replaced by (if the integral converges, see Proposition 2.6
in [39]):

τ(q) =
∫

ϕ(qf(x))dx (18)

Therefore, the control of the scaling behaviour is much
more difficult since τ(q) combines information both from
ϕ(q) and from the kernel function f(x) in a non linear
way. One may control and prescribe the value of τ(q), in
numerical simulation at least, by using successive approx-
imations. For sake of clarity, scaling exponents will always
be denoted by τ(q) (or ζ(q) for velocity increments in tur-
bulence) in the sequel.

Turning to autocorrelation functions, one expects [4,
18,34] at scales smaller than 1 (1 is the largest scale where
the cascade begins):

IE[Q"(0)Q"(x)] ∝ |x|τ(2) for |x| " 1 (19)

which can be checked numerically, see figure 5(a). As a
consequence of the multiplicative construction, one ex-
pects as well that (see Appendix B):

cov(log Q"(0), log Q"(x)) ∝ ϕ′′(0) log |x| for |x| " 1 (20)

Indeed, the amount of information common to log Q"(0)
and log Q"(x) can be intuitively and quantitatively related
to the number of ancestors common to Q"(0) and Q"(x)
which is by construction proportional to log |x|. This be-
haviour is illustrated on figure 5b. Note that this logarith-
mic behaviour is also consistent with the observation of a

6 Pierre Chainais: Multidimensional infinitely divisible cascades - EPJB 2006
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power law spectrum of the form 1/kd+τ(2) (τ(2) < 0) as
illustrated on figure 4(a) in a 2D case (averaging over all
directions).

The scaling properties of the most general IDCs as
defined by (8) take the same form except that ϕ(q) is
replaced by (if the integral converges, see Proposition 2.6
in [39]):

τ(q) =
∫

ϕ(qf(x))dx (18)

Therefore, the control of the scaling behaviour is much
more difficult since τ(q) combines information both from
ϕ(q) and from the kernel function f(x) in a non linear
way. One may control and prescribe the value of τ(q), in
numerical simulation at least, by using successive approx-
imations. For sake of clarity, scaling exponents will always
be denoted by τ(q) (or ζ(q) for velocity increments in tur-
bulence) in the sequel.

Turning to autocorrelation functions, one expects [4,
18,34] at scales smaller than 1 (1 is the largest scale where
the cascade begins):

IE[Q"(0)Q"(x)] ∝ |x|τ(2) for |x| " 1 (19)

which can be checked numerically, see figure 5(a). As a
consequence of the multiplicative construction, one ex-
pects as well that (see Appendix B):

cov(log Q"(0), log Q"(x)) ∝ ϕ′′(0) log |x| for |x| " 1 (20)

Indeed, the amount of information common to log Q"(0)
and log Q"(x) can be intuitively and quantitatively related
to the number of ancestors common to Q"(0) and Q"(x)
which is by construction proportional to log |x|. This be-
haviour is illustrated on figure 5b. Note that this logarith-
mic behaviour is also consistent with the observation of a

S(k) ∼ 1/k2+τ(2) IEεqr ∼ r τ(q)

Invariance d’échelle Multifractal
τ(q) = 1− IE[W ] + q(IE[W q]− 1)

contrôlés par la distribution des multiplieurs Wi .

Peyresq 23 juillet 2008 P. Chainais - LIMOS Université Blaise Pascal / Clermont II
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Conclusion

Le but de tels modèles est de capturer les principales propriétés
statistiques d’une grande classe d’images : il n’y a à priori pas
d’ambition de générer des images réalistes à partir de réalisations
aléatoires.

Les cascades de Poisson composées capturent de nombreuses
propriétés des images naturelles :

interprétation physique (superposition d’objets 3D),

non Gaussiennes,

invariance d’échelle,

multifractales (ordres supérieurs),

cohérence avec diverses observations expérimentales,

cohérentes avec les modèles de la littérature.

[IEEE Trans. PAMI’07]
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Modélisation d’images de Soleil calme
dans l’ extrême UV

Pierre Chainais,
Emilie Koenig,

Université Clermont-Ferrand II

LIMOS UMR 6158 - France

V. Delouille,
J.-F. Hochedez,

Royal Observatory of Belgium

Bruxelles, Belgique
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Question à 1 Milliard de Dollars !

Que verrait une mission d’observation à haute résolution ?

Faut-il la financer ? (...1 Milliard de Dollars...)
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Un cycle solaire à λ = 19.5 nm vu par E.I.T. (Extreme UV
Imaging Telescope)
1996-2005
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Cascades Poisson Composées Modélisation du Soleil calme

Le soleil calme
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Le Soleil calme

Definition :

pas de région active visible, ressemble à un fond turbulent...
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Propriétés du Soleil calme

Spectrum
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1/‖k‖η with η ' 2.9 I(x, y) ≥ 0 (∼ lognormal)

⇒ invariance d’échelle : extrapolation aléatoire sous-pixel ?
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Programme de travail

1 Analyse multifractale : caractérisation multiéchelle des images,

2 Identification d’un modèle multifractal,

3 Capacité à reproduire à résolution arbitraire ?

4 Capacité à proposer une extrapolation sous-pixel respectant
l’invariance d’échelle ?

Lois d’échelle des fonctions de partition

SDWT (q, j) =
1

Nj

Nj∑
k=1

|d(j , k)|q ∼ 2jζ(q)

[Voir cours de Patrice Abry]
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Resultats de l’analyse multifractale
Identification d’un modèle stochastique

log S(q, j) ∝ ζ(q) · j

1 2 3 4 5 6
−2

−1

0

1

2

3

4

5

6

7

j

lo
g 2 S

q(j)

q=−0.5

q=1

q=2

q=3

ζ(q) = qH + τ(q)

−1 0 1 2 3 4 5
−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

q

ζ(
q)

Peyresq 23 juillet 2008 P. Chainais - LIMOS Université Blaise Pascal / Clermont II
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Resultats de l’analyse multifractale

ζ(q)
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Resultats de l’analyse multifractale
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monofractal

Les images de Soleil calme sont multifractales
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Resultats de l’analyse multifractale
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Un modèle stochastique multifractal : FI-CPC
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Fractionnally integrated compound Poisson cascades
Construction

1 Identifier le paramètre de Hurst H = ζ(1),
et poser τ(q) = ζ(q)− qH,

2 Identifier une CPC ayant les mêmes τ(q),

⇒ e.g., τ(q) = 1− (1 + T )q

(1 + qT )
(for q ≤ q∗+)

avec T = 0.85,

3 Synthèse numérique de CPC,

4 Filtrage ∝ 1/‖k‖H des CPC,
⇒ spectre Fourier ∝ 1/‖k‖2+2H+τ(2)

et ζ(q) = qH + τ(q).
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Comparaison visuelle

Quiet Sun frac. int. CPC
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Perte d’information due à une résolution insuffisante
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Cascades Poisson Composées Modélisation du Soleil calme
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Vers une meilleure résolution virtuelle...
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Vers une meilleure résolution virtuelle...
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Interpolation : aucune information supplémentaire

Peyresq 23 juillet 2008 P. Chainais - LIMOS Université Blaise Pascal / Clermont II
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Cascades Poisson Composées Modélisation du Soleil calme

Interpolation : aucune information supplémentaire

Peyresq 23 juillet 2008 P. Chainais - LIMOS Université Blaise Pascal / Clermont II
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Interpolation : aucune information supplémentaire
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Extrapolation aléatoire invariante d’échelle
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Extrapolation aléatoire invariante d’échelle
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Extrapolation aléatoire invariante d’échelle
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Zoom x 8192 depuis Peyresq...
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